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Introduction 



An ultimate goal is to calculate the homotopy type of automorphism spaces of 
compact manifolds M. A promising approach uses the parametrized surgery 
theory introduced by Hsiang and Sharpe in |HS76| . Historically, one studied 
the fiber of map from parametrized surgery to surgery using the involution on 
concordance theory, see |H.T82bj and [Bur78]. Two step computations along these 
lines are, for example, found in |HS76ij . |HJ83] . |HJ82a.| and |FH78] . However, 
the experts knew that one should try to combine surgery theory and concordance 
theory to get direct computations of parametrized surgery. Recent advances in 
homotopy theory has made it possible for Weiss and Williams to define this LA- 
theory, see |WWfll| . Still, LA-theory is not easily computed, but it is related to 
algebraic i^'-theory via a map called S, and algebraic i^'-theory can be studied 
via trace maps into TC or THH, see |Mad94] . 

Surgery theory classifies manifolds within a given simple homotopy type. 
A basic ingredient in this theory is the L-groups, whose definition depends 
on the ring Z[7riM] together with an involution, see [Wal99j. In concordance 
theory, turning a concordance upside down gives an involution on the homo- 
topy groups of the stabilized concordance space, C(M). Hatcher's spectral se- 
quence, see |Hat78j proposition 2.2, has in a stable range an ii^^-page given by 
Ep^ = Hp{Z/2] 7iqC{M)), and converges to give information relating surgery the- 
ory to automorphism spaces at the level of homotopy groups. Weiss and Williams 
strengthen Hatcher's result to the level of spaces in |WW88j . In |Vog85| , Vogell 
shows that the involution on concordance spaces corresponds to his canonical in- 
volution on algebraic iiT-theory of spaces. Also Steiner, |Ste81] . and Hsiang and 
Ja.hren. |H,T82b] . |HJ| . considers involutions on A-theory. 

The input for LA, K, TC and THH should be a "ring up to homotopy". 
We choose orthogonal ring spectra, as defined in [MMSSOQ, to be our model 
for such rings. Hence, the theories above need to be redefined for this setting. 
Waldhausen's work on algebraic i^'-theory tells us that ^[l^M] is the correct 
ring to consider when relating to concordances. Geometry, as discussed above, 
demands an involution on our ring, and Vogell shows that interesting involutions 
come from bundles ^ over M. However, it is not immediately clear that such ^ 
give involutions on the orthogonal ring spectrum S'[f2M]. 

The contribution of this thesis is to construct for each vector bundle ^ an 



orthogonal ring spectrum i?, weakly equivalent to S'[r2M], together with an in- 
volution on R. On the homotopy groups vr^.S'ffiM] our involution corresponds 
to parallel transportation in ^, and reversing loops in M. The main result is 
theorem 14.3.261 The orthogonal ring spectrum R with involution is intended as 
input for the theories mentioned above. We take a first step in this direction by 
considering the definition and a few basic properties of TC(L) and THH{L) for 
arbitrary orthogonal ring spectra L (with involution). However, in the future the 
author hopes to show that LA{R) will yield information about the automorphism 
space of M. 

Chapter [T] recalls from the literature various simplicial techniques. Much of 
this should be well known to the reader. The reason the author included this 
material is mainly to point out certain viewpoints and to introduce notation. 

In order to get strong results in stable homotopy theory, one can prove theo- 
rems in a category of spectra with symmetric smash product. We find orthogonal 
spectra particularly convenient for our purposes. In chapter [2l we give an expo- 
sition of the relevant theory and develop the techniques needed to work within 
this category. 

We study the equivariant homotopy theory of orthogonal spectra for two rea- 
sons; the definition of an operad involves actions of symmetric groups, and THH 
comes with an S'^-action, or 0(2)-action in the involutive setting. Chapter|Hlis an 
introduction to equivariant orthogonal spectra and provides the results necessary 
for our applications. 

ChapterElproves the main theorem. An important ingredient is the concept of 
operads, and we introduce the operad 7i, which encodes multiplication together 
with an anti-commutative involution. Moreover, we explain the notion of an 
operad in orthogonal spectra. The main idea of the proof is to start out with 
a vector bundle ^ over our compact manifold M and then attempt to construct 
a related involution on S'[f2M]. Doing this involves many choices, in fact there 
are orthogonal spectra Vn{i) parameterizing this. Could the collection Vn be an 
operad where S'[f2M] is its algebra by the parametrization? The answer is yes, 
and the formulas for the composition operations of the operad are forced by the 
algebra structure. Furthermore, P„ is "up to homotopy" sufficiently equal to Ti. 
Using May's two-sided bar construction, we therefore can replace S'[f2M] by a 
weakly equivalent 7i-algebra. This gives our orthogonal ring spectrum R with 
involution. Unfortunately, the logic demands that we reverse this argument when 
writing out the proof. 

Chapter ends this thesis. It contains some theory regarding THH and TC 
of orthogonal ring spectra with involution. 

I am very grateful to my advisor Bj0rn Jahren for many enlightening discus- 
sions, and for his constructive feedback during my writing of the manuscript. 
You have always been available, and you have a keen eye for the beauty in math- 
ematics. Furthermore, I would like to thank Sverre Lun0e-Nielsen, Christian 
Schlichtkrull, Halvard Fausk, and John Rogues for helpful conversations. The 



support from my wife, Tordis Fuskeland, has been very valuable to me. You have 
carefully proofread the final manuscript, but the errors that remain are mine. 
Together with our son, Andreas, you are the most important part of my life. 
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Chapter 1 

Simplicial techniques 



The theory of simphcial sets and simphcial spaces is classical. Simplicial sets 
were first defined in |EZ5fl| . The geometric realization was defined in |Mil57| . 
Other references to simplicial techniques are |May67| , |G,T99| and [PHOlJ. For 
the theory of simplicial spaces see |May72| , |Seg74| and |Ma.d94| . This chapter 
will recall from the literature the simplicial techniques which are relevant to 
this thesis. One reason for including this material is for completeness, but also 
important is the viewpoint and the notation. 

1.1 The category A and its relatives 

Definition 1.1.1 

Let [n] be the ordered set {0 < 1 < . . . < n}. The category A has one object 
[n] for each non-negative integer n, and the morphisms are ordering preserving 
functions (p : [m] — > [n] . 

It is customary to let 6i : [n — 1] ^ [n] be the order preserving function that 
misses i, and cxj : [n + 1] — >^ [n] be the order preserving function that hits i twice. 
The 5's and cr's generate all morphisms in A. 

Definition 1.1.2 

A simplicial set is a functor X, : A°p — > £ns. A simplicial space is a functor X, : 
A°P Top. More generally, one can define simplicial objects in any category. 

Observe that simplicial sets can be considered as simplicial spaces by giving 
each Xn the discrete topology. Hence, in most cases we can do our constructions 
for simplicial spaces, the corresponding results for simplicial sets follow implicitly. 

Given a simplicial space X,, the following notation and terminology is stan- 
dard: The space X„ is called the n-simplices of X,. 6i : [n — 1] ^ [n] induces a 
map di : X„ Xn-i called the i 'th face map, and ai : [n + 1] ^ [n] induces the 
i 'th degeneracy map, Si : X„ Xn+i- A simplex x in X„ is said to be degenerate 
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if X = Six' for some i and x' G X„_i. We denote by sX„_i the subspace of Xn 
consisting of the degenerate simplices. 

1.1.1 Geometric realization of simplicial spaces 

Simplicial spaces are combinatorial models for topological spaces, and geometric 
realization is the functor which turns a simplicial space into the topological space 
for which it is a model. The geometric realization, due to Milnor |Mil57] . has 
several good properties, it commutes with products and it commutes with all 
colimits. See |May67| or |DHfll| . Furthermore, every point in the geometric real- 
ization is uniquely determined as the interior point of a non-degenerate simplex. 
We give a modern formulation of this result; giving a filtration for the geometric 
realization. 

Geometric realization of simplicial spaces is defined using a functor A : A — >^ 
Top. We send [n] to the space A" = {{to, . . . ,tn) e M"+^ | aiU = l,ti> 0}. And 
we call A" the topological n-simplex. On morphisms the functor is defined by 
sending 6i : [n — 1] ^ [n] to the map 



Now we define the geometric realization of a simplicial space X, as the coend 



Coends are defined in section IX. 5 in |ML98j . The space \X,\ is isomorphic to the 
quotient of ]J X„ x A" where we identify (x, 0(t)) with t) for all morphisms 
(f) in A. 

Remark 1.1.3 

In order to have convenient technical properties, one should form the geometric 
realization in the category of compactly generated spaces (=weak Hausdorff k- 
spaces), see |McC69| . This ensures, for example, that the product theorem holds. 

There is also a presimplicial realization, defined using only the injective mor- 
phisms in A. The injective morphisms are those generated by the 6's. Let iA 
denote this subcategory. We define the presimplicial realization as the coend 

/•[n]eiA 




and (Jj : [n + 1] — [n] to 






n 



This space is the quotient of ]J X„ x A" where we identify (x, Si{t)) with {di{x),t) 
for all Si's. 
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Whereas the geometrical realization, has better formal properties, it is 
often easier to prove results about the homotopy of the presimplicial realization. 
And we can compare the two realizations via a natural map 

11^.11 ^ l^.l • 

It is natural to ask when this is a weak homotopy equivalence. This question is 
answered by Segal in |Seg74| and by May in |May72| . We follow Segal and define: 

Definition 1.1.4 

A simplicial space X, is good if for all n and i, the map : X„ Xn+i is a 
closed cofibration. 

We refer to our remark 12.1.81 or one of the articles |Ste67] or |Str66] for the 
definition of a closed cofibration. Observe that any simplicial set automatically 
is good, since an injective map between discrete spaces is a closed cofibration. 
Now, Segal shows in his proposition A.l(iv) that: 

Proposition 1.1.5 

If X, is a good simplicial space, then the natural map \\X,\\ \X,\ is a weak 
equivalence. 

Let us now describe the realizations more carefully. We have already men- 
tioned Milnor's result, that a point in |X,| is uniquely given as the interior point 
of a non-degenerate simplex. There is a similar description for the presimplicial 
realization. We now give a modern formulation of these statements: 

Construction 1.1.6 

First we consider the case of the presimplicial realization. Recall that H-'^.ll is the 
quotient space formed from ]JX„ x A" by identifying (x, 5*(t)) with {diX,t) for 
all morphisms di. We define a filtration by letting the g'th space, Fq||X,||, q >0, 
be the image of II„<gX„ x A" in \\X,\\. Notice that Fg||X,|| is the pushout of 

X, X A-^^X, x^A^^F^.illX.II . 

Now observe that 

colimFg||X,|| is equal to ||X,||, and 

each Xg x dA'^ — > Xg x A^ is a closed cofibration. It follows that also 
Fg_i||X,|| — > Fq||X,|| is a closed cofibration. 

The last observation explains why the presimplicial realization behaves so well 
homotopically; it is easy to give inductive arguments using the pushout diagram 
relating Fg_i||X, || to Fg||X,||. 
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Construction 1.1.7 

Next consider the geometric realization. Recall that |X, | is the quotient of ]J X„ x 
A" where we identify {x, 0(t)) with {(f)*x, t) for all morphisms in A. We define 
Fq|X,|, q > 0, to be the image of IJn<g"^" ^ Recall that the degenerate 
simplices, sXq_i, are the points in Xq which are in the image of some map 
Si : Xq_i Xg. Notice that the following diagram is pushout: 

Xg X ^A" U SXg^l X A*? ^ Fg^l\X,\ 

3 

Xg X A'' > Fg\X,\ 

Here the map j comes from the square 

sXg_i X 9A<? > SXg_l X A'' 

Xg X d^'i > Xg X A« 

By Lillig's union theorem, see |Lil73| . we have that j is a closed cofibration 
whenever sXg_i C Xg is a closed cofibration. Now observe that 

colimFg|X,| is equal to |X,|, and 

if each sXg_i C Xg is a closed cofibration, then Xg x d/S.'^ U sXg_i x A"^ — 
Xg X A"? and Fq_i|X,| Fg\X,\ are closed cofibrations. 

The last observation explains why good simplicial spaces behave well with respect 
to homotopy. 

These filtrations are extremely useful when proving results about realizations. 
We illustrate this by proving a few well known facts: 

Proposition 1.1.8 

Let /, : X, — > y, be a map of simplicial spaces such that each fg is a weak 
homotopy equivalence. Then the induced map 

ll/.ll : iix.ii ^ ||y.|| 

also is a weak homotopy equivalence. 

Proof: We use the filtration from construction II. 1.61 and prove inductively that 
Fq||X,|| Fq||Y,|| is a weak homotopy equivalence. It will follow that ||/|| is a 
weak homotopy equivalence. 



1.1. THE CATEGORY A AND ITS RELATIVES 



5 



Fo||X,|| = Xo ^ Fo = -Po||^«|| is a weak homotopy equivalence by assumption. 
Now consider the inductive step. We have the diagram 



Xg X A'' 



fqXid 



Yg X A*? 



Xg X dAi 



fqXid 



Yg X dAi 



^a-lllnl 



Here j and j' are closed cofibrations, while all vertical maps are weak homotopy 
equivalences. By proposition IA.1.4| the map of the row- wise pushouts, 



also is a weak homotopy equivalence. This finishes the proof. 



□ 



A straight forward corollary of this proposition together with proposition ll.1.51 

is: 

Corollary 1.1.9 

If /, : X, — > Y, is a map between good simplicial spaces and each fg is a weak 
honaotopy equivalence, then 

i/.i : i^.i ^ \y-\ 

also is a weak homotopy equivalence. 

Let us also prove the product theorem. Given two simplicial spaces, X, and 
y,, we define their product X, x Y, to be the simplicial space with n-simplices 
Xn X Yn- We have a natural map r] : |X, x Y,| |X,| x |Y,| defined using the 
natural projections from X, x Y, into X, and Y,. The product theorem states 
that ry is a homeomorphism. It is hard to find a proof in the literature, which 
is of the generality suggested in remark 11.1.31 This is the reason for including a 
proof here: 

Proposition 1.1.10 

Since the geometric realization is formed in the category of compactly generated 
spaces, the natural map 

r]:\X,x Y,\ -> |X.| x 

is a homeomorphism. 



Proof: It is well known that rj is a continuous bijection, see theorem 2 in |Mil57| 
or theorem 11.5 in |May72| . The hard part is to check that r/"^ is continuous. 
May proves this when "spaces" is the category of compactly generated Hausdorff 
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spaces, although his proof for continuity of r]~^ is not particularly clear. The au- 
thor hopes that the argument below will be more understandable, but in essence 
the proofs are the same. 

We use the filtration of the geometrical realization given in construction II . 1 . 7l 
The product x |y,| inherits a filtration given by 

X \Y.\) = \J FJX,\ X . 

m+n=q 

And by the constructions one can see that rj restricts to a continuous bijection 

Fg\X, X F.I = Fg{\X,\ X 

A continuous bijection r] between compactly generated spaces is a homeo- 
morphism, if rj^^^K) is compact whenever K is compact. This follows from the 
definition of compactly generated by lemma 2.1 in |McC69| . 

We will now try to apply lemma 2.8 in |McC69 ]. Suppose that i^' C x |y,| 
is a compact subset. Then K is contained in x |y,|) for some q. q is 

now fixed. Below we will specify Z^s such that for all a we have commutative 
diagrams 

Up<,Xp X X A^' < c lJn,™^n X A" X X A- 

TT 

Fg\x, X y.i \X.\ X |y.| 

Here the vertical maps are surjective and rjq is injective. Furthermore, the target 
of the map tt has the quotient topology. The Z^s depend on the standard 
triangulation of A" x A™. For given m and n let ia '■ A""*"'" — > A" x A'" 
be the inclusion of a maximal topological simplex in this triangulation. We set 
Za = X„ X X A"^'", included in ]J„ ^ X„ x A" x x A"" via ia- Moreover, via 
the appropriate degeneracy maps, there are maps Z^ — > Xp x Yp x A^, p = n + m, 
such that the diagram above commutes. These maps are explicitly constructed 
in May's proof. 

Now observe that the collection of Z^'s with n + m < q covers the image of 
Fq\X, X Y,|. This collection is finite. Thus all conditions of McCord's lemma 2.8 
are satisfied. This implies that rjq is an embedding, and consequently we have 
that rj~^{K) = riq^{K) is compact. And we are done. □ 



1.1.2 Crossed simplicial categories 

Techniques involving simplicial sets or simplicial spaces are extremely useful when 
working with topological spaces. However, if we want to consider involutions, 5^- 
or 0(2)-actions on our spaces, it is handy to replace A by other categories; AT, 
AC and AD. We will recall the notion of a crossed simplicial group from |FL91| . 
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The categories mentioned above are examples of such, they will be defined below 
and we will introduce notation for their morphisms. 

Definition 1.1.11 

A sequence of groups {Gn}, n > 0, is a crossed simplicial group if it is equipped 
with the following structure. There is a small category AG, which is part of the 
structure, such that 

the objects of AG are [n], n > 0, 

AG contains A as a subcategory, 

the automorphisms of[n] in AG is the opposite group of Gn, and 

any morphism in AG([m], [n]) can be uniquely written as a composite (j)og, 
where G A([m], [n]) and g G G^. 

Remark 1.1.12 

The last axiom implies that for any g E Gn and G A([m], [n]) there exist unique 
(l)*{g) G and g*{(j)) G A([m], [n]) such that 



The functor that sends [n] to Gn and to 0* : G^ gives G, the structure 

of a simplicial set. 

Unlike |FL91j . our focus will not be these simplicial sets, but rather the cat- 
egories AG and their analogue of simplicial sets and spaces, i.e. functors from 
AG°'' into sets and spaces. We will therefore refer to AG as a crossed simplicial 
category. 

Here are the crossed simplicial categories relevant for this thesis, they are 
taken from the examples 2, 4, 5 and 7 in |FL91| : 

Definition 1.1.13 

Define AT to be the crossed simplicial category with the automorphism group 
of [n] cyclic of order 2. Let pn be the generator of the automorphism group and 

put PnSi = 6n-iPn-l and PnCTi = Gn-iPn+l- 

Definition 1.1.14 

Let AC be the crossed simplicial category where the automorphism group of [n] 
is cyclic of order (n + 1). We name the preferred generator Tn, and introduce the 
relations: 



go(t) = g*{(j))o(j)*{g) 



Tn^O = and Tn6i = (5i_ir„_i, 

TnO-Q = 0"nT^+l and TnO i = Gi-iTn+l, 



for I < i < n, and 
for 1 < i < n. 
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Definition 1.1.15 

Let AD be crossed simplicial category where the automorphism group of [n] is 
the dihedral group of order 2(n + 1). We name the preferred generators pn and 
Tn, where p\ = r^"*"^ = id and PnTn = Pn, and introduce the relations: 

Pn^i ^n—iPn—1) 
Pn<^i = CTn-iPn+l; 

r„(5o = 5n and Tn6i = 5j_ir„_i, for I < i < n, and 
r„(To = (TnTn+i and Tnai = ai^iTn+i, for 1 <i <n. 

Definition 1.1.16 

Let ACr, r > 1, be the crossed simplicial category where the automorphism 
group of [n] is cyclic of order r{n + 1). We name the preferred generator Tn, 
where Tn^"^^^^ = id, and introduce the same relations as in definition U.l.l'^ 

Definition 1.1.17 

Let ADr, r > 1, be crossed simplicial category where the automorphism group 
of [n] is the dihedral group of order 2r(n + 1). We name the preferred generators 
Pn and Tn, where p\ = Tn^"^^^ = id and pnTn = T'^pn, and introduce the same 
relations as in definition M.l.l^i 

We now give names to these crossed simplicial categories, and call AT, AC, 
AD, ACj. and AD^ the involutive simplicial category^ the cyclic category, the 
dihedral category, the r-cyclic category and the r-dihedral category respectively. 
Notice that ACi = AC and ADi = AD. We see that AC^ is a subcategory of 
ADj,, and that AT is a subcategory of AD^, for any r > 1. 

Our reason for introducing crossed simplicial categories is to study G.-objects 
in some category ^: 

Definition 1.1.18 

Let AG be a crossed simplicial category and ^ any category. A G, -object in ^ is 
a functor AG°^ ^. A G,-map between G, -objects is a natural transformation 
of functors. 

If AG is one of the crossed simplicial categories above and ^ is Top, the 
category of (compactly generated) spaces, then we call G,-objects for involutive 
simplicial spaces, cyclic spaces, dihedral spaces, r-cyclic spaces and r-dihedral 
spaces accordingly, and similarly we replace the word "spaces" by "sets" when 
^ = Ens, the category of sets. 

Given an r-dihedral space X, we have the following notation: The map in- 
duced by 5i is denoted by di : X„ Xn-i and called the i 'th face map. The map 
induced by cTj is denoted Sj : X„ — > Xn+i and called the i 'th degeneracy map. 
The map induced by p„ is denoted by r„ : X„ — > X„ and called the involutive 
operator. And the map induced by r„ is denoted by tn '■ Xn Xn and called the 
cyclic operator. 
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For an r-cyclic space, we use the same notation and terminology, but in this 
case there are no involutive operators. Analogously, there are no cyclic operators 
for involutive simplicial spaces. 

1.1.3 Geometric realization of G.-spaces 

We now turn toward the geometric realization of G.-spaces. Via the inclusion 
j : A — > AG we associate to any G.-space X, its underlying simplicial space 

j*X,, which is given as the composition A°p — > AG°'' — ^ Top. And we define: 
Definition 1.1.19 

The geometric realization of a G, -space X, is the geometric realization of its 
underlying simplicial space j*X,. 

From the article |FL91] we now summarize results about the geometric real- 
ization of a G,-space. 

Theorem 1.1.20 

Let AG be a crossed simplicial category, and X, a simplicial space. We have: 

The functor j* from G,-spaces to simplicial spaces has a left adjoint, de- 
noted by Fg, and there are projection maps pi : \Fg{X,)\ \G,\ and 
P2:\FGiX,)\^\X.\. 

The map (pi,P2) : |-^g(-^»)| \G»\ x |-^»| is a homeomorphism. 

For any simplicial map /, : X, Y, the following diagrams commute: 

\FgX.\ ^ \FgY.\ IFgX.I ^ \FgY.\ 

\X,\ \Y,\ \G,\ = \G, 



P2 



and 



pi 



pi 



Since Fg is a left adjoint, there are canonical natural transformations /i, : 
Fg{Fg{X,)) Fg{X,) and l, : X, ^ Fg{X,). And the following diagrams 
commute: 

\Fg{Fg{X.))\ ^ \Fg{X.)\ \X.\ IFgX.I 



Fg(X.)| |X.| |X.| = \X. 



There is a canonical isomorphism G, = Fg{*) and the composition \G» 
|-Pg'(*)| ^ \G,\ is the identity. 
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Let 1 denote the point in \G,\ determined by the unit in Gq. The following 
diagrana commutes: 

\X,\ \Fa{X,)\ 
pi 

{1} ^ \G.\ 

\G,\ is a topological group. 

If X, is a G,-space, then there is an induced action \G,\ x |X,| — > 
(pi,P2) : |-Fg(-^.)| \G»\ X |-^»| is an equivariant homeomorphism. 
For every n there is an inclusion of Gn in \G,\ as a discrete subgroup. 
For a proof see propositions 4.4, 5.1, 5.3 and 5.13 in |FL91| . 
Remark 1.1.21 

Chasing Fiedorowicz and Loday's proof of theorem 11.1.201 above, it is not hard 
to see that all results are natural with respect to a morphism AG — * AG' of 
crossed simplicial categories. In particular we get an induced homomorphism of 
topological groups IG.I — > Furthermore, it is possible to consider short 

exact sequences of crossed simplicial categories. It is more convenient to write 
such a sequence in terms of the corresponding crossed simplicial groups. The 
sequence 

^ G'i ^G.^G',^0 

is short exact if the evaluation at each [n] is. Taking the geometric realization 
one gets a sequence 

I •! — I •! — I •! ' 

which an extension of topological groups. 

Let us now determine what the group IG.I is for our crossed simplicial cate- 
gories. 

Example 1.1.22 

Consider the involutive simplicial category, AT. The automorphism group, G^, 
of [n] in AT is isomorphic to Z/2. Recall that G, is a simplicial set, the face and 
degeneracy maps are given by the formula in remark 11.1.121 The degeneracy map 
So is always injective. By counting the order of Gn, we immediately see that the 
only non-degenerate simplices lie in degree 0. Hence, we have that IG.I, in this 
case, is the group Z/2. This means that the geometric realization of an involutive 
simplicial space is a topological space with involution. 
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Example 1.1.23 

Next consider the cyclic category, AC. Using the formula from remark Fl .1.121 
we find that the non-degenerate simplices are tq G Gq and ri G Gi. Hence, 
\G,\ = S^. We now determine the group structure. A theorem by von Neumann 
says that any compact, locally Euclidean topological group is a Lie group, see 
theorem 57 in |Pon39j . The theory of Lie groups now tells us that the only 
topological group structure on is the ordinary group structure. 

Example 1.1.24 

Now look at the r-cyclic category, ACr- Let G, be the associated crossed 
simplicial group. To determine IG.I as a topological space, we find the non- 
degenerate simplices. The 0-simplices, Gq = Cr, are non-degenerate. Recall from 
remark fl . 1 . 1 21 the formula defining the simplicial structure on G,. The relation 

implies that So(tq) = r^*. Hence, ri, ,. . ., r^*""^ are the non-degenerate simplices 
in Gi. Playing with the relations in AC^, we see that there are no more non- 
degenerate simplices. Furthermore, we have that dQijl^^^) = Tq^^ and c/i(r^^*^^) = 
Tq. Hence, IG.I = S^. And has a unique structure as a topological group. 

Example 1.1.25 

Let us now study the r-dihedral category, AD^. We can use the definition of the 
category and the formula from remaTk ll.l.l2l to determine the simplicial structure 
on the associated simplicial group G,. Finding non-degenerate simplices and 
calculating the face maps, we see that 

ICI ^S^ X Z/2 

as topological spaces. Hence there are two possibilities for the group structure 
on |G,|: it is isomorphic either to x Z/2 or 0(2). By the last statement of 
theorem 11.1.201 contains dihedral subgroups. This excludes x Z/2, so 
|G.| = 0(2). 

The theorem ll . 1 . 201 above tells us that the geometric realization of a G,-space 
has a |G,| action. However, it is usually the case that the action takes one out of 
the topological simplex one starts in. In particular, the g'th space of the filtration 
is seldom |G,|-equivariant. In many situations it would be easier if the 
action stayed inside the topological simplices and the filtration had |G,|-action. 
We can achieve this by defining the topological -simplices according to the 
crossed simplicial category under consideration. 

Let AG be a crossed simplicial category. Consider the representable functors 



AG(-,H) : AG°P ^^ns 
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Definition 1.1.26 

Let AG : AG Top be the functor with AG" = |AG(-, [n])\. The topological 
\G,\-simplices are the spaces AG", n > 0. 

Observe that the representable functor AG(— , [n]) is Fg(A(— , [n])), hence 
we have homeomorphisms AG" = |AG(— , [n])\ = |G,| x A". So the |G,|-action 
does not take points outside AG". 

Using the functor AG* we can now define a geometric realization of G,-spaces 
X given by: 

[n]eAG 

\XUg= I X„xAG" 



This space is isomorphic to the quotient of ]J X„x AG" where we identify (x, 0(t)) 
with t) for all morphisms in AG. 

Lemma 1.1.27 

There is a natural homeomorphism |X|ag — |-^| for AG°^-spaces X . 

Proof: Consider the functor F : (A x AG)°p x (A x AG) Top given by 
F{[no], K], [n], [m]) = x AG(j(no), m) x A" . 

We have that 



/ 



[n]eA 

F{[nl[mo],[n],[m]) = X^^ X AG'' 



and 

[m]eAG 

F([nJ,[m],H,[m])=X(jK))x A" . 

The result now follows from the Fubini theorem for coends, see §IX.8 in |ML98| : 
coends can be interchanged. □ 

To achieve full control of the |G,| -action on |X,|, it suffices to have an explicit 
description of the functor AG*. This description should specify the map AG" — > 
AG™ induced by a morphism : [n] — > [m] in AG. In the case AC, this 
description is given implicitly in proposition 2.7 in |DHK85| . and more explicitly 
in theorem 3.4 in |Jon87] . For the r-cyclic formula is given by lemma 1.6 

in |BHM93] . and by formula (2.1.3) in |Ma,d94] . In general it is just a question 
about writing out the equivariant homeomorphism (pi,p2) : |-^G(^i^)| \G,\ x 
|A^| from theorem |l. 1.201 Here A^ is the simplicial n-simplex A(— , [n]). 

Explicitly we have in our cases: 

Example 1.1.28 

For the involutive simplicial category AT we define the functor AT* by sending 
[n] to Z/2 X A". We write Z/2 multiplicatively. The generators of AT induce 
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the following maps: 



6i{e;to, . . 


• • , tn) 


= (e;to, • • • 


(Ji(e; to, • ■ 


■ • , tn) 


= (e;to, • • • 


to, . . 


■ • , tn) 


( t-n, t; 


1.1.29 







ti-1, tj + tj+1, tj+2, • • • , tn) , and 

i-l, • • • , tl, to) 



For the r-cyclic category AC^ we define the functor AC* by sending [n] to 
X A". We identify with the quotient R/Z. The generators of AC^ induce 
the following maps: 



Si{9] to, . 


..,t„) = ( 


^; to, . . . , ti- 


— 1 , 0, tj, . . . , tn) , 






0-^(6'; to, . 


••,t„) = ( 


9;tQ, . . . , ti- 


-1, tj + tj+i, tj4.2, . 


• • , tn) 


, and 


Tni^; to, . 


..,tn) = ( 


9 to; ti, 


t2, • • • , tn, to) 







Example 1.1.30 

For the r-dihedral category AD^ we define the functor AD* by sending [n] to 
0(2) X A". 0(2) is the space of orthogonal 2 x 2-matrices. For t G R/Z let /2(t) 

denote the rotation matrix f ^^^^I^^^n I, and let T be the matrix 

y — sm(27rt) cos(27rt) / 



1 

1 



The generators of AD^ induce the following maps: 



(M; to, ... , tj_i, 0, tj, . . . , tn) , 
(M; to, ... , tj_i, tj + tj+i, tj_|_2, . . . , t^ 



5j(M;to,.. 


. , tn 


aj(M;to,.. 


. , tn 


r„(M;to,.. 


• , tn 


p„(M;to, . . 


. , tn 



and 



r 

tn) = (MT; tn, tn-l, . . . , ti, to) 



1.1.4 Filtering the geometric realization 

Similar to the constructions ll.l.'Hl and fT^1.7| we now design a filtration of \X,\, 
when X, is a G,-space. This filtration is |G,|-equivariant. 

Construction 1.1.31 

Let AG be a crossed simplicial category and X, a G,-space. The drawback 
of using the filtration above to study is that has no action. 

Therefore we define another filtration F^\X,\. Recall that can be described 
as the quotient of ]jXn x AG" where we identify (x,0(t)) with {(f)*x,t) for all 
morphisms (p in AG. Define Fg'^lX.I to be the image of IJn<q"^n ^ AG". We 
define the G, -degenerate simplices of Xg to be the subspace consisting of 

all points which lie in the image of some map (p* : — > Xg, (p G AG([g], [q'— 1]). 
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Recall that the opposite group of Gg is the automorphisms of [q] in AG. Hence 
Xq and sXq_i have Gg actions, while AC^ and dAC^ have 6*°^ actions. Let 
Xg Xq^ AG"^ denote the quotient of the product where we have identified {gx,t) 
with {x,g*t) for every g in Gg. We now have a pushout diagram 

Xg Xg, dAG'^ U sXg^i x^, AG^ > F^^,\X.\ 

i 

XgXG, AG'i 

Remark 1.1.32 

Here is a warning: In general it is not true that natural map XqXgq\G,\ F^\X,\ 
is an homeomorphism, but it is always an equivariant quotient map. 

1.1.5 Edgewise subdivision 

Above we have seen that both cyclic and r-cyclic spaces yield S'^-spaces after 
geometric realization. Similarly both dihedral and r-dihedral spaces realize to 
0(2)-spaces. So why do we bother with the r-cyclic and r-dihedral categories? 
Observe that neither the S^- nor the 0(2)-action is simplicial. Let C be a finite 
cyclic group. Notice that C embeds as a normal subgroup of both and 0(2). 
The answer to the question is that C-fixed points can be studied simplicially 
whenever the order of C divides r. 

After making precise the observations above, we shall define the c'th edgewise 
subdivision, c > 1. This is a functor sdc from r-cyclic spaces to rc-cyclic spaces, 
and similarly from r-dihedral spaces to rc-dihedral spaces. The edgewise subdi- 
visions come with natural equivariant homeomorphisms Dc : | sdcX,| — In 
particular we can replace a cyclic space with an r-cyclic space for the purpose of 
studying its restricted C^-action. 

Let C be a finite cyclic group G of order c. Recall from example 11.1.301 that 
R{t) G 0(2) denotes a rotation by 27it, while T G 0(2) is a reflection. We 
identify G as the normal subgroup of 0(2) generated by -R(^). Now we construct 
homomorphisms 

PC : 0(2) ^ 0(2)70 
by letting pc{R{t)) = R{\) and pciT) = T. Observe that pc is an isomorphism. 

The restriction of pc to is the "c-th root map" 5*^ ^ /G . 

Two basic facts are: The O-fixed point space of an 0(2)-space Y is an 0(2) / G- 
space F*", and an 0(2)/0-space Z can be viewed as an 0(2)-space p*(jZ via the 
isomorphism pc- 

After these preliminaries we show: 

Proposition 1.1.33 

Assume that X, is an r-dihedral space and G a Gnite cyclic group of order c. 



F!r\x.\ 
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Assume that c divides r and let cs = r. Each X„ has a C -action and is an s- 
dihedral space. Furthermore, there is a natural 0{2)-equivariant homeomorphism 

^* I \^ |C ~ I I 

Pcl^'l = 1^. I • 

A similar result holds for r-cyclic spaces. 

Proof: The C action on X„ is given by the map tn^~^^\ Observe that all the 
operators di, Sj, in and r„ preserve C-fixed points. Hence, is an r-dihedral 
space. But since tn"'~^^^ is the identity when restricted to X^ , we see that X^ 
satisfies the identities for an s-dihedral space. 

To define the natural 0(2)-homeomorphism we use the filtration from con- 
struction UTTinil Assume inductively that we have an 0(2)-homeomorphism 

* JT'ADr \ \r iC r-u J-iADs I vC I 

Pc^n-1 \^»\ = I • 

Recall that the automorphism group of [n] in AD,, is the dihedral group 
D2r{n+i) of order 2r(n + 1). If F is a D2r{n+i)-space, then we may form the 
induced 0(2)-space Y x D2r(n+i) ^(2)- It is a basic fact about induced 0(2)-spaces 
and C-fixed points, compare lemma l3.8.2[ that 

y Xi^M.+i) 0{2)y = Y^ ^D,^,^,,,/c 0{2)/C . 
For the induction step we inspect the n-simplices, and calculate: 

Pc {Xn Xd,„„,,) ^D^Y - ((X„ X A") x^^^^„^^, 0(2))'' 

-p^ ((X„x A")^x,,,^^„^,,/cO(2)/C 
= (X„x A")^x^,^^„^^, Pc'(0(2)/C) 
- {X^ X A") x^,^^„^^, 0(2) 

Similarly, we have an 0(2)-equivariant homeomorphism for the degenerate points. 
And these 0(2)-homeomorphisms fit into a diagram 



By construction ll . 1 .Bll we see that the map of the row-wise pushouts is \ 
p*cF^''^\X,f . 

The statement for r-cyclic spaces is proved similarly. □ 
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We now define the edgewise subdivision functor sdc '■ AD^c — > AD,.. The 
idea behind sdc is to send the ordered set [q] to the disjoint union of c copies of 

[qV 

sdjg] = [g]n...n[g] = [c(g+l)-l] . 
This yields the following formulas for sdc of the generators in the dihedral case: 

sdc{Si) = (5j+(c_l)(5+l) • • • Si+(^q+i)Si , 
Sdc(crj) = (TjCrj+(g+2) • • • Cri+(c-l)(g+2) , 

sdc(rg) = Tc(5+i)-i , and 

sdciPq) = Pc(q+1)-1 ■ 

Observe that sd,, restricts to functors AC^c ^ AC^, AT AT and A ^ A. 
Definition 1.1.34 

Let X, be an r-dihedral space. Its c 'th edgewise subdivision, sd^ X, is the com- 
position AD°P AD°P Top. Similarly, we also de&ne the c'th edgewise 
subdivision of r-cyclic, involutive simplicial and simplicial spaces. 

To compare the geometric realization of sd^X, and X,, we first define a 
diagonal map from the topological rc-dihedral g-simplex AD^^ to the topological 
r-dihedral {c{q + 1) — l)-simplex AD^. This map is given by 

1 11 1 1 1 

[M;tQ, ■ ■ ■ ,tq) I— > [M; -to, . . . , -tg, -to, • • • , -tg, . . . , -to, . . . , -tg) 

c c c c c c 

This map is 0(2)-equivariant. Varying q, we get a natural transformation AD'^ 
AZ^'osdc- Using a trick with coends we define a natural 0(2)-map Dc : |sdcX,| —>■ 
|X,|. Consider 

J X,xAD,(sdc[p],[g])xAL>f, . 



Observe that the evaluation 



X, X AD,(sdcb],M) ^ (sdcX)p 



is a homeomorphism. (The identity in ADr(sdc[p], sdc[p]) gives an inverse map.) 
It follows that the double coend above equals 



/ 



[p]GADrc 

(sdcX)pX AL>f,= |sdcX.| 



On the other hand, by the Fubini theorem for coends, we can consider the coend 
over [p] e AD^c first. Via the diagonal map given above, we get a natural 
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0(2)-map 

J X, X AD,(sd,[p], [q]) X ADP^ 

/Me AD,. / /.[p]gADrc 

X, X ly AD,(sd,b],[g])x AD* 



diagonal 
>• 



evaluate 
> 



/Me AD,. / /.[p]eAD,,c 

X,x ly AD,(sde[p],[g])x ADf^W 



MeADr 

X„ X AD5 



Putting this together we see that the diagonal map on topological simplices gives 
a natural 0(2)-map 

: IsdeX.I ^ IX.I . 



Similarly, for the cyclic, the involutive simplicial and the simplicial categories we 
have a natural S'^-map, Z/2-map and map respectively. 



Proposition 1.1.35 

Let X, be an r-dihedral space, an r-cyclic space, an involutive simplicial space 
or a simplicial space. In all cases, the (equivariant) map Dc : | sdcX,| ^ |X,| is 
a homeomorphism. 



Proof: Recall that we can compute the geometric realization either over the 
crossed simplicial category or over A. Because both methods yield the same 
space, lemma IT. 1 .271 it is enough to inspect the map in the simplicial case. 

The proof for simplicial sets, lemma 1.1 in |BHM98j applies also to the case 
of simplicial spaces: One first checks by explicit computation that Dc is a home- 
omorphism when X, is the simplicial 1-simplex A(— , [1]). It follows that Dc also 
is a homeomorphism for products A(— , [1])^'^. Then it holds for the simplicial 
g-simplex because of the retraction A(— , [q]) A(— , [1])^^ [q])- Let 

Tjq denote the inverse of Dc : \ sdc A(— , | A(— , For general simplicial 
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spaces X, we now define the inverse as follows: 

r[q]eA 

= y X,x\A{-[q])\ 

J |sdeA(-,[g])| 



"[g]GA 

\XJ = / X.xAi 



idxrjq 



/■MeA / 



A(sdeb],M)xA^' 



/■MeA /-[pjeA 
= y J X,xA(sde[p],[g])xA^' 

= I sdc X, 



□ 



1.2 Homotopy colimits over topological categories 

In this short section we will define the homotopy colimit of a continuous func- 
tor over a topological category. Also, we give a condition on F such that 
hocolim^ F — > is a A-quasi cofibration. 

Assume that ^ is a small topological category; we have a discrete set of 
objects, while for each pair of objects, a,b G we have a topological space 
'^(a, b) of morphisms from a to b. For continuous functors F : —>■ Top we 
would like to define a homotopy colimit. 

Definition 1.2.1 

We deGne hocolim^ F as the realization of a simplicial space. Its q-simplices are 
Xq^ II '^{aq-i,aq) X ■■■ x'^{ao,ai) X F{ao) . 

ao,...,aq&'V 

Face and degeneracy maps are given by 

{{fq-u---Ji;fo{x)) fori = 0, 

ifq^i, ■■■,fi+i,fi° fi-i, fi-2, ...,fo;x) forO <i <q, 
{fq~2,---,fo;x) fori = q,and 

Si{fq-i, . . . , /o; a;) = {fq-i, ■ ■ ■ , fi, ida^, fi-i, . . . ,fo;x) . 
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hocolim is functorial. If r : F — > F' is a natural transformation, then there is 
an induced map 

hocohm F hocohm F' . 
Furthermore, if j : ^ — > ^ is a functor, then there is an induced map 

hocolim j*F — > hocolim F , 

where j*/ is the composite j o F : ^ Top. 
Proposition 1.2.2 

If T : jo ^ ji is a natural transformation between continuous functors ^ — > 
then there is a simplicial homotopy between 

hocolim JqF hocolim F 

and 

hocolim JqF ^ hocolim i^i^ hocolim F 
for any continuous functor F : ^ — > Top. 

Proof: We define a simplicial homotopy. It is given by maps 

hi : 6,) X ■ ■ ■ X ^{bo, h) X F{jo{bo)) 

JJ ^(og, ttg+i) X "^(a^-i, ttg) X ■■■ X {tto , Qi) X F {tto) 
for < i < g. To define the Hi's we consider the diagram in 

. /, X joifo) . /, N i0(/l) jo(fq-l) . ^ 

Jo(Oo) ^ Jo(Ol) ^ • • • ^ Jo(Oq) 



'^ba 



■ /, N il(/o) . /, X jl(fq-l) . /, N 

Jl(Oo) ^ Jl(Ol) > ■■■ > Jl{bq) 

hi is now given by the formula: 

hi(fq-i, . . . , /o; = . . ■,ji(fi),ni,jo(fi-i), . . ., joifo); x) . 

It is easily checked that this is the required simplicial homotopy. □ 

We now define A-quasi fibrations: 
Definition 1.2.3 

A map p : E ^ B is a X-quasi fibration if for any b & B the induced map 
7ri{E,p~^{b)) — > 7ri{B,b) is an isomorphism for < i < X and a surjection for 
i = A. 
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Proposition 1.2.4 

Consider the diagram: 



En 



El 



P2 



Bo 



f 



po 



pi 



Bi 



Assume that the Pi's are X-quasi hbrations with p^^{b) path-connected for all i 
and b G Bi. Ifi is a cohbration, the right square puUback, andpQ^{b) P2 ^(/(^)) 
X-connected for all b G Bq, then the induced map of pushouts p : E ^ B is a 
X-quasi fibration. 



Proof: We can assume that / is a cofibration, if not one can replace B2 by the 
mapping cylinder Mj, and E2 by the pullback r*E2 over the retraction r : Mj 
B2. Moreover, we can assume that F is a cofibration, if not we can replace E2 
by Mp- Using that / is injective it follows that Mp ^ -B2 is a A-quasi fibration. 

Now compare the long exact sequences of homotopy groups for the triples 
{El, EQ,pQ^(b)) and {Bi,BQ,b), where b G Bq. Since Po^{b) = Pi^{b), remember 
that the right square is pullback, and using that Pq and pi are A-quasi fibrations, 
we get that '7ii{Ei,Eo) — > 7rj(i?i,_Bo) is an isomorphism for < i < A and 
surjective for i = A. 

Regarding the connectedness oi 7ii(E2,PQ^{b)) ni{B2,b), we reason as fol- 
lows: Since PQ^{b) P2^{f{b)) is A-connected, we get that T^i{P2^{f{b)),pQ^{b)) 
is the trivial group when i < X. Now consider the long exact sequence of ho- 
motopy groups for {E2, P2^ {f (b)) , p^^ (b)) . The homomorphism 7ii{E2,PQ^{b)) — >• 
7ii{E2,P2^{f{b))) is an isomorphism for i < A and surjective for i = X. Using that 
P2 is a A-quasi fibration, the composed map 

7i,{E2,Po\b)) ^ n,{E2,P2\fm ^ ^^iB2,b) 

is also an isomorphism for z < A and surjective for z = A. 

Comparing the long exact sequences of homotopy groups for {E2, Eo,pQ^{b)) 
and {B2,BQ,b), we see that 7ii{E2,Eo) 7rj(i?2,-Bo) is an isomorphism for < 
i < X and surjective for z = A. 

Since the maps under consideration are cofibrations, the Mayer- Vietoris prop- 
erty for homotopy groups holds as stated in |Hat02| proposition 4K.1. Therefore, 
we have that 7ii{E,Ei) 7ii{B,Bi) is an isomorphism for i < A and surjective 
for i = X. The same is also true for Tiii^E, E2) T^i{B, B2). 

At last we can check whether p : E ^ B is a. A-quasi fibration. If 6 G -B2 
we compare the long exact sequences of homotopy groups for {E, E2,p^^{b)) and 
{B,B2,b). By the five lemma we see that 7ii{E,p~^{b)) TTi{B,b) is an isomor- 
phism for z < A and surjective for i = A. When 6 G i?i \ i?o, we compare long 
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exact sequences of homotopy groups for {E, Ei,p ^(6)) and {B, Bi,b). The same 
conclusion holds. □ 

Observe that for any functor F : ^ — > Top there is a natural map 

hocolim F —* . 

Here B'^ is the bar construction (=geometric realization of the nerve). In some 
cases, this map is a A-quasi fibration: 

Proposition 1.2.5 

Jf the induced map F{a) F{h) is \-connected for all morphisms of , ^ is 
well-pointed and all F{a) 's are path-connected, then 

hocolim F —>■ B^ 

is a X-quasi fibration. 

Proof: As above let X, denote the simplicial space whose realization is hocolim.^ F. 
Now compare the presimplicial realization with the geometric realization: 

Fiao) > \\X,\\ > 115.^11 

F(ao) > \X.\ > \B,'^\ 

Here -F(ao) is the fiber over some point h in The fiber over 6's image in 

\B,'io\ is identical. This can be seen by inspecting the definition of the degeneracy 
maps. 

Since ^ is well-pointed, it follows that X, and BJ^ are good simplicial spaces. 
Hence, the vertical maps are weak equivalences. Therefore it is enough to show 
that — i> \\BJ^\\ is a A-quasi fibration. 

Following Quillen, we now consider the skeletal filtration of the presimplicial 
realization. 

Fg_i||X.|| i X, x^A'? > XqXA"! 



II 5,^11 < Bq"^ X 9A« > Bg"^ X A« 

This diagram satisfies the conditions of proposition ll.2.4| so the map of pushouts 
Fq||X,|| — i> Fg\\B,^\\ is a A-quasi fibration. 

Now the result follows since the direct limit of A-quasi fibrations is a A-quasi 
fibration. □ 
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Chapter 2 
Orthogonal spectra 



This chapter will introduce the relevant results about orthogonal spectra. The 
main reference for these results is the article IMMSSfll] . The aim of that article 
is to compare different constructions of a category of spectra with an associative 
and commutative smash product. Their theorem 0.1 says that the categories 
of AA-spectra, symmetric spectra, orthogonal spectra, and #^-spaces are Quillen 
equivalent. However, the aim of this thesis is to study involutions on certain ring 
spectra related to geometry of manifolds, see chapter |3| Therefore we are free 
to choose the category of spectra most convenient for our purposes. This is the 
category of orthogonal spectra, and we will focus on how to work within this 
category. 

Below we will give an exposition of the theory of orthogonal spectra. All 
relevant definitions are included here. For completeness we also reprove some of 
the results of [MMSSO^. However, there are also new results here: We introduce 
1-cofibrations, definition I2.1.7| in order to study simplicial orthogonal spectra, 
propositions 12.5.21 and 12.5.31 We consider induced functors, corollary 12.3.151 
And we construct cofibrant and fibrant replacement functors with additional 
properties, theorem 12.2.131 and theorem EEHl respectively. 

We use the convention that topological spaces mean compactly generated 
spaces (=weak Hausdorff /c-spaces). This category satisfies Steenrod's convenient 
technical properties as defined in |Ste67| . In addition the category is closed under 
the operation of passing to the quotient X/A of any closed pair (X, A), and under 
the operation of taking the union of an expanding sequence of closed subspaces. 
We refer to §2 of [McC69j for the definition and further properties of compactly 
generated spaces. We let Top denote this category, and Top^ based compactly 
generated spaces. 
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2.1 Basic definitions 

In this section we will define the category of orthogonal spectra, J^y. It is a topo- 
logical category. To define we introduce the topological category of finite 
dimensional real inner product spaces and linear isometric isomorphisms. The 
morphism spaces rJ^iV, W) are empty when V and W have different dimensions, 
and homeomorphic to the orthogonal group 0{n) when n = dimV = dimW^. 
Direct sum gives the structure of a symmetric monoidal category, and one- 
point-compactification gives a functor S from to compactly generated spaces. 

Definition 2.1.1 

The category J" 5^ of orthogonal spectra has as its objects continuous functors 
L from J' to based compactly generated spaces together with maps a : L{V) A 
— > L{V ® W), natural in V and W, such that the composite 

L(V) ^ L{V) AS° ^ L(V ® 0) ^ L(V) 

is the identity and a is associative in the sense that the following diagram com- 
mutes 



L{U)AS^®^ L{U®V®W) 
A map of orthogonal spectra is a natural transformation f : K ^ L of functors 
such that the following diagram commutes 

K{V)AS^ K{V®W) 



fv 



L(V)AS^ L(VeW) 

We call a the right assembly map. There is also a unique left assembly a 
corresponding to a via the symmetry of A and ©. 

There are several interesting examples of orthogonal spectra. First observe 
that the functor S is an example by letting a : A — > 5*^®^ be the natural 
homeomorphism. We call S the sphere spectrum. For based topological spaces 
X the suspension spectrum is defined by F i— > X AS'^ . We can also define Thom 
spectra by letting TO{V), for an n-dimensional V, be the Thom space of the 
tautological n-plane bundle over the Grassmannian of n-planes in V (BV. 

2.1.1 Shift desuspension functors 

There is a shift desuspension fimctor Fy from based compactly generated spaces 
to for any V. It is defined by the formula 

{FvA){W)^^{V®R'',W)+Ao^d){AAS'') , 
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where A is a based space and d = dirnH^ — dimK. We let {FvA){W) = * for 
dimW < dimV. The right assembly a : {FvA){W) A ^ {FvA}){W © U) is 
defined by choosing an isomorphism g : R'^ = f/, and is well defined since we 
divide out hy 0{d + d') in the definition of {FvA){W © U). 
Fv is left adjoint to the evaluation at level V: 

jy{FvA,L) = TopM,L{y)) , 

for all V , A and L. 

2.1.2 Notions of equivalence 

For orthogonal spectra there are two different notions of equivalence: 
Definition 2.1.2 

A map f : K ^ L of orthogonal spectra is a level equivalence if for every V the 
map fv '■ KiV) — > L{V) is a weak equivalence. 

To define the other kind of equivalence we make use of a forgetful functor U 
from to prespectra. (The theory of prespectra can be found in chapter II 
of |R,ud 98j.) The n'th space of UL is L(R") and the suspension map s„ : (UL)„ A 
{lJL)n+i comes from the right assembly by identifying M" © M with IR"^^. 
Recall that the homotopy groups of a prespectrum X is defined as 

7Tg{X) = colim7rq+„(X„) . 

n 

We now define: 
Definition 2.1.3 

A map f : K ^ L of orthogonal spectra is a n^-isomorphism if the underlying 
map of prespectra U/ : \]K VL induces an isomorphism on all homotopy 
groups. 

A level equivalence K L induces an isomorphism 7rg+„(I[J-ft')„ 7rq_|_„(UL)„ 
for all q and n, thus we have: 

Lemma 2.1.4 

Any level equivalence is a n^:-isomorphism. 

We also have a notion of fi-spectra: 
Definition 2.1.5 

An orthogonal spectrum E is an Q-spectrum if the adjoint of a, 

E{V) ^n^E{V ®W) , 
is a weak equivalence for all V and W. 
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Notice that E is an f2-spectrum if and only if \]E is an fi-prespectrum. 
Remark 2.1.6 

For general diagram spectra, and symmetric spectra in particular, there is a third 
notion of equivalence, namely stable equivalence. Let [L, E] denote the set of 
maps in the level homotopy category. If L is cofibrant (see section [2121 below for a 
definition of cofibrant), then [L, E] is isomorphic to the set of path components of 
the topological space J^y{L, E). We say that / : — > L is a stable equivalence 
if /* : [L, E] — > [K, E] is a bijection for all f2-spectra E. However, for orthogonal 
spectra there is no difference between 7r*-isomorphisms and stable equivalences. 
See proposition 8.7 in |MMSS01| . 

2.1.3 1-cofibrations 

There are many conditions on maps i : A ^ L that could be taken as the 
definition of some kind of cofibration of orthogonal spectra. In section [2121 below 
we are going to study q-cofibrations. They depend on cellular techniques; this is 
a strong condition. However, in this section we will consider a very weak way of 
defining a notion of cofibrancy: 

Definition 2.1.7 

A map i : A ^ L of orthogonal spectra is an l-cofibration if for every V the map 

A{V) ^ LiV) 

is an unbased closed cofibration of topological spaces. We call L well-pointed if 
* — > L is an l-cofibration. 

Remark 2.1.8 

Recall that any unbased cofibration of topological spaces is a homeomorphism 
onto its image (Theorem 1 in jStr66] ). Therefore, we can always assume without 
loss of generality that any unbased closed cofibration is an inclusion of a closed 
subspace. Furthermore, ii i : A <Z X is the inclusion of a subspace, then the 
following are equivalent ways to define that i is a cofibration: 

For any map f : X ^ Y and any homotopy F : A x I Y with F{a, 0) = 
fi{a) for all a G A, there exists a homotopy F : X x I ^ Y such that F 
restricts to F on A x I and F{x, 0) = /(x) for all x E X. 

The subspace XxOUAx/isa retract of X x /. (Theorem 2 in |Str68| .) 

There exists a continuous function (p : X I and a homotopy H : X x I —>■ 
X such that A C (f)'\0), H{x,0) = x for all x e X, H{a,t) = a for all 
a E A and t E I, and H{x,t) G A whenever t > (p^x). (Lemma 4 in |Str68| .) 
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Notice that the subspace topology onXxOUAxI does not always coincides 
with the mapping cylinder topology, but in two important cases these topologies 
are identical: 1) If A is a closed subspace of X, or 2) if A C X is a cofibration. 

Let us now look at some properties of 1-cofibrations of orthogonal spectra: 
Proposition 2.1.9 

If we are given a map i between sequences of l-coEbrations Aq Ai ■ ■ ■ and 
Lq ^ Li ^ ■ ■ ■ and each im '■ A^ is a Ti^-iso, then the induced map of 

colimits i : A ^ L is also a n^-iso. 

Proof: Since spheres S"^ and disks D'^~^^ are compact, we have 

TTqAlV) = colim7rgy4„(F) , 

m 

and similar for L. Thus 

TTqA = colim7rg+„Am(M") ^ colim 7rg+„Lm(]R") = tt^L 

n,m n,m 

is an isomorphism because each im ■ Am — > Lm is a vr^^-iso. □ 

From the category of spaces we immediately inherit union and gluing theorems 
for 1-cofibrations: 

Proposition 2.1.10 

If A ^ L, B L and AdB ^ L are 1-cofibrations and AU B ^ L an inclusion, 
then AU B ^ L is also an 1-cofibration. 



Proof: Notice that intersection and union are level-wise constructions on 
orthogonal spectra. Now the result follows directly from the definition of 1- 
cofibration and Lillig's union theorem |Lil73j . □ 



Proposition 2.1.11 

If we have a diagram 



B 



B' 



A 



fo 



A' 



L' 



of orthogonal spectra, where ii, 12, fo, fi and f2 are l-cohbrations and the right 
square is puUback, then the map of the row-wise pushouts is an 1-cofibration. 
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Proof: Pushouts and pullbacks are level-wise constructions, therefore the result 
follows from proposition 2.5 in |Lew82j . □ 

If X is a based space and L an orthogonal spectrum, then we may form the 
function spectrum 

F{X,L) 

level- wise. To be precise we let F{X, L)(y) be the space of based maps X 
L(y). This is again an orthogonal spectrum, see example 12.1.171 We now apply 
F{X, — ) to an 1-cofibration: 

Proposition 2.1.12 

If C is a compact based space, and i : A ^ L is an 1-cofibration of orthogonal 
spectra, then 

F{C, A) F{C, L) 

is also an 1-cofibration. 



Proof: Fix V. Then we have H -. LiV) x I ^ L{V) and 4> : L{V) I 
satisfying Str0m's criterion. Define H : F{C,L{V)) x / — > F{C,L{V)) and 
F{C,L{V))^ I hy 

H{f,t){c) = H{f{c),t) and = sup 0/(c) , 

for / : C LiV) and t G /. Then {H, 0) shows that A){y) F{C, L){V) 
is a cofibration. □ 

Remark 2.1.13 

One can define h-cofibrations as the maps i : A L having the homotopy exten- 
sion property, see §5 in |MMSSOl]. These should behave more or less like based 
cofibrations of spaces. Therefore, we run into problems if we try to prove union 
and gluing theorems for h-cofibrations without introducing extra conditions. 

2.1.4 A symmetric monoidal smash product 

The main advantage of orthogonal spectra compared to prespectra is the existence 
of a symmetric monoidal smash product. To define this we follow [MMSSfllj . 
Define the category of .^-spaces, J^Top^, to be functors Top^. It is a 

topological category, the morphisms being the space of natural transformations. 

Before defining A on ^ , we define the smash product, A, of .^-spaces. This 
is given by 

{XKY){V)= V ^(K''^©K''^V^)+Ao(d,)xO(d.)(X(M^^)Ar(M''^)) . 

di,d2 
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If L and K are orthogonal spectra, notice that the assembly induces a map of 
J^-spaces a : LAS' —>■ L, and similarly the left assembly induces a : SAK — > K. 
We now define the smash product, LAK^ of orthogonal spectra by the coequalizer 
diagram of J^-spaces: 

„ _ crAid _ 

LASAK ^ LAK^LAK . 

idAcr 

Coequalizers in J^Top^ are formed level-wise. Recall that Tbp^ is the category 
of compactly generated spaces. It is cocomplete, and hence the topology of 
{L A K){V) is given as a coequalizer in this category. As explained in [MMSSflT] . 
the smash product is symmetric monoidal. 

Having the smash product we define the □ product of maps: 

Definition 2.1.14 

Let f : A ^ L and g : B ^ K be maps of orthogonal spectra, then we dehne 
fDg as the map 

fDg: AAKULAB^LAK . 

We also have internal function objects. Again we start by defining the internal 
function object, F{—, — ), on .^-spaces. This is given by 

F{XXKV) = yTop,{X,Y{V(B-)) . 

And we have an adjunction for ^-spaces X, Y and Z: 

J^Top^iXAY, Z) = JTopSX, F{Y, Z)) . 

If L and K are orthogonal spectra, the assembly induces a map a* : F{L, K) 
F{LAS, K). By the adjunction above there is an evaluation map e : -F(L, K)AL 
K. Now consider the composite 

F{L,K)ALAS ^ KAS ^ K , 

let u be its adjoint. Define the internal function spectrum, F{L,K), by the 
equalizer diagram of J^-spaces: 

F{L,K) ^ F{L,K)^ F{LAS,K) . 

We immediately get an adjunction for orthogonal spectra L, K, X: 
yy{LAK,X)^yy{L,F{K,X)) . 

Lemma 2.1.15 

There is an adjunction for the internal hom objects: 

F{X AY,Z) = F{X, F{Y, Z)) 
for X , Y and Z orthogonal spectra. 
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Proof: Assume first that X, Y and Z are J^-spaces. Then we check by the 
definitions that 

F{XAY, Z){V) ^ F{X, F{Y, Z)){V) 

for all V. 

By the coequalizer defining A and the equalizer defining F{—, — ), the adjunc- 
tion also holds for internal horn objects in ^S^. □ 



2.1.5 The external viewpoint 

We have presented the symmetric monoidal category J^y of orthogonal spectra. 
The formal properties are nice, but when we actually want to do constructions 
things usually are a bit harder. For example it is not easy to define a map 
L A K X directly using the definition of L A K. Therefore it is useful to have 
alternative viewpoints. 

Orthogonal spectra may be described as diagram spaces, see II. 4 in |MM02| 
and §23 in IMMSSOl] : There is a topological category ^ such that continu- 
ous functors ^ Top^ corresponds to orthogonal spectra. The objects of ^ 
are the same as the objects of ^ , finite dimensional real inner product spaces 
V. Let S'{V,W) be the space of linear isometrics V ^ W . And let Eiy.W) 
consist of pairs (/, vo) where / : — ^ is a linear isometry and w G is 
orthogonal to /(^). PF) is a vector bundle over <^'(V, VT), and we define the 
space of morphisms ^(y,W) to be the Thom space of E{V,W). (First apply 
fiber-wise one-point-compactification to E{V, W), then identify the points at oo.) 
Composition 

o : ^{W,U) A ^{V,W) ^ ^{V,U) 

is defined by the formula {g,u)o(^f,w) = {go f^g{w) + u). The identity of \^ in ^ 
is represented by (z(iy,0). Direct sum gives ^ a symmetric monoidal structure: 
Here 

© : /{V,W) A /{V\W') j(y ®V,W ®W') 

is defined by (/, vo) © (/', w') = (/ © /', (w, w'))- Observe that when C M/, we 
have the identification: 

J{V,W)=0{W)^Aoiy,-v)S'^-'' . 

Theorem 2.1.16 

The category J^y of orthogonal spectra is isomorphic to the category of ^ - 
spaces as symmetric monoidal categories. 



Proof: This is the special case i? = S* of theorem 2.2 in |MMSSOl] . Given an 
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orthogonal spectrum L, the corresponding ^-space L' is defined by 

L'{V) = L{V) 

and the map L'(y) L'{W) induced by {f,w) is the composition 

L'{V) = L{V) L{V)AS'^-f^^^ ^ L{V®{W-f{V))) = L{W) = L'{W) . 

□ 

Example 2.1.17 (Level-wise constructions) 

Given a continuous endofunctor F on Top^,, we may apply this level- wise to an 
orthogonal spectrum L. This yields a new orthogonal spectrum F{L). To see 
this we view L as a functor ^ Top^ and consider the composition 

/ Top^ Top^ . 

Examples of such endofunctors are: Based loops ^^(— ), suspension S(— ), function 
spaces -F(X, — ), the Barratt-Eccles functor r+(— ). 

Example 2.1.18 (External description of the smash product) 

Given ^-spaces K and L we have an external smash product A. This produces 
a functor ^ x ^ ^ Top^, defined by 

{KAL){V^,V2) = K{V{) M{V2) . 

Recall that © is a functor ^ x ^ ^ ^ . Left Kan extension, see section X.4 
in |ML98| . of KNL along © gives an internal product. Theorem 12.1.161 says 
that this internal product is equal to i^' A L defined above. Adjunction for left 
Kan extensions now says that for orthogonal spectra L and X there is a 
homeomorphism between 

the space of natural transformations (-ft'AL)(Vi, V2) — > X(Vi © V2) 

where Vi , V2 G ^ and 

the space of maps of orthogonal spectra K f\ L ^ X . 

This adjunction is useful when defining maps K f\L ^ X. All we have to do 
is to provide maps 

Kiy^) A L(F2) ^ X(V1 © V2) 
for all V\ and V2 such that the following diagrams commute 

A Kiy^) A Liy^) ^ A x(Vi © 1/2) 



© VI) A L(v^2) ^ x(vr©yi©v^2) 
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and 



K{Vi) A L{V2) A S 



W 



K(Vi) A L(V2 e W) 
for all Vi, V2 and W. 



X{Vi(BV2)AS^ 

a 

X(Vi®V2®W) 



2.1.6 Orthogonal ring spectra; ^-algebras 

Having a symmetric smash product A of orthogonal spectra we define orthogonal 
ring spectra, also called ^'-algebras, as follows: 

Definition 2.1.19 

An orthogonal ring spectrum, or S-algebra, is an orthogonal spectrum L together 
with maps rj : S ^ L and /i : L A L ^ L such that the following diagrams 
commute: 

ni A T S is the unit for A ^ 

Sal > L 



rjAid 

LAL 



T „ n S is the unit for A ^ 

LAS > L 



idAr] 

LAL 



and 



LALAL ^ LAL 



LAL 



Definition 2.1.20 

An involution on an orthogonal ring spectrum is a map l : L ^ L such that the 
following diagram commutes: 



LAL 



I'^l' T . 7- twist r- . 7- 

> LAL > LAL 



Remark 2.1.21 

We can externalize the definition of an orthogonal ring spectrum. What we then 
get is a continuous functor L : — > Top^ together with natural transformations 



r]:S^^L{V) and fi : L{V) A L{W) ^ L{V ® W) 
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satisfying certain conditions. L has involution if we in addition have t : L(y) — > 
L{V). We often call an orthogonal ring spectrum an J^-FSP when we view it 
externally. 



2.2 Cellular techniques; q-cofibrations 

According to |MMSSni] the q-cofibrations are the retracts of relative cellular 
maps. Let us therefore see what a relative cellular map is: We start by defining 
our set of cells. 

Definition 2.2.1 

Let FI be the set of all maps F^mS*"^^ F^mZ)", where m > and n > 0. 

We think about F^mD'^ as a cell with boundary F^mS!l~^. In the case n = 
the boundary is *. 

Remark 2.2.2 (Symmetries of cells) 

If we inspect a cell FiKmS*"^^ F^mD"^, we see that it has internal symmetries. 
We will particularly be interested in two different actions. First we have an action 
of the permutation group It acts on by permuting the factors. Any 

permutation preserves the subspaces D'^ and S"'~^. Therefore, a G S„ induces a 
map of pairs 

cr,:{Dl,Sl-')^iDl,Sl-') . 

Applying the shift desuspension functor F]Rm(— ) we get self-maps of the cell 
F^mSl'^ Fur^Dl. We denote this map by F{a). 

There is also another action. acts on by permuting the factors. These 
maps are isometrics, so for any space A a permutation a G Tj.^ induces a map 

Fa '■ F^mA FflmA 

natural in A. This gives another action 
Definition 2.2.3 

A map i : A ^ L of orthogonal spectra is relative FFcellular if: 
i{A) is a subspectrum of L. 

There is a set C of subspectra La such that each La contains i{A) and 

C is partially ordered by inclusion. We write P < a if Lp <Z La. And for 
all a the set Pa = {P E C \ P < a} is finite. 
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For every a E C there is a pushout diagram 



F^mS^ ^ i> Fm,"iD^ 



U/3<a 



La 



Recall that in the category of orthogonal spectra pushouts are formed level- 
wise. If a is minimal, then the union IJ/3<a indexed over the empty set. If 
this is the case we interpret the union as i{A). C is the set of cells in the given 
relative cellular decomposition of i : A ^ L, and (3 < a \i the cell [3 is attached 
prior to a. Observe that we allow some redundancy in this definition, since we 
do not insist that the S"" ^ — i> IJ/3<a meets each non-trivially. 

Remark 2.2.4 

There is also a notion of relative CW-orthogonal spectra: What we do is to put 
on the extra condition that the cells are attached to cells of lower dimension only. 
The dimension of a cell F^mD^ is n — m. In other words: A relative FJ-cell 
structure of i : A ^ L is CW if the map dim : C ^ Z is strictly increasing. 

Definition 2.2.5 

A map i : A ^ L is a q-cofibration if it is a retract of a relative F I -cellular map. 
We call L cofibrant if * ^ L is a q-cofibration. 

This definition says that there exists a relative F/-cellular map B ^ K and 
a diagram 

A ^ B ^ A 

i i 

L y K > L 

such that the horizontal compositions are the identity. Now observe that there is 
no loss of generality if we assume that B = A. This follows from the elementary 
fact that relative F/-cellular maps are closed under cobase change. 

Observe that all q-cofibrations are both 1-cofibrations and h-cofibrations. 

Remark 2.2.6 

Alternatively one could define q-cofibrations as the maps which has the left lifting 
property with respect to all level acyclic fibrations. See §6 in [MMSSni] . Recall 
that a level acyclic fibration / : — ^ 5 is by definition a map such that for each 
V the map /y : EiV) —>■ B{V) is both a weak equivalence and a Serre fibration. 



Here is an example of an orthogonal spectrum which is not cofibrant: 
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Example 2.2.7 

Let S' be the orthogonal spectrum given by 



S'{V) 



if dimy > 0, and 
* if dimy = 0. 



This is a subspectrum of S, and the assembly maps are inherited. We will now 
show that S' is not cofibrant. 

Assume that S' is cofibrant. For contradiction we now construct a level acyclic 
fibration f : E ^ B and a diagram 

* ^ E 



S' ^ B 

such that no lifting S' ^ E exists. Hence, S' cannot be cofibrant. 
Consider the map 

given by collapsing S°° to a point. This is a weak equivalence since S°° is con- 
tractible. The map p is involutive. Here Z/2 acts on by reflecting the circle 
across a line, and Z/2 acts freely on . The smash product is given the diagonal 
action. However p is not a fibration, so we use the standard trick: Let E^ be the 
Z/2-space of pairs (a;, 7), where x e S"^ A and 7 is a path in such that 
p{x) — 7(0). The natural map 

(x,7)^7(l):^P^-5i 

is again a weak equivalence. Taking Z/2-fixed points we see that 

* ^ (£;^)2/2 ^ (^1)2/2 ^ ^0 _ 

Now define the level acyclic fibration E ^ B oi orthogonal spectra by 



E{V) 

and 

B{V) = 



\V)Ao(i)Ep ifdimy = l, 
otherwise, 



y{R\V) Aoii) ifdimy = l, and 
otherwise. 



There is a map S' ^ B defined by letting the evaluation on level be the 
identity. If S' is cofibrant, there exists a lift to E and at level we have 

s'm}) Em}) Bim}) 
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where the composite is a Z/2-equivariant homeomorphism. Taking Z/2-fixed 
points we get 

and since the composition cannot be a homeomorphism, this yields the contra- 
diction. 

For topological spaces we know that a compact subset of a CH^-complex only 
meets finitely many cells. The same is true for relative F/-cellular orthogonal 
spectra, as the following lemma shows: 

Lemma 2.2.8 

If K is a compact space, i : A ^ L a relative Fl-cellular map of orthogonal 
spectra and f : K ^ L(W^) a map, then there exists a finite set of cells P such 
that f factors through U„gpL„(R'"). 



Proof: We say that K meets a cell a non-trivially if there exists a point x in 
K such that /(x) G but f{x) ^ L^(M™) for any p < a. We have to 

prove that K only meets finitely many cells non-trivially. For a contradiction 
assume that S = {xi,X2, . . .} is a countable subset of K such that each Xi meets 
a distinct cell non-trivially. Then we can show that f{S) fl La(M"') is closed for 
all a by induction on the number of elements in Pa- The induction step uses the 
pushout diagram in definition 12.2.31 Since L has the topology of colimcgc Lq,, 
it follows that f{S) is closed in L(W"). The same argument shows that any 
subset of f{S) also is closed. Hence f{K) contains an infinite discrete set. This 
contradicts compactness of K. 

Let P be the set of cells which K meets non-trivially. □ 

We have the following reformulation of cellularity. 
Proposition 2.2.9 

A map j : A ^ L of orthogonal spectra is relative Fl-cellular if and only if there 
exists a sequence Lq Li ^ ■ ■ ■ of orthogonal spectra such that: 

A = Lo. 

L = colimj Li and j equals the natural map Lq colimj Lj. 
For each i there is a pushout diagram 

y adC^Vc^Sl"'^ ^ y ^^c.Fv^D\°' 

Fi > Lij^i 

Here Ci is the set of cells attached to Li. 
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Proof: Assume that j is relative F7-cellular. Let Cj be a collection of subsets 
of C such that 

the set of indexes i is the non-negative natural numbers, 

the Cj's are disjoint, and (Ji^o^^ ~ 

\i a & Ci and 13 < a then P & Ck for some k < i. 

For example, we could let Cj be the set of all cells a such that contains exactly 
i elements. 

We set Lq — A, and let Lj_|_i be the union of all when a runs through 
Co U Ci U • • • U Cj. Then UaeC-^" ~ ^ j : A ^ L is the natural map 
Lq —>■ colimiLj. To get the pushout diagram of the proposition, consider the 
functor D from Co U Ci U • • • U Cj to pushout diagrams which sends a e C^ to 

771 QUa — l , 771 7-)na 



U/3<a 

and a e Co U Ci U • • • U Q-i to 

* > * 



^ La 



La ^ La 

If /3 < a, then we clearly have a map of pushout diagrams D{P) D{a). 
Taking the colimit yields the desired diagram, and this is a pushout, since forming 
pushouts commutes with forming colimits. 

Now assume that j satisfies the properties of the proposition. We will induc- 
tively construct relative F/-cell structures on Lj+i with cells Cq U ■ ■ ■ U Cj, such 
that Li is a subcomplex. To start the induction we regard A — ^ Lq as a relative 
F/-cell complex with the set of cells being the empty set. Assume that Lj already 
has been given a relative F7-cellular structure. The set of cells in Lj+i should be 
Co U • • • U Ci, but we need to extend the partial ordering from Co U ■ ■ ■ U Ci_i. 
We do this by specifying subspectra La for all a in Cj. Recall that for each such 
a we have a diagram 
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Look at the attaching map S^"~'^ Lj(V^). By lemma 1^.2.81 this map factors 
through [jp^p Li3{Va) for some finite subset P of Cq U ■ ■ ■ U Cj_i. Define La by 
the pushout diagram 

Fv^Sl^-' > Fv^Dl" 

[Jf3(^pLf3 > Li+i 

Here the L/3's are already defined since /3 is a cell in Lj. 

Letting z go to 00 we get a relative FJ-cellular structure for j : A L. □ 

2.2.1 The smash product of relative cellular maps 

Assume that A ^ L and B ^ K are relative F/-cellular maps. We will now 
describe the relative FJ-cellular structure oiL/\BUA/\K^L/\K. 
We will need a technical lemma: 

Lemma 2.2.10 

Consider a diagram of spaces: 

Bo < Ao ^ Xo 

Bi < Ai > Xi 

Let Yq and Yi be the pushout of the top and bottom row respectively. Then the 
diagram 

BiUboYo > Yi 

is pushout. 

Here we use the notation BUaX for the pushout of B ^ A ^ B, even when 
neither of the two maps are injective. 

Proof: To see this, take a look at the diagram 

Ai > Ai Uao Xo > Xi 

Bi > BiUb,Yo > Fi 

By the observation that Bi U^q Yq = Bi Ubq {Bo Uaq Xo) = Bi Uaq Xo = 
Bi (^1 U^o -^0), we get that the left square is pushout. Since the outer 
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square is pushout, it now follows by cancellation that the right square also is. □ 



Lemma 2.2.11 

Assume that 



Aq > 



A, 



and 



30 



are pushout squares of orthogonal spectra, where iq and jo are 1-cohbrations. 
Then the diagram 

AqAKoULqA Bo > Lq A Kq 



Ai A KiU Li A Bi 



LiAKi 



is also pushout. 



Using the □ product, definition 12.1 .141 we can say that the bottom diagram 
is the row-wise □ of the upper diagrams. 

Proof: It is enough to prove the result in the case where Bi = Bq and Ki = Kq. 

Since the functor — A X preserve pushout diagrams for any orthogonal spec- 
trum X, we have that the row- wise pushout of 



AiABo 



AiAKo 



AoABo 



AqAKo 



LoABo 



LoAKo 



is LiABq LiAKq. Since the property of being a pushout diagram is level- wise, 
we can apply lemma l?.2.1()[ Thus we get that 



AqAKoULoA Bo 



Ai A Kq U Li a Bo 
is pushout. This completes the proof. 



LoAKo 



LiAKo 



□ 



Proposition 2.2.12 

Assume that i : A L and j : B ^ K are relative Fl-cellular maps. Then 
iDj : LABUAAK^LAKis also relative Fl-cellular. 
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Proof: We will describe the relative F/-cellular structure of Let C and D 
be the sets of cells of i and j respectively. The set of cells for iDj will he C x D, 
and we define (L A K)(^ai,a2) to be 



LABULa.AK^^UAAK 



Observe that P[ai,a2) = Pai x Pa2 U x P^^ U Pq,^ x {0:2}, thus it is finite. It 
is clear that [J^^j-,{L A K)(^ai,a2) = L A K. It remains to show that for each cell 
(01,02) there are pushout diagrams: 



U(/3i,/32)6P(.,,.,)(^^^)(/3i,/32) ' 

To see this, apply lemma I?. 2. Ill to the diagrams: 



(L A K)(^ai,a2) 



Fy Q^"^ ^ 



Lai 



and 



«2 



Then apply {L A B U A A K) U(^l^^/^buaaKc2) ~ to the lower map. This concludes 
the proof. □ 



2.2.2 Cofibrant replacement functor 

Now we shall introduce a cofibrant replacement functor. Among other uses, 
we want to apply this functor to orthogonal ring spectra with involution to get 
cofibrant orthogonal ring spectra with involution. Therefore we want the functor 
to be lax skew-symmetric with respect to A. See appendix IA.2l for definitions of 
(symmetric) (co)monoidal categories and lax/strong (symmetric) (co)monoidal 
functors. Skew-symmetry will be defined below. Our structure theorem is: 

Theorem 2.2.13 

There is an endofunctor T on orthogonal spectra having the following properties: 
TL is cofibrant for all L. 

If K ^ L is the inclusion of a subspectrum, then TK — > TL is a q- 
cofibration. 

r comes with a natural level-wise acyclic fibration •jl '■ L. 
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r comes with a natural transformation (j)L,K '■ TL A TK r(L A K). 

r comes with an involution l : VL TL, and = id. 

There is a canonical level-wise acyclic q-cohbration X : S ^ VS. 

With A, (p and l the functor V is lax skew-symmetric monoidal with respect 
to A. 

r comes with a natural level equivalence pl,k '■ r(L x K) ^ TL x TK. 

With 7* : r* — i> * and p the functor T is lax symmetric comonoidal with 
respect to x . 

Note that is not always a 7r^,-iso. If L and K both are sufficiently bad, 
the smash product L A K can have homotopy unrelated to L and K. Thus 
T{LAK) will have the same bad homotopy, whereas TLATK will have the correct 
homotopy. However, if either L or i^' is cofibrant, then will be a 7r*-isomorphism, 
since smashing with a cofibrant orthogonal spectrum preserves vr^^-isomorphisms, 
see proposition 12.4.71 

Proof: We will break the proof of the structure theorem into several proposi- 
tions, and the proof will span the rest of this subsection. However, we first show 
that the comonoidality with respect to x is a formal consequence of the other 
properties: 

To define a map into a x -product, it is enough to define one map into each 
factor, r applied to the projections gives 

T{L xK)^TL and T{L x K)^TK , 

and pl,k is determined by these maps. It is elementary to see that the cross 
product of two level equivalences is a level equivalence. Hence, we have the 
diagram 

r(L X K) TL X TK 

7x7 ) 

Lx K Lx K 

and it follows that p is a level equivalence. 

We know that x is the categorical product on J^S^, hence lemma lA.2.9l im- 
plies that T is lax symmetric comonoidal with respect to x . □ 



Let us now look at the construction of T. The idea is to apply Quillen's small 
object argument, see 7.12 in |DS95| . We proceed as follows: 
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Suppose that p : A ^ L is a map of orthogonal spectra. We now construct 
an orthogonal spectrum G{p) and a factorization of p: 



G{P) 



Let C be the set of all diagrams 



where n,m > 0. Now define G{p) by the pushout diagram 



^aeC 



G{P) 



By construction we see that A is a subspectrum of G{p), and the natural map 
G{p) L comes from the universal property of the pushout. Observe that G{p) 
is a functor; a morphism between maps pi : — > Li and p2 ■ A2 ^ L2 is a 
commutative diagram 



Ai 



A, 



pi 



P2 



Without a proof we observe that: 
Lemma 2.2,14 

There exists a relative Fl-cellular structure on the map A — > G{p). 

To define FL we iterate the gluing construction. Start with po : * 
the construction above and set G^{L) — G{po) to get a diagram: 



L. Apply 



JO 



G\L) 



pi 



Iterate to get diagrams 



Definition 2.2.15 

DeGne the q-cohbrant replacement of L, FL, to be the colimit of the G^{L)'s 
constructed above. 
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As a colimit of a sequence relative F/-cellular maps starting from *, we see 
that TL is cofibrant. F is a functor and the natural transformation 'Jl '■ TL — ^ L 
is induced by the natural maps G\L) — ^ L. Let us now begin to prove the various 
statements of theorem 12.2.131 

Proposition 2.2.16 

If i : K ^ L is the inclusion of a subspectrum, then TK TL is a q-cohbration. 



Proof: Inspect the gluing construction. By induction it is enough to consider 
a diagram 



B 



K 



JO 



A 



L 



where jo is a relative F/-cellular. We must show that G{p) Ub A maps homeo- 
morphically onto a subcomplex of G{q). Compare with proposition 12.4. 1(11 
Consider a cell a of G{p): 



B 



K 



Composing / with jo and g with j we get a new diagram j3 representing a cell 
in G{q). Since jo and j are injective, we see that different cells a and a' in G{p) 
gives different cells /3 and j3' in G{q). It follows that 



G{p) UbA^ G{q) 



is relative F/-cellular. 



□ 



It is easy to construct the map \ : S ^ VS: The diagram 

* y FoDl 



S 



determines a cell a of TS. We have TSa — S, and define A to be the composition 

Proposition 2.2.17 

7 : TL — > L is a level acyclic Bbration. 
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Proof: Fix some level V — M.^. We have to show that for every diagram 



L{V) 



there is a lift — > VL{V). Since 5"" ^ is compact there is an i such that / 
factors through G*(L)(y). Then we get the diagram 



:'n— 1 



G\L){V) 



L{V) 



but this is exactly what determines a new cell a in G{pi). And we see that D"' 
lifts into G'^+i(L) (l^). □ 



Construction 2.2.18 

Next we construct the natural transformation (f) : FL A FK 
tively we define maps 

(f)ij : G'{L) A &iK) G'+^-\L A K) 

such that the following diagrams commute for all i and j: 

G\L)A&{K) G'+i-^ (LAK) 



&+\L)A&{K) G'+^{LAK) 

G\L) A &{K) G'+^-\L A K) 

c c and 

G\L)A&+\K) G'+^{LAK) 

G\L) A &{K) &+^-\L A K) 



F{LAK). Induc- 



LAK 



LAK 



By taking the colimit as both i and j tend to infinity, we get our natural trans- 
formation FLAFK^ F{L A K). 
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Let G\L) be * for z < 0. If z < or j < 0, then (pij is trivially defined. We 
construct the 0's by induction on i + j. Let a and /? be the diagrams 



n-l 



G'~\L) 



n'-l 



and /' 

L &-\K) 



F I D "- 

± Tram' -L>'_L 



respectively. By the construction of and G^{K) there are unique lifts of a 

and (3 to diagrams a and /?: 



77 C'" — 1 

/ 

G'-^{L) 



F-OmD'': 



F-am' S. 



n'-l 



g and /' 
G\L) &-\K) 



F I 

g' 



Recall the definition of □ of two maps, see definition 12.1.141 Now consider the 
diagram 



P qn+n'—l 
fAg'UgAf 

&-\L) A &{K) U G'{L) A &-\K) 
G'+j'\L A K) 



g^g' 

G\L)A&{K) 



LAK 



where the upper part is row-wise □ of a and (3. The map U (pij-i exists 

by our induction hypothesis. The outer square is a diagram in C for the gluing 
construction applied to G'*+-'~^(L A K) ^ L A K. Call this diagram 6. And by 
the cell 6 we get a map 

G\L)^ A G^{K)p G'+^-\L A K)s C G'+^-\L A K) . 

Letting a and (3 run through all cells of G''{L) and G^{K) respectively, we get 
our map 

: G\L) A G^{K) G'^^-\L A K) . 
This finishes the construction of : VL A VK -^V{L A K). 

Lemma 2.2.19 

Let A ^ L and B ^ K be maps of orthogonal spectra. Consider diagrams 



ni — 1 



T-1 rin2 — 1 



and 
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representing cells called a and (3 respectively. We can compare the cells aOp and 
pOa via the twist map L A K ^ K A L. And we have 

twist o (aDp) = {f3Da) o F{a)Fp , 

where F{a) is the cell symmetry permuting coordinates of the {rii + n2)-disk as 
indicated by the map D"i x D"^ ^ x D"'^ , and is the cell symmetry 
permuting the indexing spaces as indicated by W^^ © M""^ ^ M™2 ^ j^mi _ 



Proof: We write out the proof only for the disks. The boundary of the cells 
can be treated similarly. 
Consider the diagram 



771 r>ni+n2 



n2+ni 



i^Kmi A -Fm"12 > F^m2 A F^mi D^^ 



LAK 



twist 



K AL 



The bottom part clearly commutes, so it remains to check that the top part also 
does. We evaluate at level ]R"»i+"*2 g^j^^j gg^. 



mi+m2 TOmi+m2 



jm2 Tra»Tii+m2 



ni+n2 



m2+mi Tami+m2 



n2+ni 



)+ A A Z? 



n2 twist 



+ ADf A D', 



The map twist swaps both the indexing spaces M™^ and M."^^, and the disks D"^^ 
and (T* is the map D'^i+"2 ^ jjn^+ni permuting the factors, while p* is the 
linear map R"»i+"»2 ^ ^ma+mi applied to the first factor of {W^^+'^^ . 
The left vertical identification is defined via M"»i©R"^2 ^ ^mi+mz ^nd AD"^ ^ 
and the right vertical identification is given by = ^ra2+m^ ^nd 

D"^ A Dl^ ^ L)!^2+ni j^^^ ^Yiat the diagram commutes. □ 



Now we are ready to define skew-symmetry and to show that F satisfies this. 
Definition 2.2.20 

A lax monoidal functor F : M ^ B is skew-symmetric with respect to a product 
□ if there exists a natural transformation i : F{a) F{a) with — id, such 
that the following diagram commutes: 



F{a)DF{b) 



F{aDb) 



F{a)DF{b) 



F{b)DF{a) 



F{aab) F{bna) 
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We can say that t measures the failure of F being symmetric. In our case we 
have: 

Proposition 2.2.21 

r is a lax skew-symmetric monoidal functor with respect to A. 



Proof: We begin by constructing i. It is a cellular map and can be defined on 
the gluing construction. Let a be the cell 



of G{p). Let r„ and Tm denote the order reversing permutations in E„ and 
respectively, l : G{p) — > G{p) is the map that sends a to the cell F{Tn)Fr^{a). 
By construction of VL as the iterated gluing construction, we get the natural 
transformation 

i-.TL^TL . 

Clearly = id. 

Inspecting the construction of 4> '■ A TK — > T{L A K), we see that F is 
lax monoidal. In order to check skew-symmetry, it remains to check that the 
following diagram commutes: 

TLATK TLATK TK ATL 



V{LAK) V{LAK) ^^^^ V{K A L) 



By induction on i + j we prove that 



G'{L) A &{K) 



(.At 



G'{L) A &{K) 



twist 



&{K)AG\L) 



G'+^-\LAK) &+^-\LAK) '^'"'''^) G'+^-\KaL) 



commutes. Let a and (5 be the diagrams 

FmmS'^t ^ ^ FmmD^ 



p en'— 1 ^ rp T^n' 



f 



G'-\L) 



9 and /' 



K 



respectively, and let a and (3 be liftings as defined in the construction of By 
the previous lemma the diagrams twisto(Q;n/9) and /SDo; differ by the permutation 
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of coordinates o"* : = jjn'+n ^^le permutation of indexing space p* 

^m+m' ^ Computing with permutations in we have that 

And similarly (r^ U T^')p = pTm+m' in ^m+m'- Therefore the diagram 



twist 



G''+^-i(L AX) 



commutes. And the result follows. 



□ 



2.3 Boundedness 

When doing constructions with orthogonal spectra, it can be useful to consider 
those spectra which are bounded below, or those which in addition have highly 
connected assembly maps. However cellular orthogonal spectra does not in gen- 
eral have these properties. An example is Vm=o -^K'"'^'^- But we may approximate 
any cellular orthogonal spectra by spectra satisfying these properties. 
Let us begin with some definitions: 

Definition 2.3.1 

Let L be an orthogonal spectrum. 

L is strictly c-connected if there exists an integer N such that L(M"') is 
{n + c)-connected for all n > N. 

We call L strictly connected if L is strictly {—l)-connected. 

L is strictly bounded below if there exists a c such that L is strictly c- 
connected. 

We can simplify the definition of strictly bounded below: 
Lemma 2.3.2 

L is strictly bounded below if and only if there exists a c such that L(R") is 
{n + c)-connected for all n. 
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Proof: The "if" direction is obvious. For the "only if" direction assume that L is 
strictly c-connected. Let be such that L(R") is (n + c)-connected for all n > N. 
Now set c' = min(c, — A^). When n > N, the space L(]R") is (n + c)-connected, 
hence also (n + c')-connected. Since every based space is (— l)-connected, we have 
that L(R"') is {n + c')-connected also for n < N. □ 

By the definition of the homotopy groups of an orthogonal spectrum we im- 
mediately get: 

Proposition 2.3.3 

Let L be an orthogonal spectrum. 

If L is strictly c-connected, then iTgL — for q < c. 

If L is strictly bounded below, then there exists a c such that TigL — for 
all q < c. 

The converse is not true as the following examples show: 
Example 2.3.4 

Let m be an integer and consider L defined by 

i^{W,V)+AS" if dimy = n > m, and 
I * otherwise 

with trivial assembly maps. Assume n > m. By the Freudenthal suspension 
theorem we have that L(R") is (n — m — l)-connected, and by homology calcu- 
lations we get that L(]R") is not (n — m)-connected. Consequently, we have that 
L is strictly (— m — l)-connected, but not strictly (— m)-connected. However, the 
homotopy groups tt^L are trivial for all q. 

Example 2.3.5 

Let L be given by 

oo 

L{V)= V J^(R^y)+ 

with trivial assembly maps. Then for all n > we have that L(]R") is not 0- 
connected. Hence, there exists no c such that L(]R") is {n -\- c)-connected for all 
n. It follows that L is not strictly bounded below. But since the assembly maps 
are trivial, it follows that tt^L = for all q. 

Lemma 2.3.6 

If A ^ X is an 1-cofibration, A, B and X strictly c-connected orthogonal spectra, 
then the pushout, Y , of B A ^ X is also strictly c-connected. 
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Proof: The spaces A(R"), 5(R") and X(R") all are (n + c)-connected. We 
want to show that F(M'^) also is (n + c)-connected. Consider the diagram 

A{W) > X{W) 

B(M") > Y{R'') 

For (n + c) = —1 and (n + c) = 0, it is obvious that F(]R") is {n + c)-connected. 
Assume (n + c) > 0. Blakers-Massey applies and shows that 

7rg{X{W),A{W)) 7rg{Y{W),B{W)) 

is an isomorphism when q < 2{n + c). By the long exact sequences in homotopy 
for the pairs (X(M"), A{W)) and (F(M"), £(M")), the result follows. □ 

Corollary 2.3.7 

Assume A, B and X strictly bounded below. Then the pushout of B <— A ^ X 
is also strictly bounded below if at least one of the maps is an 1-cofibration. 

Lemma 2.3.8 

Let L — y ^Fv^Aa- If A^ is well-pointed and dimV^ < k for all a, then L is 
strictly {—k — 1) -connected. 

Proof: First consider the case with only one wedge summand: A = Aais a well- 
pointed space and 14 = We want to calculate the connectivity of FT^kAlMJ^). 
U n < k, then by definition FKfc74(M") = *, so assume that k < n. Then 

Fm.>1(R") = Ao(n-fe) {A A 5"-^=) ^ ^ A Ao^n-k) ^""') ■ 

Now consider the diagram 

0{n - k) 
0{n) X S''-'' 

0{n)/0{n-k) > 0{n) Xo(n-k) S^-' > 0(n)+ Ao(n-fe) ^""'^ 

Here the vertical sequence is a fibration, and the horizontal sequence a cofibration. 
Since 0{n — k) —>■ 0{n) is (n — — l)-connected, the long exact sequence of the 
fibration yields that 0{n) Xoin-k) S"'~'' is {n — k — l)-connected. Furthermore, 
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we know that 0{n)/0{n — k) is {n — k — l)-connected. Using proposition 4.28 
in we see that 0(n)+ Ao(n-fc) S"' ^ is also {n — k — l)-connected. 

By Blakers-Massey or CW-approximation, one can prove that for well-pointed 
spaces X and Y which are r- and s-connected respectively, the smash product 
X A F is (r + s + l)-connected. Since any space is (— l)-connected, applying this 
to A A (0(n)+ Ao(„-fc) 5"""^) yields that Fi8fcA(R") is (n - A; - l)-connected. 

Now consider the wedge 

L = \lFy^A^ . 

a 

By the calculation above L(M") is a wedge of well-pointed {n — k — l)-connected 
spaces. Using CW-approximation or Blakers-Massey we can prove that the wedge 
of well-pointed /-connected spaces again is /-connected. And it follows that L(M") 
is (n — — l)-connected for all n. □ 

For some purposes we need a stronger condition than strictly bounded below: 
Definition 2.3.9 

An orthogonal spectrum L is meta-stable if it is strictly bounded below and there 
exists an integer d such that a : L(M'^) A ^ L(M"+^) is (2n + d)-connected for 
all n. 

Lemma 2.3.10 

Let K be the pushout of L ^ A ^ B. Assume that A, B and L are meta-stable 
orthogonal spectra, that i is an 1-cohbration and A is well-pointed. Then K is 
also meta-stable. 

Proof: Consider the diagram 

L{W) A S'^ < A{W) A 5(M") A 

Since A, B and L are bounded below, we may increase n until all spaces in the di- 
agram above are simply connected. Therefore it is enough to consider homology 
when calculating connectedness. Comparing Mayer- Vietoris sequences for the 
two rows, we get that KiW") A ^ K{W^'^^) is (2n + (i)-connected, assuming 
that all three vertical maps in the diagram above also have this connectedness. □ 

Lemma 2.3.11 

Let L = y^Fv^Aa. If all Aa are well-pointed and there exists a k such that 
dim Va < k for all a, then L is meta-stable. 
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Proof: First we consider the case with a single wedge summand. Assume 
that n > k. Then we have by lemma l2X8l that both Fi5fcv4(M") A and 
FiRSiA(M'^"'"^) are simply connected. Thus we can calculate the connectivity of 
a : FKfeA(M") A ^ F]Rfc(M"+i) using homology. By the definition of F^k the 
map under consideration is 

0H+ Aoin-k) (A A S^-'^) AS'-. Gin + 1)+ Ao(n-fc+i) (A A S^-''^') . 

We see that this map is /-connected if and only if the map 

Aoin^k) (A A S"-'^) AS'aS'^ 0{n + 1)+ Ao(„-fe+i) {A A S^-'^') A S'' 

is (/-|-A;)-connected. Now observe that the 0(n — A; + l)-action on {AaS'^"''^') AS'' 
can be extended to a 0(n + l)-action, and thus we have 

0{n+ 1)+ Ao(„-fe+i) {A A 5"-'=+^) AS'' = 0{n + l)/0{n-k + l)+A{AA 5"+^) , 
and similarly for the source space. Thus we are considering the connectivity of 

0{n)/0{n - k)+ A {A A 5"+^) ^ 0{n + l)/0{n -k + l)+A{AA 5"+^) . 

This map is easily seen to be (2n— A;)-connected. And it follows that a is {2n—2k)- 
connected for n > k. An inspection of the case n = k shows that FRfeA(R'=+i) 
is 0-connected, and it follows that a is 0-connected. Hence we can take d in the 
definition of meta-stability to be {—2k). 

In the general case we observe that the suspension map is the composition 

L(M") AS'^ \/(Fv-„A„(M") A 5^) ^ V Fv^„ A,(R"+i) . 

a a 

But the wedge of (2n — 2 A;) -connected maps are {2n — 2fc)-connected. And it 
follows that L is meta-stable. □ 

The following result is a useful property of relative F/-cellularity. 
Proposition 2.3.12 

Assume that A ^ L is a relative Fl-cellular map of orthogonal spectra. If A 
is strictly bounded below, then there exists a sequence A = Lq ^ Li ^ ■ ■ ■ of 
1-cofibrations with colimit L, and such that each Li is strictly bounded below. If 
A is meta-stable, then each Li can also be assumed meta-stable. 

Proof: Let C be the poset of cells. For a cell a let denote the desuspension 
degree, i.e. the dimension of V in FyS"""^ FyD^. Now define inductively: 

Let Co be those a E C such that rria = and Pa = 0. 



2.3. BOUNDEDNESS 



53 



Given Co, . . . , Ci-i, let Ci be the cells a not in Ck for any k < i such that 
rria < ^ and for any P < a there is an / < z such that P E Ci. 

Since each Pa is finite, we see that IJ- Ci = C . Thus, the collection of Cj's satisfies 
the conditions in the proof of proposition 12.2.91 And by the proof we can then 
construct the sequence A = Lq ^ Li ■ ■ ■ with colimit L, inductively. Lj is 
defined by the pushout diagram 



Li-i > Li 

Since nia < i for all a in Ci, it follows by the lemma 1^.3.81 and coroUarv 12.3.71 
that each Li is strictly bounded below. If A in addition is meta-stable, we can 
use the lemmas [2.3.101 and 12.3. Ill to show that each Lj is meta-stable. □ 

Let us prove the following property of meta-stable orthogonal spectra: 
Lemma 2.3.13 

If L is meta-stable and well-pointed, then there exists a constant e such that the 
assembly induces a (2n + k + e)-connected map 

for all n, k and I. 

Proof: By induction we may reduce to the case where / = 1. 

Since L(M"+'') AS"^ L(M"+''+^) is (2n + 2/c + c?) -connected for some constant 
d independent of n and fc, it follows that 

is {2n 2k + d — l)-connected. There exists a constant c, also independent of n 
and k, such that L(R""'"'^) is {n + k + c)-connected. By Freudenthal's suspension 
theorem we have that 

L(W'+'') n (L(R"+'^) A S^) 
is (2n + 2A; + 2c+ l)-connected. Hence, there exists an e such that the composite 

L{W+'') QL{W+''+'^) 
is {2n + 2k + e)-connected. Applying Q''— we get that 

Qk^-^n+k^ _^ ^k+l^j^n+k+1^ 

is {2n + k + e)-connected. □ 
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2.3.1 Induced functors on orthogonal spectra 

Consider a continuous endofunctor F defined on based spaces. We already know 
from example 12.1.171 that applying F level-wise to an orthogonal spectrum L 
yields a new orthogonal spectrum F{L). What can be said about F{L)'! The 
results we are looking for will compare F{L) and G{L) whenever we have a natural 
transformation f : F ^ G of continuous endofunctors. 

Lemma 2.3.14 

Assume that there exists an integer d such that fx '■ F{X) G{X) is {2n + d)- 
connected when X is n-connected and well-pointed. If L is strictly bounded 
below and well-pointed, then L —> F{L) is a n^-iso. 

Proof: The natural transformation / induces a map of orthogonal spectra 

F(L)^G(L) . 

We take the underlying prespectra, and look at the g'th homotopy groups: 
7TgF{L) = colim7r„+„F(L(R")) colim7r„+„G'(L(R")) = tt,G{L) . 

n n 

For a fixed q and under the given assumptions on / and L, the map 7rg+„F(L(]R")) - 
7rq+nG'(L(M")) is eventually an isomorphism: There exist integers and c such 
that L(R") is {n + c)-connected for n > N. Furthermore, there is a d such 
that F{X) G{X) is {2n + (i)-connected when X is n-connected. Therefore, 
F(L(E")) ^ G{L{W)) is (2n + 2c + rf)-connected for n > A^, so 7rg+„F(L(M")) ^ 
7rg+„G'(L(]R")) is an iso for n > max(g — 2c — d, N). □ 

However, the condition we usually want to assume is cofibrancy, not strictly 
bounded below. Therefore we use proposition 12.3.121 to transform the lemma 
above. 

Corollary 2.3.15 

Let f : F ^ G be a natural transformation of endofunctors on Top^^. Assume 
that 

there exists an integer d such that fx is (2n + d) -connected when X is 
n-connected and well-pointed, 

F and G preserves cohbrations of spaces, and 

if Xq Xi ^ X2 ■ ■ ■ is any sequence of cohbrations of spaces, 
then the natural maps colimjF(Xj) F(colimjXj) and colimj G'(Xj) — > 
G(colimj Xi) are weak equivalences. 
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If L is coGbrant, then the induced map 

F{L) G{L) 

is a 7r^,-isomorphism. 

Proof: First suppose that L is F/-cellular. By proposition 12.3.121 there is a 
sequence * = Lq ^ — of 1-cofibrations with colimit L such that each Li is 
strictly bounded below. Apply / : F — ^ G to the sequence and compare: 

F(Lo) > F{Li) > F{L2) > ■■■ 

G{Lo) > G{L^) > GiL2) ^ ■•• 

All horizontal maps are 1-cofibrations, while lemma U.B. 141 implies that all vertical 
maps are vr^^-isomorphisms. It follows that colimjF(Lj) — colimjG(Lj) is a n^- 
iso. By the last assumption, we get that F{L) — > G{L) is a vr^^-iso. 

Now suppose that L is any cofibrant orthogonal spectrum. Then L is a re- 
tract of an F/-cellular orthogonal spectrum K. It follows that F{L) G{L) is 
a retract of a 7r^,-iso F{K) G{K)^ hence the first map is also a 7r^,-iso. □ 

The technique of induced functors can be extended to multi-functors Top^ 
Top^. But instead of giving the most general statement, we will illustrate this by 
considering the example: 

ix,Y : XyY ^ X xY , for spaces X and Y. 
Proposition 2.3.16 

If L and K are cofibrant orthogonal spectra, then L \/ K L x K is a tt^,- 
isomorphism. 

Proof: Observe that ix,Y is (n + m + l)-connected if X is n-connected, Y is 
m-connected and both spaces are well-pointed. Now assume that L and K are 
well-pointed and strictly bounded below. Then there exists a c such that L(M") 
and K(M."-) are (n + c)-connected. It follows that 

7r,+„(L(M") V K{W^)) ^ 7r,+„(L(M") x ir(M")) 

is an isomorphism when n > q — 2c. Hence L\/K-^LxK is a 7r,,-iso. 

To get the result in the general case, we use proposition 12.3.121 and the fol- 
lowing observations: 

L ^ Ly K and L Lx K preserves 1-cofibrations when K is well-pointed. 
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(colinij Li) y K = colimj(Lj V K), and 

(coliiiijLj) X K = colimj(Lj x K). 

First assume that L is cofibrant, and K is strictly bounded below and well- 
pointed. Filtrating L with each Li being strictly bounded below and well-pointed, 
we see that LyK^LxK is a vr^^-iso. Next, assume that L and K are both 
cofibrant, filtrate K and use the previous sentence to finish the proof. □ 



2.4 clS sl model category 

Model categories (=closed model categories) were introduced by Quillen |Qui67| 
and |Qui69| as an axiomatization of homotopy theory. See also the survey arti- 
cle |DS95| or the book |Hirfl3| . We will recall the definition of a model category 
below. Mandell, May, Schwede and Shipley jMMSSni] show that the category 
of orthogonal spectra has several model structures. We will explain this. The 
section ends by listing various results concerning the model category theory of 
orthogonal spectra. 

Definition 2.4.1 

A model category is a category ^ with three distinguished classes of maps: weak 
equivalences, fibrations and cofibrations. Each of these classes is closed under 
composition and contains all identity maps. A map which is both a fibration 
(resp. cofibration) and a weak equivalence is called an acyclic fibration (resp. 
acyclic cofibration). And we have the following axioms: 

MCI Finite limits and colimits exist in 

MC2 If A ^ B ^ C are composable maps in and if two of the three maps f, 
g and gf are weak equivalences, then so is the third. 

MC3 If f is a retract of g and g is a fibration, cofibration or weak equivalence, 
then so is f. 

MC4 Given a commutative diagram 

A X 

i P ' 

B Y 

then there exists a lift h : B ^ X such that hi = f and ph = g in the 
following two situations: when i is a cofibration and p is an acyclic fibration, 
or when i is an acyclic cofibration and p is a fibration. 
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MC5 Any map f can be factored in two ways: as f = pi where i is a coGbration 
and p is an acyclic Gbration, and as f = pi where i is an acyclic cohbration 
and p is a hbration. 

A model structure on a category ^ is a model category with ^ as its underlying 
category. 

Axiom MC4 gives liftings of certain diagrams. Since liftings are important 
in model category theory, we have the following standard terminology: A map 
i : A ^ B has the left lifting property with respect to another map p : X ^ Y 
if for any diagram of the same form as the diagram in MC4, there exists a lift 
h : B ^ X such that hi = f and ph = g. Dually, we say that p : X ^ Y has the 
right lifting property with respect to i : A ^ B. 

A basic result about model categories, proposition 3.13 in fDS95], says that 
i is a cofibration if and only if it has the left lifting property with respect to all 
acyclic fibrations. Dually, p is a fibration if and only if it has the right lifting 
property with respect to all acyclic cofibrations. Hence, when specifying a model 
category it is enough to define the weak equivalences and either cofibrations or 
fibrations. The remaining class is determined by lifting properties. 

Model categories often come with extra structure. For example we have sim- 
plicial model categories, see §11.3 in |G,T99| . More relevant to us are topological 
model categories, see §5 in |MMSSfll] . 

There are several model structures on the category of orthogonal spectra. The 
first model structure is: 

Definition 2.4.2 

The level model structure on orthogonal spectra is given by setting 

f : K ^ L is a weak equivalence if f is a level equivalence, 

f : K ^ L is a cofibration if f is a q-cofibration (=retract of relative 
F I -cellular map), and 

f : K L is a fibration if for each level V the map f : K{V) — > L(y) is a 
Serre fibration. 

Theorem 6.5 in |MMSSfll] says that the level model structure on orthogonal 
spectra is a model structure. Next we have: 

Definition 2.4.3 

The stable model structure on orthogonal spectra is given by setting 

f : K ^ L is a weak equivalence if f is a n ^-isomorphism, 

f : K ^ L is a cofibration if f is a q-cofibration (=retract of relative 
F I -cellular map), and 
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f : K L is a Gbration if f has the right lifting property with respect 
to the acyclic cofibrations (=maps which are both n^.-isomorphisms and 
q-cofibrations) . 

Theorem 9.2 in [MMSSfll] says that the stable model structure on orthogonal 
spectra is a model structure. 

Remark 2.4.4 

There is also a positive stable model structure on the category of orthogonal spec- 
tra. The weak equivalences of this model structure are the vr^-isomorphisms. 
There are fewer cofibrations than the previous model structures, because in 
the positive stable structure one does not allow cells F^mS^lr^ — > FiRmD^J; with 
m = 0. The fibrations are defined via the right lifting property. Theorem 14.2 
in |MMSSni] verifies that the positive stable model structure is a model structure. 

The purpose of the positive stable models structure is to study commutative 
orthogonal ring spectra. However, in this thesis we study orthogonal ring spectra 
with involution, and they are rarely commutative. Hence we do not need the 
positive stable model structure. 

We now list miscellaneous results: 

Proposition 2.4.5 

Consider the diagram 

L A > K 

V A' > K' 

where i and i' are h-cofibrations and the vertical maps are n^-isos. Then the map 
of the row-wise pushouts is also a n^-iso. 

For a proof see theorem 8.12(iv) in IMMSSOl] . The result also holds when i 
and i' are q-cofibrations, since any q-cofibration is an h-cofibration. 

Proposition 2.4.6 

The conclusion of proposition \2.4.,^ also holds if we assume that i and i' are 
1-cofibrations instead of h-cofibrations. 

Proof: Apply the cofibrant replacement functor to the diagram of proposi- 
tion [2llini In the resulting diagram, 

TL VA > VK 



TV VA' > VK' 
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we observe that Ti and Ti' are q-cofibrations, by theorem l2.2.13[ and the vertical 
maps are 7r^.-isomorphisms. From the proposition above it follows that 

TL Ufa TL' Uta' TK' 

is a 7r=K-iso. Now inspect the diagram 



TL 



n 



TA 



A 



TK 



K 



Here the vertical maps are level-equivalences. And since the pushout is formed 
level-wise, we may evaluate at some level V and use the gluing theorem for weak 
equivalences between spaces, proposition IA.1.4( to conclude that 



VL Ufa TK ^ LUaK 

is a level-equivalence. Similarly the map VL' Uya' ^K' 
level-equivalence. Now consider the commutative square 



L' Ua' K' is also a 



TL VJrA TK 



TV UrA' TK' 



LUaK 



L' Ua' K' 



We see that the last map must be a 7r,,-iso, and we are done. 



□ 



Proposition 2.4.7 

If X is coGbrant and K L is a 7r^,-jso, then also KAX-^LAXisa Ti^-iso. 
For a proof see proposition 12.3 in IMMSSfll] . 

Proposition 2.4.8 

If f : A ^ L and g : B ^ K are q-cofibrations, then 

fUg : AAKULAB^LAK 

is also a q-cofibration. Furthermore, if f or g is in addition a vr^-iso, then fDg is 
also a n^-iso. 

The first part is a corollary of proposition I2.2.12| this is also lemma 6.6 
in IMMSSfll) . The last part is the pushout-product axiom, proposition 12.6 
in |MMSSfl1| . 
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Proposition 2.4.9 

If f : A ^ L, g : B ^ K and g' : B' K' are q-coGbrations, and A is coBbrant 
and there is a commutative diagram 



B K 



B' K' 



where the vertical maps are t: ^-isomorphisms, then the vertical maps in the dia- 
gram 

AAKULAB LAK 



AAK'ULAB' LAK' 
are also n^^-isomorphisms. 



Proof: Since L is cofibrant, the map LAK^LAK'isa 7r,,-iso by proposi- 
tion EUS 

Let h be the map AAKULAB^AAK'ULAB'. Notice that h is the 
row-wise pushout of 

AAK i AAB ^ LAB 



AAK' < AAB' > LAB' 

Since A and L are cofibrant, the vertical maps are vr^^-isos by proposition 12.4.71 
The maps A A B ^ A A K and AAB' AAK' are q-cofibrant by proposi- 
tion l2.4.^ Now we apply proposition 12 . 4 . 51 and conclude that h also is a vr^K-iso. □ 



Proposition 2.4.10 

Assume that we have a map between two sequences of orthogonal spectra: 
Ko > Ki ^ K2 > ■ ■ ■ 



Lq > Li > L2 > ■ ■ ■ 

If Kq Lq is a q-cofibration, and Ki Ux^.i -^i-i — ^ L^ is a q-cohbration for every 
i >0, then 

colim Ki —>■ colim Li 

i i 

also is a q-cohbration. In particular, the case where Ki is constant equal to Lq 
yields that Lq — > colimj Li is a q-coRbration if each Lj_i — > Li is. 
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Proof: This statement holds in all model categories, we give an abstract proof. 
Recall that a map in a model category is a cofibration if and only if it has the left 
lifting property with respect to acyclic fibrations, see | iDS95| . Consider a diagram 

colimj Ki y X 

colimj Li > B 

where X ^ i? is an acyclic fibration. Define /o : — > X to be a lift in 

i^o > X 

Lo > B 

Inductively, choose a lift fi : Li ^ X in the diagram 

Ki Uk,_, > X 

U > B 

Now observe that colimj /j : colimj Lj — > X lifts the original left lifting problem. □ 
Lemma 2.4.11 

The S*" S, adjoint to the homeomorphisms S'(]R"), are tt*- 

isomorphisms for all n > 0. 

This follows from lemma 8.6 in |MMSSm| . 

2.5 Simplicial orthogonal spectra 

We need to discuss simplicial orthogonal spectra and we will use the theory of 
simplicial spaces as our guideline. In |Seg74| Segal defines what it means for 
a simplicial space to be good, and shows that good simplicial spaces behaves 
well with respect to geometric realization. May has a similar definition, proper, 
m |May72| . Using Lillig's union theorem [Lil73j one can prove that proper and 
good are equivalent notions. 

Let us now define simplicial orthogonal spectra. 

Definition 2.5.1 

A simplicial orthogonal spectrum is a functor L, : A°p J^y. It is good if each 
Si : Lq —* Lq^i is an 1-cofibration. 
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As usual there is a geometric realization functor | — | from simplicial orthogonal 
spectra to J^.y. A quick definition of \L,\ is given by a coend: 

l^.l = / L.AAl . 

It is easy to see that | — | is the same as applying the geometric realization of 
simplicial spaces level- wise. We therefore have the formula = 
There also is a presimplicial realization, || — ||, given by identifying along injective 
maps of A only. As above this construction is also level-wise: We have that 
\\L.\\iV)^\\L.iV)\\. 

There is a natural map || \L,\ and we have the following standard 
result: 

Proposition 2.5.2 

For a good simplicial orthogonal spectrum L,, the natural map \\L,\\ \L,\ is a 
level equivalence. 



Proof: We evaluate at V and apply the corresponding result for simplicial 
spaces, proposition A.l(iv) in |Seg74| . □ 

Our sufficient criterion for \K,\ — > to be a 7r*-isomorphism, is a bit harder 
to prove: 

Proposition 2.5.3 

Let f : K, ^ L, be a map of simplicial orthogonal spectra. If K, and L, are 

good and the map fq-.Kg^ Lg is a n^.-isomorphism for any q, then the induced 
map I/I : li^'.l — * |L,| is also a r[ ^-isomorphism. 



Proof: By the previous proposition it is enough to prove that ||/|| : ||i^^,| 
||L,|| is a TT^, -isomorphism. 

We have a filtration F^Hi^.H of ||-ft",|| by skeleta, and pushout diagrams 

K.AdAl . i^,-i||^.|| 



K,A/\l . F,\\K,\\ 

for each g > 1. It can be checked directly that the left vertical map is an 
1-cofibration, and consequently the right vertical map is also an 1-cofibration. 
There is a similar filtration for \\L,\\. We compare the two filtrations. By 
proposition 12.1.91 it is enough to show that each map FqllK'.ll Fg||L,|| is a 
7r*-isomorphism. This is proved by induction: 

Folli^.ll =-^"0-^-^0 = Fo||L, II is a vr^-isomorphism by assumption. 
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For the induction step we consider the diagram 
KqAAl i KgAdAl > 

AA^ < LgAdAl y F^-i\\L,\\ 

Here the first two vertical maps are 7r*-isomorphisms by proposition I2.4.7| and 
the last vertical map is a 7r*-iso by induction. By the gluing lemma, proposi- 
tion [lUini we get that — > is a 7r^,-iso. □ 

An important feature of simplicial sets and simplicial spaces is that realization 
commutes with products. This also holds for simplicial orthogonal spectra: 

Lemma 2.5.4 

The category of simplicial orthogonal spectra, sJ^y, is symmetric monoidal 
under the product sending K, and L, to [q] ^ KgALg. And geometric realization 
is strong symmetric monoidal. In particular there is a natural isomorphism 

\K,\ A \L,\ \K, A L,\ . 



Proof: It is clear that sJ^,y is symmetric monoidal, with unit [q] t-^ 5". To 
check that | — | is strong symmetric monoidal, we first check the corresponding 
statement for the geometric realization of simplicial J^-spaces. Here the product 
is A. Let V" be a finite dimensional real vector space, and evaluate. We have: 



and 



\K,\A\L,\) {V) ^ ^(M'^ 



\K.AL.\{V) ^ 1^(1 



V)+A 



0{d)xO(d') 



\K.( 



A\L.{ 



')!) 



AL.( 



id' 



))\ 



Since realization is a strong symmetric monoidal functor from simplicial spaces 
to spaces, these formulas imply that | — | is strong symmetric monoidal on sim- 
plicial J^-spaces. Now the result also follows for simplicial orthogonal spectra by 
inspecting the coequalizer definition of A. We have 

\K,\A\S\A\L,\=i\K,\A\L,\^\K,\ A \L,\ 



\K,ASAL,\ =^ \K,AL,\ -> \K, A L,\ 

and it follows that the last map is an isomorphism. □ 
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2.6 The fibrant replacement functor Q 

We will need the underlying infinite loop space of an orthogonal spectrum in order 
to define GL and consequently also K-theory. Getting the underlying infinite loop 
space is a two step process. First there is a functor, which we will call Q, that 
tries to turn orthogonal spectra into f2-spectra. To get the underlying infinite 
loop space of L, one then picks out the O'th space of QL. 

The classical idea for constructing QL is to take the homotopy colimit of 
f2"L(]R" © — ) as n grows to infinity. This construction would give the correct ho- 
motopy, at least when L is suitably nice, but the monoidal properties with respect 
to A are bad. Bokstedt solved this problem by instead considering a homotopy 
colimit over the category of finite sets and injections. See the proof of lemma 2.3.7 
in |Mad94| . When n lives in this category the functor n \—>- f2"L(]R" © — ) has 
monoidal properties, and consequently also its homotopy colimit. However, for 
the purpose of constructing a fibrant replacement functor of orthogonal spectra 
with monoidal properties, it is more natural to let the indexing category be finite 
dimensional real inner product spaces and isometric embeddings. 

When reading the proof of proposition 8.8 in IMMSSOl] or the proof of theo- 
rem 3.1.11 in | lHSSnn| . one can get the impression that the construction indicated 
above does not yield a fibrant replacement functor. But their problem is closely 
tied to symmetric spectra, rather than with the construction. In that category 
of spectra it is not true that the FJ-cells are meta-stable. For example consider 
the symmetric spectrum FiS^, see example 3.1.10 in |HSSnn| . 

We now state the structure theorem for Q: 

Theorem 2.6.1 

There is an endofunctor Q on orthogonal spectra having the following properties: 
QL is an fl-spectrum if L is well-pointed. 
Q preserves 1-cofihrations of well-pointed orthogonal spectra. 
Q commutes with sequential colimits. 

If K ^ L is a ^-isomorphism and L and K are well-pointed, then QK 
QL is a level-equivalence. 

There is a natural inclusion rjL : L ^ QL, this is a vr^K-iso ifL is well-pointed. 

There is a natural map fiL,K '■ QL A QK Q{LAK) such that fiL,K ° {vl A 
Vk) = Vlak- 

With rjs and fi the functor Q is lax monoidal with respect to A. 
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There is a natural transformation ll '■ QL QL such that l"^ = id, lt] = r], 
L is level equivalent to id when L is well-pointed and the following diagram 
commutes: 

QL A QK QL A QK QK A QL 



Q{LAK) QiLAK) QiKAL) 

There is a natural map a^^K '■ QL x QK Q{L x K), this is a level 
equivalence if L and K are well-pointed. 

With r]^ and a the functor Q is lax monoidal with respect to x . 
Remark 2.6.2 

Warning: Q is not symmetric. That would lead to a contradiction: The O'th 
space of QS would then be a commutative topological monoid with unit and 
zero elements, and have the homotopy type of fi°°S°°S'°. By a result of Moore, 
|Moo58] . this would imply that the path component of the unit of fl°°T,°°S^ has 
the homotopy type of a cross product of Eilenberg-MacLane spaces. This is not 
true. 

The fact that Q is not symmetric is the precise point where the category of 
orthogonal spectra fails to be a "convenient category of spectra" as defined by 
Lewis, |Lew91| . 

Our theorem above is therefore the best possible result regarding the fibrant 
replacement functor: It is lax skew-symmetric monoidal, and the involution l is 
homotopic to id. 

Let us now look into the construction of QL. First we let S' be the topological 
category of the finite dimensional real inner product spaces M", n > 0, and 
isometric embeddings. Given an orthogonal spectrum L, we have a continuous 
functor from S' to given by 

w ^ n^L{w © -) . 

For morphisms in from W to U we define the map 

^{w, u)+ A n^Liw ®v)^ n^L{u © v) 

as follows: Assume f : W U is an isometric embedding and a : —>■ 
L(W © V") represent a point in Q^L(W © V"). Let d be the codimension of W in 
U. Now consider the composition 

^ S'^A ^ S'^ A L{W ®V)^ LiW^ ®W ®V)^ L{U ®V) , 
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where the first and last map is induced by /, and a is the left assembly. This 
composition represents a point in OF L{U © V). 

We have chosen to work with the Euclidean spaces M", n > 0, instead of all 
finite dimensional real inner product spaces. The reason is that we would like to 
take a "homotopy colimit" over S . Therefore, the objects should be a set. Define 
Q,L to be the simplicial orthogonal spectrum given by 

no,...,nq>0 

The face and degeneracy maps are given by 

{(/q-i,---,/i;/o(tt)) for z = 0, 

ifq-i, fi+1, fi o fi-1, fi-2, . . . , /o; a) for < 2 < g, 

(/g-2,...,/o;a) fori = g, and 
Siifq-i, ■ ■ ■ , fo'iOi) = ■ ■ ■ , fi, id^^i, fi-i, . . . , /o; a) . 

We now define: 
Definition 2.6.3 

The functor Q is an endofunctor on orthogonal spectra, given on L as the geo- 
metric realization of Q,L. 

Clearly there is a natural inclusion rji : L ^ QL. This comes from the 
inclusion of L{V) as the wedge summand of QoL{V) = Vno>o © V) 

corresponding to no = 0. 

Lemma 2.6.4 

If L is well-pointed, then Q,L is a good simplicial orthogonal spectrum. 

Proof: The space ^(M'^,]R") is well-pointed at id^.^^ it is even a smooth man- 
ifold. By assumption f2"°L(]R"° © V") is well-pointed. By applying the smash 
product theorem for well-pointed cofibrations in Top^, proposition 12 in |Str72| . 
we get that each Sj is an 1-cofibration. □ 

Lemma 2.6.5 

Q preserves level equivalences between well-pointed orthogonal spectra. 

Proof: If K ^ L is n level equivalence, it follows that fi"K(R" ® V) ^ 
f2"L(M" © V^) is a weak equivalence for all n and V. Hence in each simplicial 
degree q the map 

Q,{K){V) ^ Q,iL)iV) 
is a weak equivalence. The result follows since both Q,K and Q,L are good. □ 
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Proposition 2.6.6 

Q commutes with sequential colimits. 

Proof: Let Lq Li L2 ^ ■ ■ ■ be a sequence of orthogonal spectra with 
colimit L = colinijLj. Colimits commute with geometric realization, thus it is 
enough to show that 

colim QgLi = QqL 

i 

for every simplicial degree q. Sequential colimits are level-wise constructions, so 
it is enough to check that the colimit of QgLQ{V) QgLi{V) — > ■ ■ ■ is QqL{V) 
for each V. We now inspect the definition of Qg — {V). Colimits commute with 
wedge, but in general an arbitrary colimit does not commute with smash prod- 
ucts. However, sequential colimits (of based spaces) commute with the functor 
X A A X , where A is some fixed space. Therefore it is enough to show that 

cohmfi"«Li(R"» ®V) = fi"«L(M'"« © V) 

i 

for fixed no and V . This is true since the colimit is sequential and S'^° compact. □ 
Proposition 2.6.7 

Q preserves l-co6.hr ations of well-pointed orthogonal spectra. 

Proof: We start with an 1-cofibration A ^ L of well-pointed orthogonal spectra. 
By proposition 12.1.1^ the map 

fi"yl(M" ®V)^ Q'^L{W © V) 

is a closed cofibration of well-pointed spaces for all n and V. By the smash prod- 
uct theorem for well-pointed cofibrations of spaces (proposition 12 in |Str72| ) it 
follows that QgA QqL is an 1-cofibration of well-pointed orthogonal spectra for 
every q. Both Q,A and Q,L are good, and by the gluing theorem for 1-cofibrations 
and the filtration of the geometric realization it now follows that QA — > QL is 
an 1-cofibration. □ 

Lemma 2.6.8 

The classifying space BS is contractible. 

Proof: Direct sum induces a map © : BS' x BS' — > BS'. Since there is a natural 
transformation from the projection S' x S' ^ onto the first factor to the direct 
sum, we get a homotopy between © and the projection pr^ : BS" x BS" BS . 
Similarly we get a homotopy © ^ pr2. 
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Now choose a basepoint * in BS" and consider the composition of the inclusion 

i : B<ff X * ^ X B<^ 
with pr-^^, © and pr2. We get homotopies 

id = pr^ o i ~ © o i ~ pr2 o i = * 
Thus BS" is contractible. □ 

We will now start proving that 77^ is a 7r^,-iso when L is well-pointed. The 
proof is divided into three parts: First we show the result for meta-stable well- 
pointed L. Next we filter any cofibrant L as the colimit of orthogonal spectra of 
the first type. At last we use cofibrant approximation to prove the general case. 

Lemma 2.6.9 

If L is meta-stable and well-pointed, then r] : L ^ QL is a ti ^-isomorphism. 



Proof: Evaluating at a level V we land in topological spaces. Here we also 

have unbased homotopy colimits. Let QL{y) be the geometric realization of the 
simplicial space with g-simplexes given by: 

QL^)^ = Y[ '^(K^^'S^"") X ■ ■ ■ X X ^]"«L(M"« © V) . 

nD,...,nq>0 

Consider the diagram 

L{V) 

BS > QUV) > QL{V) ■ 

BS 

By lemma 12.3. L3I and proposition IL2.5| there exists a constant d such that 

QL{W^) BS is a {2n + (i)-quasi fibration. But BS is contractible, therefore 

the map L(R") ^ QL{W) is {2n + d - l)-connected. 

The horizontal part is a cofibration sequence. Now we use corollarv I A . L 81 and 
that BS' is contractible to see that 

7r,(QL(i^)) -.7r,(QL(M")) 

is an isomorphism for all i. 
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Putting things together we see that there exists a constant c such that 

L(R") ^ QL{W) 

is (2n + c)-connected. And it follows that L — > QL is a vr^-iso. □ 
Remark 2.6.10 

In the proof above we compared an unbased homotopy colimit over a topological 

category, QL(y), with the corresponding based homotopy colimit, QL{V). In 
the more elementary case where the category is discrete, there is a general result 
due to E. Dror Farjoun that compares unbased and based homotopy colimits, see 
proposition 18.8.4 in |Hirfl3j . 

Lemma 2.6.11 

If L is coGbrant, then the natural map L — > QL is a n^-iso. 

Proof: We first prove this when L is cellular. By proposition l2. 3.121 there exists 
a sequence Lq ^ Li ^ ■ ■ ■ of orthogonal spectra with colimit L such that each 
Li is meta-stable and well-pointed, while the maps Lj Lj+i are 1-cofibrations. 
Applying Q to this sequence we get 

Lq > Li > ■ ■ ■ > L 

QLq > QLi > ■ ■ ■ > QL 

The vertical maps Li QLi are 7r*-isomorphism by lemma 12.6.91 Since both 
sequences consist of 1-cofibrations, it follows that L — > QL also is a vr^-iso. 

For the general case we use that a cofibrant L is a retract of some L' which 
is cellular. It follows that L QL is a retract of L' —>■ QL'. Thus L QL is a 
7r*-iso. □ 

Proposition 2.6.12 

If L is well-pointed, then the natural map L QL is a 7r^,-iso. 
Proof: Consider the diagram 

TL > QTL 



L > QL 
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The top map is a 7r^,-iso by the previous lemma. The left map is a level equivalence 
by theorem 12.2.131 Since Q preserves level equivalences between well-pointed or- 
thogonal spectra, lemma 12". 6. 5[ the right map is also a level equivalence. It follows 
that the bottom map also is a 7r^,-iso. □ 

Let S'k be the full subcategory of <f having objects for n > k. We will 
compare QL with the homotopy colimit of © — ) over this subcategory. 

Let Q^'L be the geometric realization of the simplicial orthogonal spectrum whose 
g-simplexes are: 

no,...,nq>k 

Lemma 2.6.13 

The inclusion Q^L QL is a level equivalence for all k. 

Proof: We will show that the functor (M} ® —) : S (Sk induces a map / : 
QL —> Q'^L which is a homotopy inverse to incl. First consider the composition 
incl o/ : QL QL. This map is induced by t-^ M'^ © M", considered as an 
endofunctor on S'. But we have a natural transformation r : id^- (M'^ © — ) 
which includes as the last n-coordinates of M'^"'"". By proposition II. 2. 2L which 
also holds in the based case since the formulas for the simplicial homotopy still 
work, we get a homotopy between idq^ and incl of : QL QL induced by r. 

The opposite composition, / o incl is also induced by {R^ © — ) considered as 
an endofunctor on S'k, and the same natural transformation gives a homotopy 
f oind idgkL. □ 

Lemma 2.6.14 

The classifying space BS'k is contractible. 

Proof: The proof is similar to that of lemma 12.6.81 Notice that also in this 
case there are natural transformations from the projections S'k x S'k ^ to the 
direct sum. □ 

Lemma 2.6.15 

If L is meta-stable and well-pointed, then QL is an fl-spectrum. 

Proof: To prove this we have to show that QL{W^) — > QQL{W^~^^) is a weak 
equivalence for all n. Fix n. Observe that by lemma 12.6. 131 it is enough to show 
that for any A there is a such that 
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is A-connected. ^-.^ 
As in the proof of lemma 12.6.91 we have unbased homotopy hmits Q'^LiV) 
when V is fixed. From the diagram 

n''L{V®R'') 
BSk ^ (fuy) > Q'^LiV) 

we estimate the connectivity of the map Vt^LiW^^) Q^LiW). By lemma l2AT3l 
and proposition ll.2.5l a.nd the fact that BSk is contractible, there exists a constant 
d such that 

is (2n + k + (i)-connected. Using that the horizontal part is a cofiber sequence 
and that BSk is contractible, it follows by corollary lA. 1 . 81 that 

is a weak equivalence. Thus there exists a d such that for all n and k the map 
is (2n + /c + (i)-connected. Now inspect the diagram 

There is a constant c such that the map on the top and the two vertical maps 
are (2n + k + c)-connected. Thus we can, by increasing fc, ensure that the map 
on the bottom is A-connected for any fixed n. □ 

Lemma 2.6.16 

If L is coGbrant, then QL is an fl-spectrum. 

Proof: First assume that L is cellular. By proposition 12.3. 12| there exists a 
sequence Lq Li ^ ■ ■ ■ with colimit L such that each Li is a meta-stable well- 
pointed orthogonal spectrum, and each map Li — > Lj+i is an 1-cofibration. By the 
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proposition above we see that QL is the colimit of a sequence QLq QLi — > ■ ■ ■ 
of fi-spectra where the maps are 1-cofibrations. Now we have 

QL{V) ^ co\imQLi{V) ^ coMmVlQLiiV © M) ^ nQL{V © M) . 

i i 

The map in the middle is a weak equivalence since each QLi{V) — > QQLi{V Q)^) 
is, and both colimits are sequential over unbased closed cofibrations. The last 
map is a homeomorphism since the colimit system is sequential and is compact. 

General cofibrant L are retracts of some cellular L'. Thus QL is the retract of 
some f2-spectrum QL'. But then the map QL(y) QQL(y © M) is a retract of 
QL'iy) — i> flQL'iy © M), and the former map must be a weak equivalence since 
the latter already is. □ 

Proposition 2.6.17 

If L is well-pointed, then QL is an fl-spectrum. 

Proof: Consider the level equivalence 

QTL QL . 

Since TL is cofibrant, we know that QTL is an r2-spectrum. It is an elementary 
fact that a well-pointed orthogonal spectrum level equivalent to an fi-spectrum 
is itself an r2-spectrum. □ 

Corollary 2.6.18 

If f : L ^ K is a n^-iso between well-pointed orthogonal spectra, then Qf : 
QL — > QK is a level equivalence. 

Proof: This follows since a 7r^.-iso between fi-spectra is a level equivalence. 
See |MMSS01| lemma 8.11. □ 

We will now describe the monoidal structure of Q with respect to A. To do 
this, we first define maps of orthogonal spectra 

fi : fi"L(R" © -) A Q"'K{R"' © -) ^ r]"+™(L A © -) , 

natural for L and K in and M" and M™ in S'. We take the external viewpoint 
of the smash product, and let the map 

/i : © V) A ®W)^ A ir)(M"+™ ®V®W) 

be given by sending the point represented by a : 5" — > L(W^ © V) and /3 : 5*"^ — *• 
K(W^ © W) to the point represented by the composition 

gn+m L(M"®T/)Aif(M"©M/) (LAiC)(M"©F©M™®W^) ^ (LAi^)(R"+"©V^©T/F) . 
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To see that is a map of orthogonal spectra, we should check that it commutes 
with left and right assembly. Let us inspect the case of the right assembly. Since 
the identity on L A iiT is a spectrum map, the external viewpoint gives that 



L{V) A K{W) A 



idAa 



L{V) AK{W ®U) 



{LAK){V®W)AS^ 



{LAK){V(BW(BU) 



commutes. Using this fact, it is easily checked by chasing that the following 
diagram also commutes: 



idAcr 



A ii')(M"+'" ®V®W®U) 



The other case is done similarly. We conclude that /i is a map of orthogonal 
spectra. 

Naturality in (f x (T means that the map from Q"L(R" eV) A Q'^KiW^ © W) 
induced by linear isometries / : M"^ and g : M™ ^ corresponds to the 

map from fi"+™(L A A:)(M"+™ Q)V®W) induced hy f ®g. It is enough to check 
this when g is the identity on M™. Let d be the codimension of / and a and {3 
as above. It all boils down to the commutativity of the following diagram: 



S'^ A L{W © y) A K(W^ © W) 

a Aid 

L(M'^ © M*^ © 1/) A K{W^ © W) 



{L A i^)(M'^ © © 1/ © © W) 



(L AX)(R"'+"^©y ©W^) 

Proposition 2.6.19 

/X induces a natural transformation QL A QK Q{L A K) and Q becomes a lax 
monoidal functor with respect to A. In addition we have ij>l,k ° (vl /^Vk) — Vlak- 



Proof: Inspecting the definition of Q,L, we see that /x together with direct sum 
R"') X ^{W^,W^') (r(R"+"^,R"'+"^') give a simplicial map 

Q,LAQ,K ^Q,{LAK) . 
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The geometric realization gives the natural transformation QLAQK Q{LAK). 
Associativity follows from associativity of © on and /i on fl"'L{W"' © — ). 

The natural inclusion for the sphere spectrum, rjs : S QS, satisfies left and 
right unity: To see this one observes that : (]"L(M" © -) A n^'KiR"' © -) ^ 
A ir)(M"+"^ © -) is equal to the right assembly ii m = and K = S , and 
equal to the left assembly if n = and L = S. This gives left and right unity for 
fj,. To get form here to Q we use in addition the unit of <S'. 

To check the last formula of the proposition, we observe that fi = id when 
n = m = 0. □ 



Recall from remark r2.6.2l that Q cannot be symmetric. However we have: 
Proposition 2.6.20 

Q is skew-symmetric. This means that there is a natural transformation i : QL 
QL such that = id and the diagram 

QLAQK QLAQK QKAQL 

Q{L A K) 

commutes. Furthermore, lt] 
is well-pointed. 



Q{LAK) 



twist 



Q{K AL) 



1] and L is level equivalent to the identity when L 



Proof: Let r^i : ^ M" be the isometrics which reverses the standard basis. 
Conjugating an isometric embedding M" MJ^ with r„ and gives a functor 

conj : ^ . 

Let G denote the functor ^ J ^ given by W ^ 11"L(M" © -). We now 
construct a natural transformation i from G to G o conj by sending a point a in 
^^Liy © M") to i{a) defined by the commutativity of 



5" 



This natural transformation gives a map of simplicial spaces: 

Q.L^Q.L . 



Taking the geometric realization we get the natural transformation we are looking 
for. It is easily seen that = id. 
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To get the commutativity of the main diagram of the proposition, we observe 
that for maps a : 5" ^ L{V W) and p : S"^ ^ K{W W) we have that 

twist o i[a A /3) = i{f5) A i{a) 

as maps 5"+™ ^ {K ^ L){V ® W ® Here twist is the isomorphism 

L ^K = K M. 

To see that i is level equivalent to the identity, we inspect the diagram 

L L 

QL QL 

Commutativity follows since tq = id on MP. When L is well-pointed, both vertical 
maps are tt* -isomorphisms, so we see that l induces the identity on homotopy 
groups. But QL is an Q-spectrum, therefore it follows that l also induces the 
identity 

7r,QL(V) ^ 7r,QL(V) 
for all levels V and q >0. □ 



Proposition 2.6.21 

There is a natural map aL,K '■ QL x QK Q{L x K) , this is a level equivalence 
if L and K are well-pointed. With ry* and a the functor Q is lax monoidal with 
respect to x. 



Proof: a is defined similarly to /x. Given (A, /^z) G Q'"L{W'®V)xn"'K(R'^®V) 
we can suspend (3i to a point in r2"+™L(M"+™ © V) using the inclusion ii : M" — > 
© R"* = and suspend P2 to a point in © V) using the 

inclusion 1-2 : ^ M"©R"^ = This gives a point in Q"+"*(LxX)(R"+"*© 

V) by the canonical homeomorphism 

^n+m^-^n+m ^ y) X Q"+"^X(R"+"* ® V) ^ Q"+™(L X X)(R"+"^ © V) . 

This natural transformation 

Q"L(R" © y) X n'^KiW" ®V)^ Q"+"*(L X K){W+"' © l^) 
together with direct sum on S' induce the natural map 

aL,K -.QLxQK^ Q{L x K) . 
This clearly satisfies associativity and unity with respect to 77* : * ^ Q*. 
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For all L and K, we have a commutative diagram 

LxK LxK 



VLxK 



QL X QK Q(L X K) 

If L and K are well-pointed, then the vertical maps are 7r*-isomorphisms. And 
it follows that aL,K also is a 7r*-iso. But QL x QK and Q{L x K) are both 
Jl-spectra, hence aL,K is a level equivalence. □ 



Chapter 3 

Equivariance for orthogonal spectra 



We now give an exposition of the theory of equivariant orthogonal spectra. Much 
of the material presented here can also be found in |MMfl2| . However, there are 
some new results. The author would like to point out three novelties: We intro- 
duce new types of cells, induced- and orbit- cells, and provide a lax symmetric 
orbit cofibrant replacement functor F, see theorem 13.9.11 The second new result 
is a formula for the geometric fixed points of induced G-spectra, see proposi- 
tion [HiHIIDl We also introduce a diagonal map for the iterated smash products 
L^'i of an orthogonal spectrum L, see definition 13. 10. 41 When L is cofibrant, 
the diagonal map is an isomorphism into the geometric fixed points, see proposi- 
tion Einil 

In this chapter G will be a compact Lie group, but for some arguments we 
restrict to the case where G is a finite, discrete group. Genuine equivariance 
means to allow any G-representation when indexing our spectrum. Naive equiv- 
ariance means to allow trivial representations only. However, lemma 13.2.11 pro- 
vides change of universe functors, and they are equivalences of categories. Hence, 
there is only one category of orthogonal G-spectra. This category has 
many model structures, and these model structures do depend on the choice of a 
G-universe. So the modifiers "genuine" and "naive" apply to notions such as weak 
equivalences, cellularity, model structures, geometric fixed points etc. 

3.1 Preliminaries 

Let us now introduce the relevant terminology and notation for G-categories. 
This material can also be found in chapter II §1 of |MMfl2| . but is included here 
for the convenience of the reader. 

A topological G-category is a category such that its hom sets '^g{C, D) are 
based topological G-spaces, and composition 

o : ^g{D, E) a <^g(G, D) ^ ^g(G, E) 
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is a continuous G-map. We think about the elements of ^g(C, D) as the non- 
equivariant maps C ^ D, and we call them the arrows of ^q- Observe that 
idc G '^g(C'i C) is fixed by the G-action; this is easily deduced from the fact that 
the composition o is G-equivariant. 

Given a topological G-category ^q, we can form a topological category G^. 
This category has the same objects, but the hom sets are given by taking G-fixed 
points: 

G'tf{C,D) = ^G{C,Df . 

Hence C^i^C, D) is a based topological space, and composition is continuous. We 
think about the elements of G^iC, D) as the G-equivariant maps C D, and 
we call them G-maps. 

If we ever encounter a situation where the G-spaces of arrows, '^aiD, E), are 
given as unbased G-spaces, we implicitly add disjoint G-fixed basepoints. 

Example 3.1.1 

We let Topq^ denote the topological G-category of compactly generated G-spaces 
(=weak Hausdorff fc-spaces with G-action) and non-equivariant maps. G acts on 
the space TopQ^{X,Y) of arrows X ^ Y hj conjugation. Written out explicitly, 
the element g & G sends a map / : X — > F to the composition gfg~^. The 
G-maps from X to y are the G-fixed points 

GTop^{X,Y)^ropaM,Yf . 

A continuous G-functor F : — > S>g between topological G-categories is a 
functor F such that 

F ■.^ai.C.D) ^ ^g{F{C),F{D)) 

is a continuous G-equivariant map of based G-spaces. It follows that F induces 
a functor G<^ ^ G&. 

A natural G -transformation a : Fi — > F2 between continuous G-functors 
consists of G-maps a : Fi{C) — > F2(G) for every object G in such 
that the diagrams 

Fi{C) ^ F,{D) 

a 

F,{C) F2{D) 

commute in for all / G '^^g(G, D). 

Now we begin defining orthogonal G-spectra. The first thing we have to do is 
to somehow specify the G-representations we will allow for indexing. We prefer 
the notion of a good collection, but one could also talk about G-universes. After 
that, we define the topological G-categories J^g- And J^c-spaces will relate to 
orthogonal G-spectra, just as X-spaces relate to orthogonal spectra. 
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Definition 3.1.2 

Let y be a collection of Gnite dimensional real G-inner product spaces. We call 
Y a good collection if it contains the trivial representations and is closed under 
direct sum. 'Y is called a very good collection if it in addition to being a good 
collection, is closed under passage to subrepresentations. 

A G-universe C/ is a sum of countably many copies of eacli real G-inner prod- 
uct spaces in some set of irreducible representations of G that includes the trivial 
representation. U is complete if it contains all irreducible representations. U is 
trivial if it contains only trivial representations. Observe that there is a corre- 
spondence between very good collections and universes. Given U one can define a 
collection YiU) consisting of all G-representations isomorphic to a finite dimen- 
sional sub G-inner product space of U . Given a very good collection Y one can 
pick one representative for every isomorphism class of irreducible representations 
contained in Y . This set of irreducible representations generate a G-universe. 

Definition 3.1.3 

Let y be a good collection of G-representations. Define to be tlie (unbased) 
topological G-category wliose objects are those of Y and whose arrows (=non- 
equivariant maps) are the linear isometric isomorphisms. G acts on the space 
J^q{V, W) of arrows V ^ W by conjugation. Let GJ^^ be the topological 
category with the same objects, but with G-maps V ^ W as morphisms. We 
have 

GJ^{y,w)^ j^{y,wf . 

Remark 3.1.4 

We will usually omit the collection Y from the notation. Thus we write J'g 
instead of . Mostly we will be interested in the case where Y = is 
the collection of all G-representations. The other extreme case is = triv, the 
collection containing only the trivial G-representations. We shall see below that 
up to equivalence of categories the choice of Y does not matter. However, it 
plays an important role for model structures on GJ" 5^ . 

Definition 3.1.5 

An ^Q-space is a continuous G-functor X : J'q T^oVg*- -^c'^op^ be 

the topological G-category of ^c-^P^ces and arrows the non-equivariant natu- 
ral transformations X Y. G acts on ^cTop^i^X, Y) by conjugation. We de&ne 
GJ'Top^ to be the topological category with the same objects and natural G-maps 
X ^ Y as morphisms. We have 

G^Top^iX, Y) = J^oTop^iX, Yf . 

It is not obvious how to define a topology on ^g'^op^{X,Y). Here is how to 
do it. First choose a skeleton skJ^a of J^g- (A skeleton sk^ for a category ^ is 
defined as a full subcategory such that each object in ^ is isomorphic to a unique 
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object in sk^.) Observe that skJ^c is small. Given J^c-spaces X and Y, we can 
consider the product of the function spaces F{X{V), Y{V)) over V E sk J^q. Now 
J^g'^op^{X, Y) lies as a subset inside HyGskj^G ^i-^(y)y it the 

subspace topology. 

Here is an example of an ^^-space: 

Example 3.1.6 

Let S be the functor J^g "^opQ^ sending the G-representation V to , the 
one-point-compactification of V. 

We now define orthogonal G-spectra: 

Definition 3.1.7 

An orthogonal G-spectrum L is an J^cspace L together with a natural G-map 
a : L{V) A L{V (BW) such that unit and associativity diagrams commute. 

These diagrams are identical to those found in dehnition lJ.l.ll Let J^g^ denote 
the topological G-category of orthogonal G-spectra and arrows f : L —* K that 
commute with a. In general f is non-equivariant, and G acts on J^G'^{L, K) by 
conjugation. Let GJ^y be the topological category of orthogonal G-spectra and 
G-maps. We have 

Gyy{L, K) = ^G^iL, Kf . 

Observe that S is an orthogonal G-spectrum. We call S the sphere spectrum. 

Similar to the description of orthogonal spectra given by theorem 12.1.161 we 
now define topological G-categories ^g such that ^^-spaces are the same as 
orthogonal G-spectra. This is also done in chapter II §4 of |MM02j . 

Definition 3.1.8 

Let y be some good collection of G -representations. The objects of 
same as the objects of J^g > finite dimensional G -representations V contained 
in y. Let S'iV, W) be the G-space of (non-equivariant) linear isometrics V ^ W. 
G acts on S{y,W) by conjugation. And define EiV.W) to be the G-space of 
pairs (/, w) where f : V W is a linear isometry and w E W is orthogonal to the 
linear subspace fiV). E(y, W) is a vector bundle over ^(V, W), and we define 
the G-space of morphisms ^ciV, W) to be the Thom space of E(y, W). (First 
apply fiber-wise one-point compactification to E(y, W), then identify the points 
at oo.) The G-action on ^g^VjW) is explicitly given as follows; an element 
g E G sends the pair {f,w) to {gfg^^,g{w)). Composition 

o : ^^^{W, U) A W) ^ /^{V, U) 

is defined by the formula {h, u) o (/, w) = {h o /, h{w) + u). The identity of V 
in is represented by (ic/yjO). Direct sum gives a symmetric monoidal 
structure: 
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is defined by (/, w) © (/', w') = (/ © /', {w, w')). 

Observe that when V W we have the identification: 

^G^iV,W)^0{W)+Aoiw-v)S'^-'' . 

As usual we let G ^ denote the G-fixed category of ■ The two categories 
has the same objects and 

Gj^'{y,w) = f^{y,wf . 

We follow the convention from remark 13.1.41 and omit the collection "V from the 
notation, thus writing and G ^ . 

^G-s])aces are defined as continuous G-functors ^g '^opQ^. We have an 
external smash product sending a pair of ^^-spaces to a ^g x ^c-space. The 
(internal) smash product of ^c-spaces is given as the left Kan extension along © 
of the external smash product. Similar to theorem 12.1.161 we have the following 
result: 

Theorem 3.1.9 

The symmetric monoidal category of orthogonal G-spectra is isomorphic to the 
symmetric monoidal category of ^G-spaces. 

This is theorem II.4.3 in |MM02| . For a proof mimic §23 in |MMSSni| . 
3.1.1 Shift desuspension functors 

The equivariant shift desuspension functors Fy : TopQ^ ^^G'^ are defined for 
all G-representations V . For based G-spaces A, the orthogonal G-spectrum FyA 
is given at level W by 

{FyA){W) = jG{y.W)AA . 
Observe that Fy is the left adjoint to evaluation at level V . We have: 

^G^(FyA^) = TopcXA.Liy)) 

for all V , A and L. 

3.2 Change of universe functors 

Reading the definition it seems that the categories and G^ y depend on 

the choice of a good collection Y of G-representations. As we soon shall see, up to 
canonical equivalence of categories this choice does not matter. Therefore, it is our 
point of view that the notion of an orthogonal G-spectrum is well-defined, without 
any modifier determining a choice of "V . "Naive" and "genuine" are examples 
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of such modifiers. However, these modifiers will later play an important role, 
for example when considering extra structure on and when constructing 

associated functors. 
The key lemma is: 

Lemma 3.2.1 

Let V he a. G -representation and n = dim V. For an orthogonal G-spectrum 
L the evaluation G-map 

V)+ a L(M") L{V) 

induces a G-homeomorphism 

a:^G{^'\V)+Aoin)LiW')^L{V) . 



Proof: This is lemma V.1.1 in |MMn2j . The proof is illustrative, so we include 
it here: The evaluation is a G-map since L is a G- functor. The 0(?T,)-action on 
J^g(M"',V)+ and L(]R") commutes with the G-action, hence the a is a G-map. 
Choose any linear isomorphism / : M" ^ V. We get the inverse to a by sending 
y G L(y) to the point represented by (/, L(/~^)(?/)). □ 



Definition 3.2.2 

Let y and be good collections of G -representations. We define the G-functor 
If" : J^^'^y J^^y by letting 

{lf''L){V) = ^g(M", V)+ Ao(„) L{W) , where n = dim V. 

In addition there are forgetful functors 1^1^ : J^q' y J'q" y . And we define 
rf as the composite 

Theorem 3.2.3 

Ty is an isomorphism between the categories J^q y and J^Jy. 



Proof: It is enough to check that J^'^ is an isomorphism of categories. Its 
inverse is the forgetful functor I^^^. And by the definition of the former it is 
easily seen that ly" o I^^^ is naturally isomorphic to the identity functor on 
J^Q^^y. Lemma l3.2.1l above provides a natural isomorphism 



This finishes the proof. 



□ 
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3.3 Notions of equivalence 

Unlike the category of orthogonal spectra, J^S^, where we considered just two 
notions of equivalence, namely level equivalences and vr,,, -isomorphisms, we will 
in the equivariant case define many different classes of weak equivalences. The 
reason for this phenomenon is three choices infiuencing our definition. These are 

the choice of level- wise versus stable, 

the choice of a family ^ of subgroups of G, and 

the choice of a good collection f of G-representations. 

Of course, not all possible sets of choices are equally interesting. We shall point 
out a few interesting examples. Often one has a particular application of the 
theory in mind when considering a notion of equivalence. For example, we will 
define cyclotomic 7r,,-isomorphisms below, in order to study THH and TC of 
orthogonal ring spectra (with involution) in chapter El 

A family of subgroups of G is defined as a collection ^ of if C G closed under 
passage to conjugates and subgroups. 

Let us begin by considering the level-wise cases. 

Definition 3.3.1 

Let f : L ^ K be a map of orthogonal G-spectra. We say that f is a level-wise 
'V)- equivalence if for every H E ^ and V E Y the map 

L{Vf ^ K{Vf 

is a weak equivalence of topological spaces. 

We now define homotopy groups. In non-equivariant homotopy theory we 
have one homotopy group for every g G Z, whereas in equivariant homotopy 
theory we index our homotopy groups by an integer q and a subgroup H of G. 
For orthogonal G-spectra the homotopy groups also depend on the choice of a 
good collection 

Definition 3.3.2 

Let U be a G-universe associated to Y . The homotopy groups are defined by 

_ fcolimyci/ Tiq{9yL{V))" ifq > 0, and 

~ \co\im^,cvcuM^''-^''L{V))'' ifq < 0. 

Remark 3.3.3 

Observe that for fixed H the homotopy group UgL does not really depend on 
which G-representations Y contains, but rather on the ii-representations appear- 
ing as the restriction of some V in To see this, assume that (p : V ^ W is an 
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if-linear isometric isometry. The diagram 

L{V) 

gives a homeomorphism between the (non-equivariant) spaces {OXLiy)) and 
{pX L{y))^ , defined by sending / to the unique g making the diagram commute. 

Stable notions of equivalence are now defined as follows: 

Definition 3.3.4 

Let f : L ^ K be a map of orthogonal G-spectra. We say that f is an Y)- 
n ^.-isomorphism if for every H ^ ^ and g G Z the map 

nfL TrfK 

is an isomorphism. 

We now have overwhelmingly many notions of equivalence for orthogonal G- 
spectra. Let us now give names to the extreme cases and some other interesting 
examples. 

Definition 3.3.5 

The naive level-equivalences are the level-wise {£/£i, triv) -equivalences, the gen- 
uine level-equivalences are the level-wise {s^ii, £^££) -equivalences, the naive vr*- 
isomorphisms are the {j^££, triv) -it ^-isomorphism, and the genuine t: ^.-isomorphisms 
are the {■5^££, .g^ ££)-ti ^-isomorphism. 

Here the family .g/ ££ is the collection of all subgroups of G, triv is the collection 
of the trivial G-representations, and the good collection ^ ££ is the collection of 
all G-representations. 

Remark 3.3.6 

Clearly every genuine level-equivalence is a naive level-equivalence. Furthermore 
genuine vr* -isomorphisms are naive 7r,,-isomorphisms by theorem V.1.7 in |MMn2| . 
Because of lemma l3'.2.1l it is tempting to think that the converse statements also 
must be true. However this is not the case. The reason in the level-case, is 
that the if-fixed points of ^g^W^ ^y)+ Ao(n) L(R") is generally not equal to 
^g(M",\/)+Ao(„) L{W)^. 

If the Lie group G is or 0(2) we define: 
Definition 3.3.7 

Let ^ he the family of finite cyclic subgroups of . The cyclotomic tt* -isomorphisms 
are the , ^ ££)-■!: ^-isomorphisms. 
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By the inclusion 5^ C 0(2), the family ^ is also a family of subgroups of 
0(2). 

fi-spectra in the equivariant setting are given as follows: 
Definition 3.3.8 

An orthogonal G-spectrum L is an VL-G -spectrum if all maps 

L{Vf ^ {n^L{V®W)f 

are weak equivalences of spaces. Here V and W are G -representations, and H a 
closed subgroup of G. 

3.4 Cellular orthogonal G-spectra 

In this section we recall the notion of an F^/c-cell from |MMfl2| . we also introduce 
new types of cells, namely induced G-cells and orbit G-cells. 

Definition 3.4.1 

Given a good collection Y of G -representations. Choose a skeleton sk J^q for 
J'q. The F'^ I G-cells is the set of all maps 

Fy X GjH)^ Fv {D''-' X G/H)^ , 

where n > 0, V G sk J^g ^ind H is a closed subgroup of G. 

The two extreme cases are: 
Definition 3.4.2 

The naive FIg- cells are the F^"'' I G-cells; we allow only trivial G -representations 
V . The genuine FiG-cells are the F^^'' I G-cells; we allow all G -representations. 

Remark 3.4.3 

To what degree does the equivariant structure of the orthogonal G-spectrum 
Fv{D'^ X G/H)+ depend on the representation V? 

Assume that H is trivial. Choose a (non-equivariant) isometric isomorphism 
(f) : V. Evaluating Fy^D"^ x G)+ at some level W we get 

/•G(F,iy)A(D"xG)+ . 

Represent a point by a triple (/, x, g). We have a map into ^g^W^^ W) A (D" x 
G)+ given by sending {f,x,g) to {fg(l),x,g). And it is easily checked that this 
map is a G-map. Hence we have a G-isomorphism of orthogonal G-spectra 

Fv(Z^"xG)+^Fm™(D"xG)+ . 

Now assume that H is non-trivial. Whenever we have an if-linear isometric 
isomorphism (p : U ^ V, then Fv{D^ x G)+ and Fu{D"- x G)+ are G-isomorphic. 
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The isomorphism is defined by sending {f,x,[g]) to {fg(f)g~^,x,[g]). The H- 
linearity of (j) ensures that this map does not depend on choice of g representing 
the class [g] G G/H. 

Up to G-isomorphism, the orthogonal G-spectrum Fv{D"' x G/H)^ depends 
only on V as an if-representation. 

In our applications we will need even more general cells. Therefore we define: 

Definition 3.4,4 

For any closed subgroup H of G, let s^Uh be the collection of all finite dimen- 
sional H -representations. Choose skeletons sk J^^^^" for all . Dehne the 
set of induced G-cells to be the set Indc FI of all maps 

{FvSl-') Ah G+ ^ [FvDl) Ah G+ , 

where n > 0, H is a closed subgroup of G, and V is a finite dimensional H- 
representation in sk J'^ . 

The functor — G+ assigns to an if-space its induced G-space. It also 
takes orthogonal i7-spectra to orthogonal G-spectra. For precise definitions see 
section 13.81 below. 

Remark 3.4,5 

If V is the restriction of a G-representation, then [FyD'^ Ajy G+ = FyiD^ A 
G/H^). This shows that all genuine FJc-cells are induced G-cells. 

In order to get a symmetric cofibrant replacement functor we will consider an 
even nastier kind of cells. In this case we restrict ourselves to finite G. The cells 
are defined as follows: 

Definition 3.4.6 

Let H be any finite group, and let Yh be the collection of all finite dimensional 
H -representations. Choose skeletons sk J^^" for all J'^" . Define the set of orbit 
G-cells to be the set Orb^ FI of all maps 

{FySl-^ A G+) /H ^ {FyDl A G+) /H , 

where n > 0, V is a Gnite dimensional H -representation in skJ^^", H acts 
trivially on S"^^ and D", and the action of H on G is given via a group homo- 
morphism H ^ G. 

Remark 3.4,7 

If if is a subgroup of G acting on G via the inclusion, then we have the following 
identification: 

{FvDl A G+) /H = (FyDl) Ah G+ . 
Thus we see that any induced G-cell is an orbit G-cell. 
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In order to bring things more down to earth, we will now write out explicitly 
what an orbit G-cell looks like at some level W . 

Example 3.4.8 

Let (j) : H ^ G denote the group homomorphism. Let W be a G-representation. 
We are now going to evaluate FyD^ A G+ at level W and specify the G and H 
actions. By definition of the shift desuspension we have 

{FyDl A G+) (W) = J (V, W)ND\NG^ . 

Recall that a non-basepoint in ^ (V, VT) consists of an isometric embedding 
f : V ^ W and a w eW orthogonal to /. Thus a tuple {f,w,x,g) represents a 
point in the space above. An h E H gives an isometry h : V ^ V, and h sends / 
to the composition fh~^. Via the element h acts on g by sending g to g(t){h). 
Dividing out by H we see that 

{fh-'^,w,x,g) and {f,w,x,g(p{h)) 

are identified in {^FyD''i_ A G^) / H{W). Furthermore, on this space we have an 
action of G. Let 7 be an element in G. It acts from the left by sending (/, w, a;, g) 

to (7/,7(u;),x,75(). 

This example also shows the reason for the name "orbit G-cell". Contrary to 
all other types of cells, the action of 0{W) on the VF'th level of the orbit cell is 
not necessarily free. And non-free actions have more than one type of orbits. 

Remark 3.4.9 

Notice the following redundancy in the definition of the orbit G-cell (Fy-D" A G+) / H: 
If there is a kernel K of the map H ^ G x 0{V), then we have the identification 

{FvDl A G+) /H = {FyDl A G+) / J , 

where J is the quotient H/ K. 

Example 3.4.10 

Consider the orbit G-cells when G is the trivial group. They have the form 

{FvSl-^)/H^{FvDX)/H . 

If y is a non-trivial if-representation, then this orbit cell is not isomorphic to 
any F7-cell. 

Now we are ready to define the various types of relative C-equivariant cellular 
maps. 

Definition 3.4.11 

Let K he either the set of F^Io-cells for some good collection, the set of induced 
G-cells, or the set of orbit G-cells. A map i : A ^ L of orthogonal G-spectra is 
relative K -cellular if: 
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i{A) is a sub-G -spectrum of L. 

There is a set C of sub-G-spectra La such that each La contains i{A) and 

C is partially ordered by inclusion. We write (3 < a if L^ <Z La. And for 
all a the set Pa = {(3 & C \ (3 < a] is finite. 

For every a G C there is pushout diagram with G-equivariant maps: 

dE — ^ E 



U/3<a^/3 ' La 

where dE E is a cell in K. 

Corresponding to the different kinds of relative cellular maps we have q- 
cofibrations. The naive q-cofibrations are the retracts of relative FJ^'^-cellular 
maps, the genuine q-cofibrations are the retracts of relative FJ^^^-cellular maps, 
the induced q-cofibrations are the retracts of relative Ind^ -^/-cellular maps, and 
the orbit q-cofibrations are the retracts of relative Orbc FJ-cellular maps. 

Remark 3.4.12 

Observe that naive q-cofibrations are genuine q-cofibrations, that genuine q- 
cofibrations are induced q-cofibrations, and that induced q-cofibrations are orbit 
q-cofibrations. All these kinds of q-cofibrations are both 1- and h-cofibrations. 

3.5 Model structures on GJ^y 

A justified question is what combinations of cofibrations and equivalences give 
model structures on GJ^y. In this subsection we shall briefly comment this by 
recalling some results from |MMfl2| . But first we recall the notion of a compactly 
generated model category, see definition 5.9 in [MMSSOl]: 

Roughly speaking a model category ssf is compactly generated if there exist 
sets of maps / and J in s^, which can be used in the small object argument, and 
such that the fibrations in ^ are the maps which satisfy the right lifting property 
with respect to all maps in J and the acyclic fibrations are the maps which satisfy 
the right lifting property with respect to all maps in J. The maps in I are called 
the generating cofibrations and the maps in J are called the generating acyclic 
cofibrations. 

Here are our model categories: 
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The naive level-wise model structure on GJ" ,5^ has naive level-equivalences 
as weak equivalences and naive q-cofibrations as cofibrations. See theo- 
rem III.2.4 in |MM02| . 

The genuine level-wise model structure on G^ 5^ has genuine level-equivalences 
as weak equivalences and genuine q-cofibrations as cofibrations. Again see 
theorem III.2.4 in |MMn2| . 

The naive stable model structure on G^ 5^ has naive tt* -isomorphisms 
as weak equivalences and naive q-cofibrations as cofibrations. See theo- 
rem III.4.2 in |MMn2| . 

The genuine stable model structure on GJ'y has genuine tt* -isomorphisms 
as weak equivalences and genuine q-cofibrations as cofibrations. The fibrant 
objects are the il-G-spectra. Again see theorem III. 4. 2 in |MMn2| . 

Let ^ be a family of subgroups of G. The stable ^ -model structure has 
^££)-7r^,-isomorphisms as weak equivalences. The generating cofibra- 
tions are those genuine G-cells Fv{D"- x G/H)^ where H E ^ . See theo- 
rem IV.6.5 in |MM02| . 

In particular there is a stable cyclotomic model structure on orthogonal S^- 
and 0(2)-spectra. The weak equivalences are the cyclotomic vr^^-isomorphisms, 
and the cofibrations are constructed allowing only the cells Fy(L)" x G/H)+ 
where H C (c 0(2)) is finite cyclic. 

All these model structures are compactly generated. 

Remark 3.5.1 

Induced G-cells and orbit G-cells are introduced in this thesis. And it is beyond 
the scope of this work to find model structures on G^ 5^ where the cofibra- 
tions are generated by these classes of cells. However, if such model structures 
exist, they probably have better properties. For the case with orbit G-cells, 
theorem 13.9.11 gives a hint about this. 

3.6 Categorical fixed points 

Let if be a closed subgroup of G. In this section we will describe how to take 
the if-fixed points of an orthogonal G-spectrum. The basic properties of this 
construction is given in proposition 13.6.21 We will also define the notion of a free 
orthogonal G-spectrum, and state some elementary observations. 

Definition 3.6.1 

Assume that L is an orthogonal G-spectrum and N a closed normal subgroup of 
G. Let J be the quotient G/N. The categorical N-fixed point spectrum L^ is 
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given by 



n\N 



for trivial representations M". Clearly L is an orthogonal spectrum. Notice 
that has a J-action. By the appropriate change of universe functor we define 
(y) for any J -representation V. Thus is an orthogonal J -spectrum. 

More generally we could define for any closed subgroup if of G by first 
restricting L to an orthogonal A^j:/-spectrum. Here Nh denotes the normalizer 
of H in G. Taking the if-fixed point spectrum we get an orthogonal Wh = 
Nh I if-spectrum. 

Again let iV be a closed normal subgroup of G, and let e : G — >^ J = G/A^ be 
the quotient map. We shall now specify a right adjoint e* to the functor (— )^. 
Given an orthogonal J-spectrum K.^ we define the orthogonal G-spectrum e*K 
by giving A'(R") the A^-trivial G-action. We have 



We extend {e*K)iy^ to all G-representations V by the appropriate change of 
universe functor. 

The main properties of the categorical fixed points can now be summarized 
in the following proposition: 

Proposition 3.6.2 

Let L be an orthogonal G-spectrum and K an orthogonal J-spectrum. There is 
a natural isomorphism 



Furthermore, if V is a G -representation and A a based G-space, then we have 
that 



The functor (— )^ preserves naive and genuine q-coGbrations, it also preserves 
acyclic naive q-cohbrations, but not acyclic genuine q-cohbrations. 

For a proof see the propositions V.3.5 and V.3.10 in |MM02| . 
We now define what a free orthogonal G-spectrum is: 

Definition 3.6.3 

Assume that L is an orthogonal G-spectrum. We say that L is free if L(V)^ = * 
for all non-trivial closed subgroups HofG and all G-representations V. 



(e*ir)(R") =e*{K(Mr)) 



GJy{e*K,L 



) ^ jjy{K, L^) 




Fv{A^) ifV is an N -trivial G -representation, and 
* otherwise. 
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Observe that if L is free, then the categorical if-fixed point spectrum L is 
trivial for all H ^ {1}. However, the converse of this statement is not true. It 
is possible for an orthogonal G-spectrum to have L(]R'")^ = * for all and 
H 7^ {1}, but L{V)^ 7^ * for some non-trivial G-representation V and H ^ {1}. 
For examples of such L, consider the orbit G-cells. 

Remark 3.6.4 

We now make some elementary observations: Let L be an orthogonal G-spectrum. 

Assume that L is both free and naive FJc-cellular. Then all cells occurring 
are of the form F^^iD"^ x G)+. 

Assume that L is both free and genuine F/c-cellular. The all cells occurring 
are of the form Fv{D"' x G) + , where V is some G-representation, but due 
to remark 13.4.31 it can always be assumed that V is trivial. Hence, L is 
actually naive FJc-cellular. 

Assume that L is both free and Ind^ -FJ-cellular. An induced cell (FyZ)" ) Ah 
G+ have non-trivial H fixed points, so unless H is trivial L cannot be free. 
Recall that V was an if-representation. Thus V = for some m since 
H = {1}. Hence, all cells of L are of the form Fu^m^D'" x G)+. This shows 
that L actually is naive F/c-cellular. 

Assume that L is both free and Orbc -FJ-cellular. Then group homomor- 
phism ^ G of a cell in L must be trivial, and all cells can thus be written 
as 

{FvDl A G+) /H = [FyDl) /H A G+ 
for some if-representation V. 

We end this section by a simple, but important observation. 

Proposition 3.6.5 

If f : L ^ K is a naive level-equivalence between free orthogonal G-spectra, then 
f is also a genuine level-equivalence. 

Proof: Let \^ be a G-representation and H a subgroup of G. We must check 
that : L{V)^ K(y)^ is a weak equivalence of spaces. There are two 
cases to consider. Assume first that H is the trivial group. Since / is a naive 
level-equivalence, the map 

L{V)^ = L{V) ^ ^ K{W'') = K{V) = K{V)^ 

is a weak equivalence of spaces. Here m = dimV, and the identifications L{V) = 
L{W^) and K{V) = K{W^) are non-equivariant. 
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The other case is when H is non-trivial. Then by freeness, both L{V)^ and 
K{V)^ are equal to the trivial orthogonal spectrum *. Thus it is a tautology 
that 

is a weak equivalence of spaces. □ 



3.7 Geometrical fixed points 

We now define the geometric fixed point functor, and give the relevant results. 
This functor certainly depends on the choice of a collection Y of G-representations. 
In fact, if = triv, then the geometric fixed points are equal to the categorical 
fixed points. However, we are going to use the convention that for the purpose 
of taking geometric fixed points if not otherwise specified, then Y is understood 
to be the collection ssf U of all G-representations. 

We follow the exposition given in chapter V §4 of |MMfl2j closely, and begin 
with some categorical preliminaries. 

Let E denote the short exact sequence, 

of Lie groups. Here is a closed normal subgroup of G. We now define a 
topological J-category as follows: The objects are the G-representations V 
contained in our collection ^ . The morphisms from V to W are the A^-fixed 
points of ^ciVyW)- This means that a non-basepoint arrow of ^EiV,W) can 
be represented by a pair (/, w), where / is an iV-linear isometry V ^ W and w 
is a point in orthogonal to fiV'^). Observe that = G ^ when N = G, 
^E = when N is trivial, and ^e = ^j"" when Y = triv. 

Let (p : ^E ^ J denote the J-functor which sends the G-representation 
V to the J-representation ^ and the arrow (/, w) G ^E(y,W) to {f'^,w) G 
W^). We think about as the iV-fixed point functor. 

Let z/ : ^E be the J-functor which sends the J-representation V to 

the G-representation e*V , and the arrow (/, w) G ^j(y,W) maps to {f,w) G 
^e{^*V, e*W). We think about u as the pullback along e : G ^ J. 

Observe that (p o u = id : ^ j ^ j. 

Definition 3.7.1 

Let ^e'Top^ denote the category of ^E-spaces, namely continuous J-functors 
^E T^opj^. The functors (p and v induce forgetful functors denoted by 

: ^jTop, JeTov, and : JeTov, ^ J.i'Tov, 

respectively. Left Kan extension along and v gives prolongation functors 

: ^eTop, ^ ^jTop, and : ^jTop, ^ ^eTop, 
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left adjoint to and respectively. We have Uj, o = id and ¥^ oF^ = id. 
Definition 3.7.2 

Let Fix^ : ^c'^op^ ^s'^op^ be the functor sending an orthogonal G-spectrum 
L to the ^E-space Fix^ L given by 

{Fix^ L){V) = L{Vf 

and with evaluation J-maps 

N 

(Fix^L)(r)A ^e{V,W) = L{VfA ^G{V,Wf ^ L{Wf = (Fix^L)(l^) . 

Here the maps ev : L(y) A ^ciV, W) L{W) are the evaluation G-map of 
L. Define the geometric fixed point functor $^ : ^cTop^ ^^jTop^ to be the 
composition o Fix^. 

Construction 3.7.3 

There is a natural J-map from the categorical fixed points to the geometrical fixed 
points. This map L^ is defined as follows: Observe that L^ = i]^ Fix^ L. 

The adjunction between and P<^ has a unit 77 : zc? — > U<^ o P^. And the natural 
J-map above is constructed as the composition 

= Fix^ L ^ U.U^P^ Fix^ L = P,^ Fix^ L = . 

In order to compute with the geometric fixed points we have the following 
proposition: 

Proposition 3.7.4 

For a G -representation V in Y and a based G-space A, we have 

^^{FvA) = FvnA^ . 

Furthermore, if K is the pushout of B A ^ L in the category of orthogonal G- 
spectra and i is a closed inclusion, then K is the pushout of ^ $^y4 — > 
$^L. The functor preserves q-cofibrations and acyclic q-cofibrations. 

For a proof see proposition V.4.5 in |MMfl2] . 



3.8 Induced orthogonal G-spectra 

In this section we will define the notion of an induced G-spectrum, see defini- 
tion 13.8.41 The main topic is to study the geometric fixed points of induced 
G-spectra. Our main result is proposition 13. 8. 1(11 There is an annoying condition 
in this proposition, but so far no counterexample has been found. 
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3.8.1 Basic facts about induced G-spaces 

Let H he a subgroup of G, and A'^ a normal subgroup of G which is contained in 
H. All subgroups are closed, and i : H ^ G denotes the inclusion. We will first 
define orthogonal G-spectra induced from orthogonal if-spectra. To do this we 
need some basic facts about equivariant spaces. 

The setup for the groups occurring in this subsection can be expressed by two 
short exact sequences. We have 

> N > H > Jo > 

= i h . 

> N > G > J > 

We denote the first sequence by Eq and the second sequence by E. Let j : Eq —>■ E 
be the map of sequences given by the diagram above. 

Assume that X is a based G-space and Y a based if-space. By forgetting 
part of the G-action on X we get the iJ-space i*X. Observe that i* is a functor 
from based G-space to based if-spaces. This functor has both a left and a right 
adjoint. The right adjoint of i* is the coinduced G-space, and is given by the 
formula Fh{G+,Y), where Fh denotes the space of based if-maps. However, we 
will not meet coinduced G-spaces in this thesis. Therefore we do not write out 
this side of the theory. The left adjoint is defined by sending Y to the based 
G-space 

YAhG+ . 

This is the quotient space of FAG+ where {hy,g) is identified with {y,gh) for all 
h E H. An element 7 G G sends {y,g) to {y-i'^g)- We call Y Ah G+ the induced 
G-space. 

A basic lemma for induced spaces is: 
Lemma 3.8.1 

Giving smash products the diagonal action, there is a natural G-homeomorphism 

XA(YAh G+) ^ (i*X A Y) Ah G+ . 
In particular, X A{G/H)+^ {i*X) Ah G+. 

Proof: A point {x; y, g) in XA{Y AhG+) is sent to {g~^x, y; g) in {i*XAY)AHG+. 

□ 

We will now see how the A'"-fixed point functor commutes with the induced 
space functor. Recall that J = G/N and Jo = H/N. Note that X^ is a J-space 
and Y^ is a Jo-space. We have: 
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Lemma 3.8.2 

There is a natural J-homeomorphism 

Proof: We construct map both ways and end the proof by observing that they 
are inverses to each other. Assume that {y,g) is a point in (Y Ah G+)^ . For all 
n ^ N we have 

{y, g) = {y, ng) = {y, gn) = {n'y, g) , 

where n' = g^^ng G A^. Thus y = n'y. Since conjugating with g is an 
automorphism of N, we see that y is an A^- fixed point. We therefore send 
{y,g) e {Y Ah to {y, [g]) G Aj, J+. 

Given a point {y, [g]) in Aj^ J+, we choose an element g E G representing 
the class [g] E J = G/N. We claim that the map sending {y, [g]) to {y,g) G 
{Y Ah G+)^ is well-defined. Suppose that g' E G was another choice of element 
representing [g], then 

{y, g') = {y, gg'^g') = {g'^g'y, g) = {y, g) ■ 

The last equality follows since g^^g' G A^ and y G F^. Obviously, the two maps 
are inverses to each other. □ 



3.8.2 "Change" functors for equivariant orthogonal spectra 
and ^£;-spaces 

Now consider the case of equivariant orthogonal spectra. First we define the 
change of group functor, then we look at its adjoints and at last we determine 
how the left adjoint, the induced spectra, interact with the geometric fixed point 
functors. The inclusion i : H ^ G induces a change of group functor from 
orthogonal G-spectra to orthogonal if-spectra. Assume that K is an orthogonal 
G-spectrum, and L an orthogonal if-spectrum. 

Definition 3.8.3 

The change of group functor is defined by letting i*K be the orthogonal H- 
spectrum given by {i*K){i*V) = i*K{V) for G -representations V. We extend 
i*K to H -representations W not of the form i*V, by the change of universe 
functor. 

The right adjoint of i*, the coinduced orthogonal G-spectrum functor, is de- 
fined at level V as FH{G+,L){y) = Fh{G+, L{i*V)), where Fh is the space of 
based if-maps. For further details, see proposition V.2.4 in |MMn2j . 

We now look at induced orthogonal G-spectra. The definition can be found 
in proposition V.2.3 in |MMfl2] . but we include it here for the convenience of the 
reader. 
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Definition 3.8.4 

The induced orthogonal G-spectrum, L Ah G+, is given by (L Ah G'+)(V^) = 
L{i*V) Ah G+ for G -representations V. 

How to define the evaluation H-maps will be discussed below in the more 
general setting of induced spaces. See remark 8. 91 

Let us now build the theory for "change" functors for ^£;-spaces. Unlike 
the case of equivariant orthogonal spectra, the change of universe functors will 
not always be equivalences of categories. This subtle difference forces us to be 
extremely careful regarding universes. We begin with an example: 

Example 3.8.5 

A key ingredient in the proof of lemma ESUl was that for any good collection Y 
of G-representations and any V E i^, there is a trivial G-representation R" such 
that M" and V were isomorphic in the category . The analogous statement 
for is in general not true: 

Let E be the sequence — > C2 ^ 5*^ ^ /C2 0, and let Y be the 
collection of all S'^-representations. Identify with the unit circle in C and 
consider the representation C, where acts by multiplication. Any C2-linear 
isometry from a trivial S'^-representation M" into C must map C2-fixed points 
onto C2-fixed points. Since C^^ = 0, there is no isomorphism in between C 
and some trivial representation. 

Therefore, the forgetful functor from ^J^-spaces to ^^"^-spaces cannot be 
an isomorphism of categories. 

Definition 3.8.6 

Let E be a short exact sequence of compact Lie groups. Assume that y C y 
are two good collections of G -representations. Then we have a forgetful functor 
U : Top^ ^^Top^. By left Kan extension, we define a prolongation 
functor 

P : ^^Top, ^ ^e'Top, 
left adjoint to U. These are the change of universe functors for ^E-spaces. 

Let us now look at the change of sequence. As above we consider a diagram 

^ > H ^ Jo > 

= i ii . 

> N > G > J > 

This diagram is a map j : Eq ^ E of short exact sequences. Let be a good 
collection of G-representations. Now let i*y be defined as the collection of H- 
representations i*V, which are the restriction of some V E And we define: 
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Definition 3.8.7 

The change of sequence functor 

is given by sending the -space X to the ^l^^ -space given by 

{fX){z*V) = tlX{V) 

for H -representations i*V being the restriction of a G -representation V in Y. 

The change of group functor for equivariant orthogonal spectra had both left 
and right adjoints. These were the induced and coinduced spectra. Analogously 
we now define induced and coinduced ^£;-spaces. Since the coinduced 
spaces will not be used later in the thesis, we only sketch the definition: Given a 
^J;*^-space Y we let the coinduced -space Fj^^{J^,Y) be given by 

Fj,{J+,Y){V) = Fj,{J^,Y{i*V)) . 

The induced ^^-spaces are defined as follows: 

Definition 3.8.8 

Let Y be a -space, then the induced -space Y Ajg J_|_ is given by 

{Y ^J,J^){v) = Y{ev) Aj,j+ 

for G -representations VinY. The evaluation .J -maps are given by 

/UV, W) A {Y Aj, J+)iV) = ^aiV, Wf A Aj, J+) 

= {tl^G{V,WfAY{z*V))Aj,J+ 
^ {^h{i*V, i*WY A Y{i*V)) Aj, J+ 
^r(zW) A.j,J^ = {Y A.j,J^){W) 

for G -representations V and WinY. 

Here we have used the G-homeomorphism X A{Y AhG+) = {i*X AY) AhG+ 
from lemma laXn and the evaluation ^^0(^*^5 i*W) AY{i*V) Y{i*W) for the 
/■|7-space Y. 

Remark 3.8.9 

If is trivial, then = ^g- Hence, the last part of the definition above tells 
us how to define the evaluation G-maps for the induced orthogonal G-spectrum 
functor. 
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3.8.3 Geometric fixed points and induced spectra 



We will now consider how the geometric A'"-fixed point functors interact with 
induced orthogonal G-spectra. In order to prove the result we have to make an 
assumption relating representations of N and G. The author has not found any 
counterexample to the condition. 
As before we consider the diagram 











N 



N 



H 



G 



Jo 



J 







-> 



Eq is the first short exact sequence and E the second. Let j : Eq 
map of sequences given by the diagram. 



E be the 



Proposition 3.8.10 

Let j : Eq ^ E be as above. Suppose that for any N -representation W there 
exists a G -representation V and an N-linear isometric embedding W ^ V such 
that W'^ — . Then for orthogonal H -spectra L there is a natural isomorphism 



{^''L)Aj,J+^^'\LAhG+) . 

Remark 3.8.11 

It is enough to check the assumption for non-trivial irreducible iV-representations 
W. The condition certainly holds whenever the quotient group J = G/N is finite. 
Because in this case one can take V to be the induced G-representation of W . 

If one fixes the compact Lie group G, one can try to list normal subgroups 
and their representations and then check explicitly if the condition holds. To 
check that the assumption holds in the cases G = S"^ and G = 0(2), is an easy 
exercise left to the reader. 

The proof of the proposition is to check commutativity of the following dia- 
gram: 

u 



-r\HG+ 



-AjoJ+ 



Here Y denotes the collection of all G-representations, while W are all H- 
representations. We have not specified universes for the categories of orthogonal 
G-, Jo- and J-spectra. This is since the change of universe is an isomorphism 
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for these cases, and we can change universe whenever needed. The functors Fix 
are defined with respect to genuine equivariance. Similarly, the prolongation 
functors P^p and F^, given in definition I3.7.H use all representations. However, 
the prolongation functor P^*J^ is defined using only those representations being 
restrictions from J and G. 

We prove three lemmas, each checking commutativity of one of the squares. 
Let us start with the hardest: 

Lemma 3.8.12 

Suppose that for any N -representation W there exists a G -representation V and 
an N -linear isometric embedding W ^ V such that W'^ = V'^ . Let Y be a 
^^-space. Then we have a natural isomorphism 



Proof: Since F^^^ and P^^ are left adjoints, while U is a right adjoint, the proof 
of this lemma cannot be abstract category theory. By change of universe for 
orthogonal Jo-spectra it is enough to check that we have a natural isomorphism 
when evaluating at the trivial Jo-representations R". We begin by writing out 
both sides evaluated at explicitly. We have 



Recall that i*Y are the iJ-representations of the form i*V for some G-representation 
V, while W are all iJ-representations. Since i*y C W , we clearly have a natural 
map 



Now we show that this map is surjective. Pick a point in (P(^Qy)(R"). It is repre- 
sented by a pair ((/, u), y) in ^j^iW^ , W^) f\Y {W) for some if-representation W . 
By the assumption, we can choose a G-representation V together with an iV-linear 
isometric embedding g : W ^ V such that = . What we have is an arrow 
{g,0) in ^Eo{W,i*V). This arrow is a relation in {¥^^^Y){W^) between the point 
we picked and the point {{f{g^)-^,u),{g,Q){y)) in M") ^Y{i*V). 

This new point is in the image of (P^'J''^Uy)(R"). 

To show injectivity we consider a generating relation in (P(^(,F)(R") between 



in ^j„(l^i^,R")AF(l^i) and ((/s, ^2), Z/2) in /J,{W^,W)^Y{W2). 



By the argument above we can choose liftings of these points to (P0j^UF)(M"). 
And the proof is completed by showing that the lifted points are related in 



p;7uF - V^,Y 




and 





(P;7UF)(R"). 



100 



CHAPTER 3. EQUIVARIANCE FOR ORTHOGONAL SPECTRA 



A generating relation in (P0(,y)(R") is specified by a triple 

((/,«), {h,w),y) e ^j,{Wi',W') A ^EoiW^,W2) A Y{W^) . 

Here / : W-^ M" is an isometric embedding, u a point in R" orthogonal 
to f(W^), h : Wi W2 an A^-linear isometric embedding, w a point in 
orthogonal to hiWj^) and y a point in Y(Wi). This generating relation identifies 
the point 

((/l,«l),l/l) = ((//^^« + /H),l/) in ^jo(Prf,M")AF(iyi) 

and 

{(f2,U2),y2)^((f,u),(h,w)(y)) in ^j„(iyf,M-)Ay(iy2) ■ 

Liftings of these points to (P^*J^UF)(]R") are given by G-representations Vi and 
V2, and A'"-linear isometric embeddings gi : Wi — > Vi and 5^2 : W2 — > V2 such that 
— and = . The lifting of the first point is given by 

i{fi{9i)-\u,),{g,,0){y,)) in ^,;„((rVl)^ M") A 

and similarly for the second point. Unfortunately, we cannot automatically com- 
plete the diagram 

Wi — ^ W2 



91 
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V, V2 

by an arrow at the bottom. However, we can form the //-representation i*Vi ®Wi 
i*V2, and by the assumption there exists a G-representation V together with an 
iV-linear isometric embedding i*Vi (Bwi "1*^2 V, such that their iV-fixed points 
agree. Now we have A^-linear isometric embeddings hi :Vi ^ V and /i2 : V2 — > ^ . 
Putting these maps into the diagram above we get a commutative pentagon. Also 
observe that = V^^ = Wi^ . Thus we have the arrow (/i2, 0) in ^£0(^*^2, i*V) 
and the arrow {hi,w) in ^Eo{'i*Vi,i*y)- 

By (/i2,0) we have a relation in (P^*J^UF)(M") between the second lifting, 

{{f2{g^)-\u2)A92My2)) m ^^,((^^2)^^") Ay(fy2) , 

and 

{{f2{9^r\h^)-\u2),{h2M92My2)) in Mi^vf^m^yi^v) . 

Now look at the generating relation in (P^'J^Uy) (M") specified by 

{if2i92)-\h^r\u2),ih^,w),ig^,0){y,)) 
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This relation identifies 

= ((/i(^7f)-\«i),(^7i,0)(yi)) 

in ^j„{{i*Vi)^,W) AY{i*Vi) with 

{if2{g^)-\h^)-\u,),{h,w){gu0){y,)) 

= {mg^)-\h^)-\u,),{h,,0){g,,0)iy2)) 

in ^j^{{i*V)^ ,R'') AY{i*V). Thus we have a relation in (P;7ur)(M") between 
the two lifted points. This completes the proof of the lemma. □ 

The two other lemmas are easy: 
Lemma 3.8.13 

Let L be an orthogonal H-spectrum. We have a natural isomorphism 

(UFix^ L) A Jo J+ = Fix^(L Ah G+) 

of -spaces. 

Proof: Let be a G-representation. We evaluate both sides of the natural 
isomorphism at V . The left side at level V becomes: 

((UFix^L) Aj, J+) {V) = (Fix^L)(f \/) Aj„ J+ 

= L(rV)^Aj„J+ . 

And the right side at level V becomes: 

Fix^(L A^, G+){V) = {{L Ah G+){V) f 

= iLiev)AHG+f . 

From lemma l!r.8.2l we recall the natural homeomorphism {Y AhG+)^ = AjqJ+ 
for if-spaces Y. Setting Y = L{i*V) we get 

((UFix^L) Aj, J+) {V) ^ Fix^(L A^ G+){V) . 

To check the fact that the evaluation J-maps ^e{V, W)a{(1] Fix^ L) Aj^ J+) {V) 
((UFix^L) Aj, J+) (W) and ^EiV,W) A Fix^(L A^ G+){V) Fix^(L A^ 
G-^){W) agree is left as an exercise to the reader. □ 
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Lemma 3.8.14 

The diagram 



commutes. 



-Ajo^+ 



Proof: It is enough to check commutativity of the corresponding diagram of 
right adjoints: 



Let L be an orthogonal J-spectrum and V a G-representation. Now compare 
UjJ^i*L and j*U<^L at the level i*V . We have: 

= tliiV^L)iV)) 
= {j*V^L){t*V) . 

Again we leave to the reader to check that the evaluation Jo-maps agree. □ 
Together the three lemmas above prove proposition K18.1()l 



3.9 A symmetric cofibrant replacement functor 

In this section we mainly work with non-equivariant orthogonal spectra. Recall 
the definition of the cofibrant replacement functor F, see theorem 12.2.131 Due 
to lemma l2 . 2 . 1 91 there are two obstructions to symmetry of T. The obstructions 
are that the twists of the disks, D""^ x D"^^ = x ^"1, and the twists of the 
indexing spaces, © M™^ = M™^ © 1^*"% are not the identity maps. If we are 
content with getting orbit cells instead of naive cells, then we can divide out by 
these twists when performing the small object argument. We will explain this in 
detail below, thus constructing a symmetric functor T. The section ends with a 
subsection containing various results concerning this functor and equivariance. 
Our theorem says: 
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Theorem 3.9.1 

There is an endofunctor T on orthogonal spectra having the following properties: 
TL is orbit cohbrant for all L. 

If K ^ L is the inclusion of a subspectrum, then TK — > TL is an orbit 
q-cofibration. 

r comes with a natural level-wise acyclic Rbration TL — > L. 
There is a natural quotient map TL TL. 

There is a symmetric natural transformation (p : TL A TK T{L AK) and 
a canonical map S — > TS . 

To prove this, we begin with the construction of T: 

Construction 3.9.2 

We modify the small object argument. The basic step is to introduce a new 
gluing construction. 

Suppose that p : A ^ L is a map of orthogonal spectra. Let Cn,m be the set 
of all diagrams 



P 

> 



Recall that the orthogonal spectrum G{p) was defined as the pushout of 

A<^\/ F^^Sl^' F^^Dl , 

where the wedge runs over all diagrams in Cn,m with n, m > 0. 

Recall from remark 12.2.21 that S„ and both act on a cell F^^S"^^^ 
F^mD^ in Cn,m- A permutation a G S„ gives a map a : D"', and cr acts on 

diagrams a of C„ m by composing /„ and ga with F{a). A permutation p G 
gives an isometry p : — > M™, and p acts on diagrams a of Cn,m by composing 
fa and ga with Fp. Altogether we get an action of S„ x E^, on Gn,m{p)- Divide 
out by this action and define G{p) as the union over all quotients: 

G{p) = [J Gn,m{p)/^n X . 
n,m 

Now we proceed as before and define TL by iterating the gluing construction 
G{p). Start with * ^ L, define G^{L) = G{po), and let pi be the canonical map 
G\L) L. Inductively we get G'-\L) C G' = G{p^-l) ^ L. 
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Definition 3.9.3 

The orbit cofibrant replacement functor T is defined for L G ^ as the cohmit 
of the &{L)'s. 

We now begin to prove the statements in theorem 13.9.11 As a first result we 
justify the name "orbit cofibrant replacement functor" by showing: 

Proposition 3.9.4 

TL is orbit cofibrant for any orthogonal spectrum L. 



Proof: It is enough to consider the natural inclusion j of gluing construction 
A G{p), and show that this map is a relative orbit q-cofibration. 

Let a be a cell in C„ „»• There is a subgroup Ha of S„ x of symmetries 
fixing the diagram 

9 

A -iU L 

corresponding to a. Observe that G{p) also can be described as the pushout of 

A^\l {F^^Sl-^) /Ha ^ V [F^^Dl) /Ha , 

a a 

where a runs through one representative for every S„ x Tj^ orbit of C„ n,m > 0. 
By Illman's theorem fI1183j we may triangulate F^^D^ evaluated at M*" as a finite 
0(m) X i^Q-CW-complex. All 0(m)-orbits are free. Divide out by the i^Q-action. 
This describes (F^mS'""^) /Ha Va (-^k^-D") /Ha as a relative orbit cellular 

map. Hence A G{p) is also relative orbit cellular. □ 

Since G{p) is a quotient of G{p) it follows that TL is a quotient of TL. The 
canonical map S TS is constructed just as before. To prove the next two 
statements of the theorem, namely that T takes inclusions to orbit q-cofibrations, 
and that the natural map TL L is a level-wise acyclic fibration, we just copy 
the proofs of the propositions 12 . 2 . 161 and 1272 . 1 71 respectivelv. 

What now remains is to define the natural map (p : TL A TK T{L A K), 
and show that it is symmetric. 

Construction 3.9.5 

The construction is similar to construction 12.2. We inspect the G*(L)'s and 
the &{K)^s and define inductively maps 

: G\L) A &{K) G'+^-\L A K) 



f 
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such that diagrams similar to those in construction 12.2.181 commute. By taking 
the colimit as both i and j tend to infinity, we get our natural transformation 
fLAfK^f{LAK). 

We proceed by induction on i + j. Assume that a and /5 are the cells given 
by the diagrams 

f 

G'-\L) > L G^-\K) > K 

By the construction of G'^{L) and G^{K) there are unique lifts of a and jS to 
diagrams a and /3: 

FfimSI ^ > F^mD^ F^^'S'^ ^ > F^m' 

f 

G'-\L) > G\L) &-\K) > &{K) 

As in the old construction, we see that together with the map 

&-\L) A &{K) U G\L) A &-\K) '^"''^'"'^''^'S G'+^~\L A K) 

determines a cell 5 in G^^^^^{L A K). Let be the subgroup of S„ x 
that preserves a, the analogous subgroup for /?, and Hs the subgroup of 
T,n+n' X Sm+m' that prcscrvcs 6. Now observe that HaU-H/^ then must be contained 
in Hs. This ensures that all relations in G\L) A G^{K) also give relations in 
A i^). Hence, is well-defined. 

We finish the proof of theorem 13.9.11 by showing: 

Proposition 3.9.6 

The natural transformation : TL A TK T{L A K) is symmetric. 

Proof: Comparing T with T we see that there is a commutative diagram 

TLATK T{LAK) 

TLATK — ^ f{LAK) 

where the vertical maps are quotient maps. Proposition 12.2.211 says that T is 
skew-symmetric, with l : TL —>■ TL measuring the failure of symmetry. Recall 
that L was defined by flipping both the disks and the indexing spaces R'" 



9 and /' 



g and /' 
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of the cells in TL. Similarly we can define l for TL. And the proof of propo- 
sition 12.2.211 works also in this case, and yields that T is skew-symmetric. But 
when construction T we divided out by all permutations of coordinates on both 
D"' and W^. This shows that l = id for TL. Hence, symmetry follows. □ 



3.9.1 Equivariant features of F and F 

For orthogonal G-spectra we have defined many different notions of cofibrancy. 
In each case one could ask for a cofibrant replacement functor. For the category 
of orthogonal spectra we constructed such a functor F in theorem 12.2.1 31 We also 
have the orbit cofibrant replacement functor F defined above. It seems unlikely 
that these functors can be used in the equivariant setting, but by some miracle 
TL and TL are naive cofibrant and orbit cofibrant respectively, and the natural 
maps TL — > L and TL L are naive level-equivalences. The author thinks it is 
unlikely that these maps are genuine level-equivalences. 

In order to apply the functors F and F to orthogonal G-spectra, we assume 
that G is a finite and discrete group. By indexing our orthogonal G-spectra L 
by trivial representations only, we see that such L are the same as orthogonal 
spectra with G-action, i.e. functors G — > J^S^. Hence applying F or F to L 
yields a new orthogonal spectrum with G-action. We can ask whether or not TL 
and TL are cofibrant (for one of the G-equivariant notions of cofibrancy). 

We discuss the functor F first. And we have: 

Proposition 3.9.7 

Assume that G is a finite group. Let L be an orthogonal G-spectrum, then TL 
is naive G-cellular. 



Proof: By induction it is enough to consider the gluing construction. Suppose 
that p : A — > L is a G-equivariant map between orthogonal G-spectra. We must 
construct a relative F/c-cellular structure on A — > G(p). 
Recall that G denotes the set of all diagrams 



where n, m > 0. Let a be a diagram in G, and let Ha be the subgroup of G 
consisting of those elements g which preserve the cell a. We can now describe 
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the gluing construction G{p) equivariantly by the pushout diagram 

\/F^n.Sl-' A{G/H^)+ > \/F^^DlA{G/H^)+ 

A > G{p) 

where the wedge runs through one representative a for each G-orbit in G. This 
implies that A — > G{p) is a relative naive FJc-cellular map. □ 

Lemma 3.9.8 

Let L be an orthogonal G-spectrum and H a subgroup of G, then 

(rL)^(M'") = r(L^)(M'") , 

for all M™. 

Proof: To see this we inspect the gluing construction for a map p : A ^ L. Let 
a be a diagram in G. The result follows from the observation that the diagram 

F^mS^l ^ > F^mD^ 

9 



is fixed by H if and only if / and g map into A^ and L^ respectively. □ 
Corollary 3.9.9 

Let L be an orthogonal G-spectrum. The map TL L induces a weak equiva- 
lence 

(rL)^(M") ^ L^iR"") 

for all M™ and H. Consequently, the map TL — > L is a naive G-equivariant 
level-equivalence. 

This corollary says that F is a cofibrant replacement functor for the naive 
model structure on G^ 5^ . But in general a naive level-equivalence is not a 
genuine level-equivalence, see remark [3.3.61 

We now turn to the case of the orbit cofibrant replacement functor F, and 
show corresponding results: 

Proposition 3.9.10 

Assume that G is a finite group. Let L be an orthogonal G-spectrum, then TL 
is orbit G-cellular. 



f 
A 
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Proof: It is enough to consider the gluing construction G{p) for a G-equivariant 
map p : A ^ L between orthogonal G-spectra, and we must construct a relative 
Orbc -^/-cellular structure on A — > 

Recall that for fixed n and m, the set Cn,m consists of all non-trivial diagrams 



A 



n-l 



L 



Observe that the group G x S„ x acts on G^ ^. Let a be a diagram in G^ ^, 
and let Ha be the subgroup of G x Il„ x consisting of those elements {g, a, p) 
which preserve the cell a. We can now describe the gluing construction G(p) 
equivariantly by the pushout diagram 



vi^M^^r' AG+) /Ha 



V [F^^Dl A G+) /Ha 



G{p) 



where the wedge runs through all n and m and one representative a for each 
G X S„ X S^-orbit in C'^^^. 

We now appeal to Illman's theorem [111833 order to show that each map 



{F^^Sl"' A G+) /Ha ^ {F^^^^Dl A G+) /Ha 

is relative Orbc -FZ-cellular. To see this consider (FigmZ}" A G+) (M™) as an 
(0(m) xiJQ,)-space and triangulate to describe it as an (0(m) xifQ,)-CW-complex. 
Dividing by H^ we get that the map above is orbit G-cellular. This implies that 
A — > G{p) is a relative Orbc F/-cellular map. And the result follows. □ 

We have: 



Proposition 3.9.11 

For all orthogonal G-spectra L the map TL 



L is a naive level-equivalence. 



Proof: It is enough to show that for all G-equivariant diagrams 

(^"^1 X G/H)+ > fL{W) 

(D" X G/H)+ y L 
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there is a lift (D" x G/H)+ fL(M"^). Since 5""^ is compact and G finite, 
the map on the top factors through some G'*(L)(M™). Restricting the left side to 
some element of G/H we now get the diagram 

S^-^ > G\L){R"') 

Dl ^ /.(M™) 

Observe that the action of H preserves this diagram. And by construction of 
G'+\L) we certainly have a lift Dl G'+\L){R"'). This lift is i/-equivariant. 
Now a basic adjunction gives a G-equivariant lift 

(D" X G/H)+ G'+\L){W) c fL(M") 

solving the first lifting problem. □ 

This proposition shows that T is an orbit cofibrant replacement functor for 
the naive G-equivariant model structure on G^ 5^ . 



3.10 The diagonal map 

We consider the diagonal map in two cases, without and with involution. For 
an FJ-cellular orthogonal spectra L (without involution), we describe a Cq- 
equivariant cell structure on the iterated smash product L'^^ . This uses the 
induced cells, see definition 13.4.41 After this we construct the diagonal map 
/,Ag _^ ^'^^[L^^'i). It is defined for arbitrary L, but if L is cofibrant, then the 
diagonal map is an isomorphism. The proof uses the equivariant cell structure. 

In the second subsection, we repeat this for orthogonal spectra L with invo- 
lution. Recall that D2q denotes the dihedral group of order 2q. In the involutive 
case the diagonal map L^'^ — > $'^'^(L^'''^) is D2(j-equivariant, and an isomorphism 
when L is genuine Z/2-equivariantly cofibrant. 

3.10.1 Without involution 

Let L be an orthogonal spectrum. Consider the iterated smash product L^'^. 
Since A is symmetric, we get a action on L^'^ by permuting factors. In our 
applications we will only consider actions of cyclic groups, so for simplicity we 
restrict our attention to the action of Cq on L^'^. 

Now assume that L is FJ-cellular. The following result describes an induced 
Cg-cellular structure on L^'': 
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Proposition 3.10.1 

Let C he the partially ordered set of cells for an F I -cellular orthogonal spectrum 
L. The q-fold product C^'^ has a Cg action, and let D be the set of Cq-orbits. 
The Cg-equivariant structure on L^'^ is given as follows: 

For each [ct] inD there is a subspectrum {L^'^)^^] ofL^'^, aiid |Jj^]g^(L^^)[Q,] = 
L^i. 

D is partially ordered by inclusion. We write [f3] < [a] if C (L^'^)^^]- 

And for all [a] the set P[„] = {[/S] e D \ [(3] < [a]} is finite. 

For every [a] G D there is pushout diagram with Cg-equivariant maps: 

(FjRmsS'"''""^) Ac, {Cg)+ > {FRmsD'^") Ac, 

U[/3]<h(^"'^)[/3] ^ (L-'U 

where Cg is a subgroup of Cg, and Cg acts on M™'^, 5'"'^"^ and D"'^ by 
permuting the coordinates. 

Moreover, each [F^ms S"^''^) Ac, — ^ (F^msD'l'') Ac, can be subdi- 

vided as a relative Ind CgFI-cellular map. Hence, L^'^ is an induced cofibrant 
orthogonal Cg-spectrum. 

Proof: Recall from proposition \'2.'2.V2\ that has an F/-cellular structure 
with C^"^ as its set of cells. An a = (ai, . . . , ag) G C^'^ represents an orbit [ex.] 
in D and we define (L^^)[a] to be 

I J L„ A ■ ■ ■ A L„ , , . 

peCq 

Clearly, U[„]eD(^^'')M = 

Assume that {L^'^)^^^ C (L^^)[q,] for some a = (ai, . . . , ag) and /3 = . . . , Pg). 
Then each L^. must be contained in some L^^ . Since there are only finitely many 
6 E C such that L^ C Lq,^. , it follows that each P[a] is finite. 

Consider some a = (ai, . . . , a^) in C^'^, and let Cg be the subgroup of Cg 
acting trivially on a. To be more explicit: Let s be the greatest integer dividing 
q, where t = f , such that ai = aj whenever i = j modulo t. We now see that Cg 
acts trivially on the g-tuple (ai, . . . , ag). By the F/-cellular structure on L there 
is a pushout diagram 

-TR^^iOj^ > rKmiJy_^_ 
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for every a,. Smashing these diagrams together, as in lemma 0.2.11L we get a 
pushout diagram 



qTIiH hrig-l 



.D 



niH \-n„ 



L^, A • • ■ A 



where the maps are C^-equivariant. Cq acts on such diagrams, and taking the 
union over all diagrams in the C^-orbit of our a, we get a pushout diagram 



1 J. 



niH hrig-l 



Ac. (C, 



niH hrir 



Ac. (C, 



U[^]<m(^"'^)[/3] ^ 

Since rrii = rrij and = rij whenever i = j modulo t, we see that Cs acts 
on R'"i+- +™9^ 5'ni+ -+ng-i g^j^^j Dm+-+nq permutiug coordinates. Now put 

m = mi + ■ ■ ■ + rrit and n = rii + ■ ■ ■ + rif. 

The last statement of the proposition follows by applying Illman's equivariant 
triangulation theorem for finite groups, see [11178] . to produce a Cs-triangulation 
of D""'. □ 



Remark 3.10.2 

Assume that 5 — > L is a relative F/-cellular map. Recall the notation sL^^~^ for 
the subspectrum 

S A U L A 5 A u . . . u L^^"^ A 5 C L^" . 

The proposition above immediately gives a Cg-equivariant description of sL^'^"^. 
It is the sub-Cq-spectrum of L^'^ built using only those [cx] in D with at least one 
ai equal to the cell of S. 

Next we construct the diagonal map. Let L be any orthogonal spectrum. 
As above the g-fold smash product L^'^ is an orthogonal C^-spectrum via the 
action that cyclically permutes the factors. Similarly L^'^'^ is an orthogonal Crq- 
spectrum. The diagonal will be a map L^'^ — > This exists for all 

positive numbers r and q. 

Construction 3.10.3 

Let E be the short exact sequence Cr ^ Crq ^ — 0. Recall the definition 
of the category ^e- Let i : — > be the full subcategory whose objects 
are direct sums of regular C^g-representations. For an inner product space ?7, we 
have that f/®^5 is an object of ^e^. First we construct a C^-map 

L'^i{^\j®i) ^ Fix^'-(L^"'?)(t/®''^) . 
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Using coends we can express the smash product L^'^iU®'^) as 

/dl,...,dq 
/{W^^ © ■ ■ ■ © U®") A L(M'^i) A ■ ■ ■ A LiR'^") . 

A point in this space is given by (/, u; Xi, . . . , Xg), where / : M'^i © ■ ■ ■ M'^' — > U®'^ 
is an isometric embedding, m is a point in U®'^ orthogonal to /, and Xi lies in 
L(]R'^*). To describe the Cg-action, we let a : ?7®* U®'^ be the map which 
sends {ui,...,Uq) to {uq,ui, . . . ,Uq-i), and we define b : M'^^ © • • ■ © M'^' 
j^dq ^di ... ^dq-i similarly. The preferred generator of Cg then acts by 
sending 

{f,u;xi,...,Xg) to (af b~^,au;Xg, xi,. .. ,Xg_i) . 
Analogously, we have that L'^'^iiJJ®'^'^) is equal to the coend 

j ^ ' /{W^^ © ■ ■ ■ © M'^'-', U®'''^) A L{W^^) A ■ ■ • A L(M"''-«) . 

To define the diagonal map, take a point 

U,u-Xi,...,Xg) in ^(M'^i©---©M'='%f/®'') AL(M'^^) A---AL(M'^') 
and map it to 

[f®\ (m, . . . , m); (xi, . . . , xj, (xi, . . . , Xg), . . . , (xi, . . . , Xg)) 

in 

^({M''i ® •• •®K'*9)e - ■ ■©{K''i ©■ • ■©M''<!),C/®''9) A(L(]R'*i) A - • • AL(M'''!)) A - ■ • A(L(R''i) A - ■ ■ AL(M'''!)) . 

We easily see that the image is a C,.-fixed point, and that the diagonal map is 
Cq-equivariant. The Cg-map, as constructed above, can be rewritten as a natural 
transformation 

UiU^L^-? U, Fix^'-(L^'^'') 

of ^^^'^-spaces, where Uj is the forgetful functor from ^^''^-spaces to ^£;-spaces, 
and denotes the functor given in the definition of geometrical fixed points, see 
definition I3.7.1I By left Kan extension, we have a left adjoint Pj to Uj, and the 
counit of this adjunction is a natural transformation PjUj id. Recall that 
denotes the left adjoint to U^. 

Definition 3.10.4 

The diagonal map L^'^ ^c:r^]^/\rg^ (defined as the composition 

L^i _ P^p-Ui Fix^'- (L^""?) ^ P^ Fix^-- (L^'^^) = (L^'^5) , 

where the first map comes from the construction above, and the second map is 
induced by the counit PjUj — *• id. 
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Remark 3.10.5 

Assume that S ^ Lis the inclusion of a subspectrum. Considering the restriction 
of the diagonal map to sL^'^~^, we get a diagram 



where s^L^^'^~''' is the subspectrum of L^^"^ given as 

^rj^Arg-r ^ |J ^ ^ ^Ag-1 A S A ■ ■ ■ A S A L^*?"^ . 

i 

The existence of this diagram follows from inspection of the construction. 
Example 3.10.6 

Let us inspect the diagonal map in the case L = FyA. Then 

L""" = FymiA'"') and L^""? = . 

Computing the geometric C^-fixed points of the last orthogonal spectrum, we get 
by the formula in proposition 13.7.41 that 

^Cr (^Arg) ^ F(v®.,)C,. (A'^^'lf^ = Fy®, {A'"') = L^"? . 

Inspecting definitions, we see that the diagonal map is an isomorphism in this 
case. 

More generally we have: 
Proposition 3.10.7 

If L is a coGbrant orthogonal spectrum, then the diagonal map L^^ —>■ $'^'-(L^'''?) 
is a Cq-equivariant isomorphism. 

It is enough to prove the result in the case where L is F/-cellular. The 
main idea is to use the equivariant description of the iterated products, given in 
proposition 13.10.11 But in order to apply this description we have to compute 
the geometric fixed points of induced cells. 

Lemma 3.10.8 

Let H be a subgroup and N a normal subgroup of a compact Lie group G. 
Suppose that for any N -representation W there exists a G -representation U and 
an N -linear isometric embedding W ^ U such that W'^ = U'^ . Assume that V 
is an H -representation and A a based H-space. Then we have: 

(F A^) A J ^ subgroup of H 

$^ {{FyA) Ah G+) ^ <J ^ ) Jo + ^.^^ ^ ^1^^ J ^ ^1^^ 

otherwise. 
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Proof: Assume first that is contained in H. Then proposition 13 . 8 . 1 Ol applies . 
and we have 

$^ {{FvA) Ah G+) = Aj, J+ . 

Furthermore, proposition 13.7.41 yields that 

{<^>^{FvA)) Aj, J+ = (Fy^A^) Aj, J+ . 

Next assume that N is not contained in H. The following is an elementary 
fact: If X is a based if-space, then the induced G-space, X Ah G+, has no non- 
trivial X-fixed points. It follows that Fix^ {{FvA) Ah G^) = *. Consequently, 
also $^ {{FvA) Ah G+) = *. □ 

By remark EHUH the condition is always true for finite G. We are now ready 
to prove the proposition: 

Proof: Let L be an F/-cellular orthogonal spectrum with cells C. We now apply 
proposition 13. 10. ll Let D be the Cg-orbits of C^'^ and let D' be the Crg-orbits of 
C^'^. Let e* be the map ^ C^'^'' given by 

e*(tti, ^2, • • • , oig) = («!, ^2, . . . , ag, ai, ^2, • • • , Og, . . . , ai, 02, • • • , "q) ■ 

The g-tuple (ai, a2, ■ ■ ■ , aq) is repeated r times. Passing to orbits we get a map 
e* : D ^ D'. 

Now we claim that: 



[/3]GD 

To prove this claim, we show by induction on the number of elements in P^oc] that 

[e-/3]<H 

There are two cases to consider when proving the induction step: If [a] = [e*/3] 
for some [f3] in D, then the induction hypothesis is trivially true. The other case 
is when [a] is not of the form [e*^] for any [j3] in D. We consider the diagram 

[5]<H 



[£-/3]<H 

The left vertical map is an equality by induction. Since [ck] is not of the form 
[e*/3], if follows that Cr is not a subgroup of Cg, and hence lemma l!T.l 0.81 implies 
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that the two other vertical maps also are equalities. By proposition the 
pushout of the top row is ^'-^''{L^''''^)^^]. This finishes the proof of the claim. 

Our next claim is that the restriction of the diagonal map to {L^'')[a] gives an 
isomorphism 

for all [cx] in D. We prove the claim by induction on the number of elements in 
P[a\. Consider the diagram 

[/9]<H 

[/3]<H 

Here the vertical maps are instances of the diagonal map. The row on the top 
comes from the C^-equivariant description of {L^'^)[ct], while the bottom row is 
applied to the Crg-equivariant description of {L^^'^)i^*ci]- By induction and the 
previous claim, the left vertical map is an isomorphism. S iiicG Cf is a subgroup of 
Crs, lemma in. 10. 81 implies that the two other vertical maps also are isomorphisms. 
Taking the row- wise pushouts proves our claim, see proposition 13.10.11 

Clearly, the two claims together prove the proposition. □ 

Remark 3.10.9 

By the proof above, we see that the diagonal map restricted to sL^^~^ is an 
isomorphism 

3.10.2 With involution 

The dihedral group has generators x and and relations x'^ = y'^ = 1 and 
xy = yx~^. Let L be an orthogonal Z/2-spectrum, the involution is determined 
by a map l : L ^ L. Now we can extend the C^-action on L^'^ to a D2g-action 
by letting y act by 

r ^ r ^ . r reverse r . . r . r tA---AtAt r . ^ r ^ T 

Assume that L is genuine F/z/2-cellular with C as its set of Z/2-cells. Then 
the dihedral group acts on C^'', x acts by permuting factors cyclically, while 
y sends a g-tuple (ai, 02, . . . , ctg) to (a,, . . . , 0:2, ai). Now L^'^ gets an induced 
-D2g-cellular structure by an argument similar to proposition 13.10.11 

Next we construct the diagonal map for L with involution. The diagonal will 
be a Ag-map L^^ ^ ^^-{L^"-"). 
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Construction 3.10.10 

Let E be the short exact sequence — >^ C,. — > D2rq 0. Let i : 

— i> be the full subcategory whose objects are direct sums of regular 
-D2rg-representations. For each inner product space U, we get an object f/®^''? of 
^E^- Let Uj be the forgetful functor from ^^^^-spaces to ^£;-spaces, and by 
left Kan extension, we define Pj. 

As before we construct a D2g-niap 

UiU^L^"? -> U, Fix^'-(L^^'') 

of ^^''^-spaces. This map is given on level f/®^'-? ^s a natural -D2g-equivariant 
transformation 

To define this, we explicitly write out both sides using coends. Picking a point 
on the left side, 

we map it to 

(/®^ (m, . . . , m); (xi, . . . , Xg), (xi, . . . , Xg), . . . , (xi, . . . , Xq)) 

in 

^((IR''i ® •■ ■®M'^'J)e - ■ ■e{K'*i ® ■ • ■®IR''9),!7®''9) A(L(R'*i) A - ■ ■ AL(IR''<!)) A - ■ ■ A(L(R''i) A - ■ ■ AL(IR'''!)) . 

Again it is easily seen that the image is a C^-fixed point, and that the diagonal 
map is -D2g-equivariant. 

Definition 3.10.11 

The diagonal map for L with involution, L^'^ — > <I>'^'^(L^'''^), is defined as the 
composition 

L^i ^ P^p-Ui Fix^'- (L^""?) ^ P^ Fix^-- (L^"^) = , 

where the first map comes from the construction above, and the second map is 
induced by the counit PjUj — >• id. 

Assume that L is genuine FJ2/2-cellular. Using explicit induced D2g- and 
-D2rg-cellular structures on L^'' and L^^'' respectively, we prove the following result 
an argument similar to the proof of proposition 13. Ifl.Tl 

Proposition 3.10.12 

If L is a cofibrant orthogonal Z/2-spectrum, then the diagonal map L^^ 
^Cr^]^/\rq^ is a D2q-equivariant isomorphism. 

Further details are omitted. 
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3.11 Miscellaneous results 

In this section we list or show various results which will be used later in the thesis. 

3.11.1 About orbit q-cofibrations of orthogonal spectra 
Proposition 3.11.1 

Assume that i : A ^ L and j : B ^ K are orbit q-coGbrations of (non- 
equivariant) orthogonal spectra, then also 

iUj: LABUAAK^LAK 

is an orbit q-cohbration. 

Proof: We can assume that i and j are relative Orb FJ-cellular maps. We will 
apply the method used when proving proposition 12.2.121 In that proof we use 
only one non-formal property about the set of cells, namely that the □ product 
of two cells yields a new cell. Once this property has been checked for orbit cells, 
the present result follows. 

Consider two (non-equivariant) orbit cells: 

[Fv.Sl'-') M ^ {Fv.Dl^) M and {Fy^Sl'-') / ^ [Fy^Dl') / . 

Here Vi and V2 are Hi- and if2-i'epresentations respectively. Let = Vi © V2 be 
the Hi X if2-representation defined by letting Hi act trivially on V2, and H2 act 
trivially on Vi. And □ of the cells above can now be written as 

X ^"2-1 y sn,-l ^ + ) /{H1XH2) ^ (Fy(Z^"^ X + ) /{H1XH2) 

This is again an orbit cell. □ 
Proposition 3.11.2 

Assume that L is an orbit cohbrant orthogonal spectrum and X Y a level- 
equivalence of orthogonal spectra, then also 

LAX ^ LAY 

is a level-equivalence. 

Proof: There is no loss of generality by assuming that L is Orb F/-cellular. By 
analogy with proposition 12. 2. 9L there exists a sequence * = Lq ^ Li L2 ^ ■ ■ ■ 
such that L is its colimit and each Lj+j is the pushout of a diagram 

^ V {FySl-') /H^\l {FyDl) /H . 
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Hence, each Li — > Lj+i is an h-cofibration. Smashing the sequence with X ^ Y, 
we get 

LqAX > LiAX > La A X > ■ ■ ■ 

4^ 4^ 4^ 

Lo A F > LiAY > Li AY > ■ • • 

The horizontal maps are again h-cofibrations, by lemma 12.2 in [MMSSfllj . 
Hence, it is enough to show that each Lj A X — >^ Lj A y is a level-equivalence. 
Proceeding inductively, what we have to show is that 

{FyA) /H AX ^ (FvA) /H AY 

is a level-equivalence when A is a sphere or a disk and H and V arbitrary. By 
remark in. 4. 9| we can always assume that H —>■ 0{V) is injective. Then the state- 
ment above is a consequence of lemma 13.11.31 below. And we are done modulo 
proving the lemma. □ 

Inspired by lemma 15.5 in jMMSSOl] we prove: 
Lemma 3.11.3 

Let A be a based CW-complex, H a Gnite group, V an H -representation and 
X any orthogonal spectrum. Assume that H 0(y) is injective. Then the 
quotient map 

{EH+ Ah FvA) AX ^ (FyA) /H AX 

is a level-equivalence. Consequently, the functor {FyA) /HA — preserves level- 
equivalences. 

Proof: We evaluate both sides of the quotient map at some level M"*. In order 
to write things out we choose a linear isometry V M™. Then we have 

{{FvA) A X) (M^'") = 0(m)+ AoiR^^-v) {A A X(R"^ - V)) , 

and 

{{EH+ A FvA) A X) {W) = 0(m)+ Ao(iR-„y) {EH+ AAAX{W-V)) . 

The quotient EH x 0(m) 0{m) is an {H x 0(R™ — V^))-equivariant homotopy 
equivalence since 0{m) is a free {H x 0(]R™ — l^))-space that can be triangulated 
as a finite {H x 0(M™ - l^))-CW-complex by |TiT83] . 

We compare the description above via the quotient map EH xO{m) 0{m). 
Dividing out by the if-action, we get a weak equivalence 

(0(m)+ AoiR^-v) {EH+ AAA X(M'" - V))) /H 

-^{0{m)+AoiMr._v){AAX{R"'-V)))/H . 
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And the result follows. □ 

Analogous to proposition I2.4.1()l we have the following proposition for orbit 
q-cofibrations: 

Proposition 3.11.4 

Assume that we have a map between two sequences of orthogonal spectra: 
Ko > Ki > K2 > ■ ■ ■ 



Lq > Li > L2 ^ ■ ■ • 

If Kq — > Lq is an orbit q-cofibration, and Ki U;^^_^ Lj_i Lj is an orbit q- 
cofibration for every i > 0, then 

colim Ki colim Lj 

i i 

is also an orbit q-cofibration. 



Proof: If orbit q-cofibrations were the cofibrations of a model structure on 
J^y, then the formal proof given for proposition I2.4.1()l would apply. Lacking 
such a model structure we give a direct proof. 

Observe that the following diagram is pushout for all n: 

L„ Uk„ Kn+i > Ln U/^„ colim Ki 

U/^„+i colim i^i 

The left vertical map is an orbit q-cofibration by assumption, hence the right 
vertical map is also an orbit q-cofibration. We thus get a sequence 

colim i^'j Lo Uko colim i^j Li Uki colim ii'j ^ ■ ■ ■ —>■ colim Lj 

of orbit q-cofibrations. An elementary argument, similar to the last part of the 
proof of proposition 12.2.91 shows that given a sequence Xq — ^ Xi — >^ X2 — > ■ ■ ■ 
of orbit q-cofibrations maps, the induced map Xq colim Xj is also an orbit 
q-cofibration. Applied to our situation we see that colimj Ki — > colimj Lj is an 
orbit q-cofibration. □ 
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3.11.2 About the small object argument 

The small object argument, see |DS95j or |Hir03j . is the most common way to 
produce both cofibrant and fibrant replacement functors in a model category. We 
have already used this construction when defining our functor T. In general we 
have proposition 10.5.16 in |Hir03| which says: 

Proposition 3.11.5 

If ^ is a cocomplete category and I a set of maps in ^ that permits the small 
object argument, then there is a functorial factorization of every map in ^ into 
a relative I -cell complex followed by a map having the right lifting property with 
respect to any map in I. 

So given J, we get a functor taking a map f : X ^ Y in to a factorization 

And Qi is defined as the colimit of a sequence X = Q%f) Q]if) Qlif) ~^ 
• • • , where each step is a gluing construction. 

We now compare the small object arguments in two different categories: 

Lemma 3.11.6 

Assume that F : ^ — ^ is a functor between cocomplete categories. Let I and 
J be sets of maps in ^ and respectively, and suppose that they permit the 
small object argument. If F takes I into J, then there is a functorial diagram 

F{X) ^ F{Q,{f)) ^ F{Y) 

F{X) Qj{F{f)) F{Y) 

for every map f : X —*Y in^. 



Proof: Assume by induction that we have a sequence 

F{X) F{Q]{f)) Q){F{f)) F{Y) . 

Now consider one /-cell in Q]~^^{f) relative to Q\{f). Such cells are determined 
by a diagram 

A > B 



QW) 



Y 
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where A ^ B is a map in /. Now apply F to this diagram, and use the induction 
hypothesis to form 

F{A) > F{B) 

F{QKf)) > F(Y) ■ 

Q'AFU)) ^ F{Y) 

Comparing the pushout of the upper square with the pushout of the outer square, 
we get the sequence 

F{X)^F{Qf\f))^Qf\FU-))^F{Y) . 

□ 



Example 3.11.7 

A fibrant replacement functor for the category of orthogonal G-spectra can 
be constructed by applying the small object argument to a set of maps K called 
the generating acyclic q-cofibrations. See definition III.4.6 in |MMfl2| . By propo- 
sition 13.7.41 $^ takes K to the generating acyclic q-cofibrations of orthogonal 
G/iV-spectra. Hence, there is a natural transformation 

for orthogonal G-spectra L. 



3.11.3 About geometric fixed points 

We recall corollary V.4.6 and proposition V.4.7 in |MMfl2j . and enhance the last 
result to also cover a new case: 

Proposition 3.11.8 

For based G-spaces A, the geometric N-fixed points of the suspension spectrum 
are given by 

^^FoA = FoA^ . 
For orthogonal G-spectra K and L, there is a natural J-map 

a : <^^KA^^L ^ {K A L) 

of orthogonal J-spectra, and a is an isomorphism if K and L are cofibrant. 
Furthermore, a is also an isomorphism if K is a suspension spectrum and L is 
arbitrary. 
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Proof: The first parts are cited from the reference. To show the last part, we 
do an exphcit calculation. Assume that K = FqA, where A is a based G-space. 
We then have 

Fix^(FoA A L) = Fix^{A A L) = A^ A (Fix^ L) = FqA^ A (Fix^ L) . 

Here Fq on the left is the suspension from G-spaces to orthogonal G-spectra, 
while Fq on the right is the suspension from G-spaces to ^£;-spaces. Since is 
strong symmetric monoidal, see 1.2.14 in |MMn2| . we get that 

^^{FqA a L) = Fix^(FoA A L) = F^FqA^ A P^(Fix^ L) = FoA^ A . 

This completes the proof. □ 

Geometric fixed points can be used in order to recognize G-equivariant tt*- 
isomorphisms: 

Proposition 3.11.9 

Assume that ^ is a family of normal subgroups of G. Let f : K ^ L be a map 
of orthogonal G-spectra. The following statements are equivalent: 

f is an , £^ U)-7[ ^-isomorphism. 

f induces isomorphisms K — > L for all q and N E ^ . 

: is non-equivariantly a n ^-isomorphism for all N G 

Compare this result to theorem 4.7 in |GM95| . 

Proof: The first two statements are equivalent by definition. Since compact 
Lie groups have the descending chain property, we can do induction on the size 
of ^. 

Let us show that the last statement implies the second. Let ^ be some family 
of normal subgroups of G. Assume that we are given a map f : K ^ L such 
that : —>■ is non-equivariantly a 7r,,-isomorphism for all i7 € 

Let N be any normal subgroup of ^ . What we want to check is that / induces 
isomorphisms K — > n^L. 

Let ^[N] be the family of subgroups of G that do not contain N. Observe 
that the intersection ^ fl ^[N] is a family properly contained in By the 
induction hypothesis, we get that / induces isomorphisms tt^K 7r;f L for all 
H E ^ n ^[N]. Observe that the family ^ fl ^[N] consists of all proper 
subgroups of A^. 

Recall the notion of a universal ^[A^]-space. It is a G-CW-complex E^[N] 
such that E^[N]^ ~ * for i7 G ^[N] and E^[Nf = for if ^ ^[N]. 
Furthermore, E^[N] is defined as the cofiber of the map £'^[A^]+ 5*°. 
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Let us now restrict G-actions to iV-actions. Observe that the restriction of 
E^[N] is a universal ^ fl ^[A^]-space. We already know that / : i^' — > L is an 
^ n ^[A^] -equivalence. And proposition IV. 6. 7 in [ MMfl2| now implies that 

fAid:KA E^[N]+ ^ L A E^[N] + 

is a TT^K -isomorphism of orthogonal A^-spectra. 

Let Q denote a fibrant replacement functor for the genuine model structure 
on orthogonal G-spectra. Consider the diagram 

Q{K AE^[N]+)^ > Q{K)^ > Q{K AE^[N])^ 

Q{LAE^[N]+)^ . Q{L)^ . Q{LAE.^[N])^ 

of non-equivariant orthogonal spectra. We have just shown that the left vertical 
map is a 7r^,-isomorphism. By proposition V.4.17 in [MM02J, the orthogonal 
spectrum Q{K A EJ^[N])^ is naturally 7r,.-isomorphic to K. By statement 
three, we get that 

^^K ~ Q{K A E^[N]Y Q{L A E^[N]Y ^ ^^L 

is a TT,, -isomorphism. Now it follows by long exact sequences of homotopy groups, 
that 

Trf (TT) = n^QiKf ^ n^Lf = vrf L 

is an isomorphism. 

To show that the second statement implies the last statement, one uses the 
above argument backward. □ 

Remark 3.11.10 

The reason for assuming that ^ consists of normal subgroups is that geometric 
A^-fixed points of orthogonal G-spectra, have been defined only for normal A^. 
Hence, proposition V.4.17 in |MMfl2j supplies the homotopy equivalence 

Q{K A E^[N])^ = ^^K 

in this case only. 

3.12 Cyclic and dihedral orthogonal spectra 

In this short section we will define comment on how the geometric realization of 
involutive simplicial, cyclic and dihedral orthogonal spectra becomes equivariant 
orthogonal spectra. 
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Example 3.12.1 

First consider an involutive simplicial orthogonal spectrum. This is a functor L, : 
AT°P — i> J^y. Taking the geometric realization level-wise, we get an orthogonal 
spectrum \L,\ with Z/2-action. By change of universe, see lemma 13.2.11 we can 
evaluate this spectrum at any Z/2-representation V. 

Example 3.12.2 

For an r-cyclic orthogonal spectrum L, the geometric realization |L,| has an S*^- 
action. Using the change of universe functor, see lemma 13.2.11 we can evaluate 
at any S'^-representation V getting an S'^-space 

l^.l(^) • 

Example 3.12.3 

Similarly, if L, is an r-dihedral orthogonal spectrum, then using lemma 13. 2. 11 we 
see that 

l^.l(^) 

is well defined for any 0(2)-representation V. 



Chapter 4 

Operads in orthogonal spectra and 
involution 

We begin this chapter by studying operads and orthogonal spectra. Traditionally 
an operad consists of topological spaces together with composition operations. In 
the book jMSSfl2] the definition of an operad is extended by replacing topological 
spaces by objects in a symmetric monoidal category. We recall this definition 
below in full generality, but our main focus will be operads in orthogonal spectra. 

One usually designs an operad in order to study its algebras. Classically, 
we have the operads (in topological spaces) M and whose algebras are the 
commutative and the associative monoids respectively. We will here introduce 
an operad Ti having associative monoids with involution as its algebras. Via 
suspension these results extend to orthogonal spectra. In particular an ?-^-algebra 
in orthogonal spectra is an orthogonal ring spectrum with involution. 

In section l42l we develop, along the lines of |May72| , the theory of the two- 
sided bar construction. Under the hypothesis that V and Q are sufficiently "equal 
up to homotopy", we can use this construction to replace a P-algebra by a weakly 
equivalent Q-algebra. This is made precise in remark 11.2.201 

In section we study a geometrically interesting involution l on the homo- 
topy groups t:^S[VLM]. The main result of the thesis, theorem 14.3. 26[ says that 
there exists an orthogonal ring spectrum R with involution which represents l 
on 'k^:S[VLM]. The proof uses the machinery of operads. We design an operad 
Vn in orthogonal spectra which has S'[f2M] as an algebra. The result follows by 
showing that Vn is sufficiently equal to Ti. 

4.1 Operads in 

We will now begin looking at operads in orthogonal spectra. May's original def- 
inition |May77| describes the composition as a many-variable operation. This 
can be replaced by a collection of two-variable compositions. Using this view- 
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point, one greatly reduces the complexity of the description of associativity. This 
description is due to Gerstenhaber and Markl, see |MSSn2 !|. 

Let S be the category with objects the finite sets n = {1, 2, . . . , n} for every 
non-negative integer n and bijections as morphisms. Here is the empty set. 
Thus there is no morphism n — m for n ^ m, while the endomorphisms of n can 
be identified with the symmetric group Therefore, we call S the symmetric 
groupoid. 

There are composition operations 



-"m+n—l 



for n > and 1 < i < m. These are defined in the appendix. Let me recall 
the "box"-model here: For i and permutations p G and G Il„ we put boxes 
around the integers from 1 to m + n — 1 as follows: 



i,i + 1, . . . ,i + n — 1 



i + n 



m + n — l 



We now use p to permute the boxes, while we use v to permute the elements in the 
z'th box. Removing the boxes one gets the permutation p Oj v. This operation 
gives the symmetric groupoid the structure of a discrete operad. We call this 
operad A^. 

There is an alternative description of the composition operations using per- 
mutation matrices. Recall that the permutation matrix of p G Sm is the unique 
m X m-matrix A such that 

Aci = Cpi^i) for all i. 

Here is the z'th unit vector in . This embeds as a closed subgroup 
of 0{m). A matrix in the image is called a permutation matrix, and these are 
exactly those matrices such that every column and every row contain only O's, 
except for one entry which has value 1. 

Let A be the permutation matrix of p G and B the permutation matrix 
for z/ G We now want to describe the permutation matrix for po^ v. We have 
a block decomposition of A as 



An 





Ai3 





1 





A31 





A33 



where 1 lies in the p(?)'th row and the z'th column. Now form the (m + n — l) x 
(m + n — l)-matrix 



An 





Ai3 





B 





A31 





A33 



This is the permutation matrix for po^v. 
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In the case n — we interpret B as the x 0-matrix. Thus the operation Oj 
deletes the i'th column and the p(?')'th row from the matrix A. 
Now we are ready to define operads in orthogonal spectra. 

Definition 4.1.1 

Let A, S") be a symmetric monoidal category. An operad in is a functor 
P : E — > with V{0) = S together with composition operations 

Oi : V{m) A V{n) V{m + n - 1) 

dehned for integers m, n and i such that n > and 1 < i < m, satisfying the 
following axioms: 

i) Associativity: For the iterated compositions ofV{m) A V{n) A V{p), the 
following associativity holds: 

{Oj_|.p_i(oj A id) {id A tt) for 1 < i < j, 
Oj{id A Oi_j_^.i) for j < i < j + n, and 

Oj(oi_n+i A id){id A tt) for j + n < i. 

Here tt : V{n) A V{p) — > V{p) A V{n) is the symmetry transposition for A. 

a) Equivariance: Since V is a functor from S, each V{m) has an action of 
Em- We write this action on the right, and for p G E^ and -u £ E„ the 
following diagram commutes: 



V(m) AV(n) 

(-.p)A(-.w) 

Vim) A V{n) 



°p(i) 



V(m + n-l) 

■■(poiv) 

V{m + n — 1) 



Hi) Unity: There is a map 1 : V{0) — * ^(1) such that the following diagrams 
commute for all 1 < i < m 



V{m) A P(0) 

idAl 

V{m)AV{l) 



V{m) AS S A V{m) 

• and lAid 



V{m) 



P(l) AP(m) 



Ol 



V{m) 



V{m) 



The following types of operads are relevant for our applications: 
Definition 4.1.2 

We get discrete operads hy putting the symmetric monoidal category of sets 
with cross product and unit *, into the definition above. 
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We get operads in topological spaces by putting the symmetric monoidal 
category of spaces with cross product and unit *, into the definition above. 

We get operads in orthogonal spectra by putting ( J^^, A, S), the symmetric 
monoidal category of orthogonal spectra, into the definition above. 

Remark 4.1.3 

The definition above is equivalent to May's "multi-operation" definition of an 
operad. We construct the multi-operation 

7 : V{k) A V{ji) A • • • A V{jk) ^ V{j) , where j=j, + .-- + j^, 

as the composition 

7 = Ojfc-i+-+ji+i(ojfc-2+-+ji+i A ic?) • • • (o^-j+i Md ^■ ■ ■ Md){oi Md ^■ ■ ■ Md) . 
To go the other way one uses the unit and defines Oj = 7(— ; 1, . . . , 1, — , 1, . . . , 1). 
Proposition 4.1.4 

If F is a lax symmetric monoidal functor and V an operad, then FV is also an 
operad. 

Proof: FV is clearly a functor defined on the symmetric groupoid, but we 
redefine FV{0) to be 5". We define the composition operations for FV as the 
maps 

FV{m) A FV{n) F{V{m) A V{n)) FV{m + n - 1) . 

Proving associativity for FV uses associativity and symmetry for F, and equiv- 
ariance holds since the multiplication for F is a natural transformation. The map 
1 : FV{0) FV{1) is defined as the composition 

FV{0) = S ^FS ^ FV{1) . 
And unity for FV follows from the unity of F and V. □ 

Example 4.1.5 

The functor embedding sets in Top as the discrete spaces, is lax symmetric 
monoidal, hence we may consider every discrete operad as an operad in topo- 
logical spaces. 

Example 4.1.6 (Suspension operads) 

The functor sending a space X to the orthogonal spectrum 

Fo{X+) given at level V by Fo{X+){V) ^ X+ A 
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is symmetric monoidal. Here Fq is the shift desuspension functor. If C is an 
operad in topological spaces, then we may construct a suspension operad in or- 
thogonal spectra by composing with X Fq{X^). Usually we will denote this 
operad in orthogonal spectra simply by C, instead of Fq{C^). And we will call an 
operad in orthogonal spectra discrete if it is the suspension of a discrete operad 
in topological spaces. 

Let us give names to two operads in orthogonal spectra. 

We define J\f{m){V) = for all m and V. The operations Oj are in this 
case just the canonical map S A S ^ S. 

Define A4 to be the suspension of the discrete operad m h- > S^. The 
operations Oj are then equal to the suspension of the operations x E„ — > 
Hm+n-i defined above. 

We will now define an operad geared toward anti-commutative involutions. 
The hyperoctahedral group 7i{n) is the group of rigid symmetries of a cube in 
M". If we let the cube be [—1, 1]", we can identify as a closed subgroup of 

0{n). The matrices in the image are those such that every row and every column 
have O's in all except one entry, and this entry is 1 or —1. 

We use the matrix description to describe the composition operations. First 
let Tn be the n x n-matrix 

/O ••• -l\ 
••• -1 



V-1 ••• Oy 

Now define Oj : 7i(m) x H{n) — > H{m + n — 1) as follows. Let A be an m x m- 
matrix describing an element in 7i(m), and let S be a matrix in Ti.{n). There is 
a block decomposition of A as 



An 





^13\ 





a 




^31 





^33/ 



where a is 1 or —1 and lies in the i'th column of A. Now define the {m + n — 
1) X {m + n — l)-matrix C to be 



and 



Mil 






B 




if a= 1, 


\Asi 


^33/ 




Mil 


A,s\ 




TnB 





1 if a = -1 


\A3i 


^33y 
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Then C is the matrix of Ao^ B in 7i(m + n — 1). 

Proposition 4.1.7 

H is a discrete operad. 

Proof: The right action of a G Sn on 7Y(n) is given by multiplication of 
matrices. If A is a matrix in Ti and B is the permutation matrix of a, then a 
sends A to AB. And the unit in ?^(1) is the identity matrix in 0(1). 

Using the "matrix"-model it is easy to verify all three axioms. □ 

Remark 4.1.8 

In this remark we describe TC{n) as (Z/2)" x and give a formula for Oj. 

Write (Zi/2) multiplicatively, denote elements of byx = (xi,X2, . . . ,Xn), 

and embed (Z/2)" in 0{n) as the n x n-matrices having 1 or —1 on the diagonal 
and elsewhere. Identifying S„ with the permutation matrices we see that H{n) 
is actually the product of (Z/2)" and S" inside 0(n). (Z/2)" is normal in T-C{n) 
and (Z/2)" n E" = {/}, thus n{n) is a semi-direct product (Z/2)" x E„. Here 
S„ acts by permutation of factors on (Z/2)". 

It is possible to treat n (Z/2)" as a non-equivariant operad. The compo- 
sition operations are given by 



We now introduce the following convention: r„ without an argument denotes the 
order reversing permutation in S„, while r„ with an argument denotes the group 
homomorphism Z/2 — > S„ sending —1 to the order reversing permutation. Hence 
r„(— 1) = Tn, while t„(1) = id. Now we can give a formula for the composition 
operations of H in terms of the o's ofn\—>- (Z/2)" and (n i— *• E„) = A4. Inspecting 
the "matrix"-model we get 

(x, p) Oi (y, v) = (x o^(i) y, p (r„(Xp(,))t;)) 

for X G (Z/2)™, p G S„, y G (Z/2)" and t; G S„. 

Example 4.1.9 

Via suspension the operad TC induces an operad in orthogonal spectra. This 
induced operad will also be called TC. 

Here is another example of a lax symmetric monoidal functor applied to op- 
erads in orthogonal spectra. 

Example 4.1.10 

Recall the cofibrant replacement functor T from theorem 13.9.11 We have shown 
that r is lax symmetric monoidal. Hence, for any operad V in orthogonal spectra 
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we get an operad TV. The natural map f L — > L induces a map of operads 
TV — > V. The nice thing about this new operad is that each rV{m) is E^- 
equivariantly naive orbit cofibrant. 

However, it is hard to say anything about the genuine homotopy of TV, even 
in the case where V is E-free. 

The idea behind an operad is that V{n) can parametrize n-fold multiplications 
on an object L. If we have such a parametrization, we call L a T'-algebra. The 
precise definition is: 

Definition 4.1.11 

Let V be an operad in the symmetric monoidal category A,S). A V-algebra 
is an object L in ^ together with operations 

Om • V{m) A L^'" ^ L 

such that the following axioms holds: 

i) acts: For alln> and 1 <i <m the following diagram commutes: 



V{m) A V{n) A L^("»+"-i) 

shuffle 

V{m) A L^(^-i) A V{n) A L^" A L^^'""^) 

V{m) A L^"^ 

a) Triviality of the unit: The diagram 

V{0)AL = 

lAid 



V{m) A V{n) A L^("»+"-i) 

V{m + n - 1) A L'^irn+n-l) 



SAL 



V{l)AL 



commutes. 



Hi) Equivariance: The group E^ acts from the left on V{m) and acts from 
the right on L^™ by permutation of the factors. 9^ is equivariant in the 
sense that the diagram 



V{m) A L^-^ 

idAp 

V{m) A L^"^ 
commutes for every p G E^. 



pAid 



V{m) A L 



Am 
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Remark 4.1.12 

9q is a map V{0) = S —>■ L, and we call this map the unit of L. 



Let us look at an example: 



Example 4.1.13 

In this example we consider the discrete operad H in the category of sets. When 
considering the category of sets, remember that "A" in the definition above is 
the cross product, and S is the set {1}. We now want to recognize the class of 
7Y-algebras as a more familiar type of mathematical objects. 

Assume that X is an 7Y-algebra. Let 1 in X denote the image of ^ {1} — ^ 
Now define /i : X x X ^ X and l : X ^ X hy 



1 
1 



,x,y 



and 



Let us now do some calculations. First we have that 



H{n{x,y),z) = 02 



,x,y ,z 



l)'^'[\0 1 
'1 0\ fl 0\ 

'1 0\ 
1 0\ ,x,y,z 
.0 1/ 



'1 0' 

Similarly, we can show that ii{x, iJi{y, z)) = ^3 ( ( 1 | , x, |/, 2; | . Hence, jji 

^0 1, 

is an associative operation on X. Furthermore, we have: 




and by the same methods one also calculates that //(x, 1) = x. This shows that 
1 is a two-sided unit for /x. Hence, X is a monoid with unit. Let us now look at 
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the operation l. We have: 

= e^{{-l) o, {-l),x) 

^e^ii,x) 

= X . 

The interaction of /i and l can be computed as follows: First we have 

^{i^{x,y)) = &i(^{-'^) ,^2(^1^ ^^,x,y 

H) °i 



^02 

and secondly we calculate that 
H{i{y),i{x)) = 62 
^62 

= 02 

^62 

^02 
^02 



-1 
-1 



1 
1 

,x,y 



,x,y 



j) "2 (-1) ,V,xJ 



-1 









-1 









-1 















-1 






,x,y 



In the last step we used the equivariance axiom for 7Y-algebras. What we have 
seen is that l^{x) = x and i{ix{x,y)) = iJ,{L{y), i{x)). We say that l is an involution 
on the monoid X which anti-commutes with the multiplication. 

It can be shown that there are no more relations for a general 7i-algebra. 
Hence, we recognize X as a monoid with unit and anti-commutative involution. 

Proposition 4.1.14 

If F is a lax symmetric monoidal functor and L a V-algebra, then FL is an 
FV-algebra. 



Proof: We define the operations 0!^ for FL. For m > 1 we define 0!^ as the 
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composition 



Fr{m) A (FL) 



Am 



F{r{m) A L^"^) 



> FL 



For m = we use the unit of F to define O'r,: 



FV{0) ^ S ^ FS ^ FL 



It is an exercise to check the FP-algebra axioms for FL. Notice in particular 
that we need symmetry of F to prove both associativity and equivariance. □ 

We conclude this section by the following important observation: 

Proposition 4.1.15 

There are 1-1 correspondences between 

M.-algebras in J' y and orthogonal ring spectra, 

Af-algebras in and commutative orthogonal ring spectra, and 

Ti-algebras in ^ y and orthogonal ring spectra with involution. 

Proof: When V is the suspension of a discrete operad, we may identify V{n) A 
L^'^ with a wedge sum 



indexed over the non-base points in V{n){0). 

Given an A^-algebra L, the map ^ — L is the unit. To get the multi- 
plication we restrict 02 to the wedge summand corresponding to id G S2. The 
map on the other summand corresponds to o tt, where tt exchanges the factors 
of L A L. Associativity comes from comparing /lo [id A n) and /lo [/j, A id) to ^3 
restricted the summand corresponding to ic? £ E3. 

Conversely, given an orthogonal ring spectrum L, it becomes an A^-algebra 
by defining 9n on the wedge summand corresponding to id G S„ to be the mul- 
tiplication map L^" — > L, and extend to the other summands by equivariance. 

If L is an jV'-algebra, we get that A/'(2) ALAL — LAL, and set 11 — 02. 
Commutativity follows from the E2-equivariance of 62. 

Conversely, given a commutative orthogonal ring spectrum L, it becomes an 
AA-algebra by defining 9,^ on J\f{n) A L^" = L^" by multiplication. It is well 
defined because of commutativity. 

If L is an ?^-algebra, we let multiplication be 62 restricted to the summand 

determined by the matrix (1. and the involution t : L — > L is defined to be 
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9i restricted to the summand corresponding to the matrix (— l)- The calculation 
that (— l) oi (— l) = (l) implies that = id, and 



1 
1 



(-1) °. (-1) 



-1 
-1 



(-1) 



1 

1 



implies that l is an anti-homomorphism. This is analogous to the calculation in 
example 14.1.131 

Conversely, given an orthogonal ring spectrum L with involution, it becomes 
an ?i-algebra as follows: Define 9n on the wedge summand corresponding to the 
matrix 

fxi ■■■ 0\ 

X2 ■■■ 



as the composition 



' An 



L A L A ■ ■ ■ A L 







i{xi)Ai{x2)A---Ai{xn) 



LALA 



. ^ multiplication ^ 
A L > L 



Here l{x) denotes the involution l if x = —1, while ^(l) = id, the identity of L. 
We extend to all of H{n) by S„-equivariance. □ 



4.2 Operads and the two sided bar construction 
4.2.1 Operads and monads 

We now follow the theory as presented in May's book |May72| . Our goal is 
to check that the basic results also hold for operads in a symmetric monoidal 
category A, S) provided that has all small colimits. In particular the theory 
of this subsection applies to orthogonal spectra. 

Assume that V is an operad in ^ and that L is an object in ^ which comes 
with a chosen map S ^ L. Let I denote Bokstedts category. This category has 
objects the finite sets n for n > 0. The morphisms are the injective functions. 
Notice that S is a subcategory of /. For any morphism p : n' — n in / we have 
maps 

idAp,: V{n) A L^"' V{n) A L^" 

and 

p* Aid: V{n) A L^"' ^ V{n') A L^'^' . 

The first map comes from shuffling factors according to p, and inserting S ^ L 
for those factors in L^" corresponding to points in n, not in the image of p. The 
second map comes from the identification of S with V{0), n — n' times, and then 
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using the appropriate composition operations to reduce from V{n) A P(0)^" 
to Vin'). 

Definition 4.2,1 

We define PL to he the coequalizer of 

Y V{n) A L^"' ^ \J V{n) A L^" . 

p-.n'^n n 

Remark 4.2.2 

Observe that PL also can be described as the coend 

/ne/ 
V{n) A L^" . 

By S I ^ we mean the category of objects in ^ under S. We want to show that 
P is a monad in this category. Recall that a monad M in a category ^ consists 
of a functor M : — ^ together with natural transformations /i : M and 

T] : id ^ M such that is a left and right unit for fj,, and fj, is associative. 

Proposition 4.2.3 

For any operad V in ^ , P is a monad in S . 



Proof: Using the unit of V we have a map 

L = S AL ^V{1) AL c\/Vim) AL"""" PL . 

m 

This is the natural transformation rj. Since L is under S, PL is also an object in 
S I ^ via the composition S ^ L ^ PL. 

To construct the multiplication /i : PPL PL we will use the composition 
operations of V. Recall the definition of May's multioperation 7 : V{m)AV{ni)A 
■ ■ ■ A V{nm) Vijii + • — h rim) as the composition of o's, see remark 11. 1.31 We 
now define jl as the composition 

V{m) A {V{ni) A A ■ ■ ■ A (P(n„) A L^"-) 

V{m) A V{n,) A ■ ■ • A A A • • ■ A 

^ P(ni + ris + ■ ■ ■ + n^) A L^W+-2+-+-;.) . 

Notice that fl is natural for nj G 1°^ and for nj G /. Thus we have an induced 
map 

Vim) A (PL)''"' PL . 
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Given p : m' ^ m, it is an exercise to check that the diagram 

V{m) A (PL)^™' V{m) A (PL)^™ 

p*Aid 

P(m') A (PL)^'"' > PL 

commutes. And we get our monad multiplication 

/i : PPL PL . 

Clearly rj is a left and right unit. Associativity of /i follows from associativity 
rules for the composition operations o^. □ 

If M is a monad in a category then we recall that an M-algebra is an 
object L of ^ together with a map 9 : ML — > L, such that 9fi = 6M{6) and 
er]L = idi. See chapter VI in [MT;98j . 

Proposition 4.2.4 

There is a natural one-to-one correspondence between V-algebras and P-algebras. 

Proof: Given a P-algebra L, we define the "P-algebra maps 9m as the composi- 
tions 

V{m) A L^™ ^ PL ^ L . 
Conversely, if L is a "P-algebra, we check that the following diagram commutes 

P(m) A L^™' P(m) A L^'" 

p*Aid 

P(m')AL^™' PL 

for all p : m' ^ m in /. Thus we have an induced map PL — > L, and we take 
this as a definition of 9. □ 

Corollary 4.2.5 

PL is a V-algebra, and for any map f : K ^ L in^ , the induced map Pf : 
PK — i> PL is a map of V-algebras. 

Proof: The multiplication p : PPL PL gives PL a P-algebra structure. 
And naturality implies that Pf : PK — > PL is a P-algebra morphism. □ 

Let M be a monad in Recall from May |May72| that an M-functor is 
a functor F with the same source as M together with a natural transformation 
A : FM F, such that XFr] is the identity and APp = AA. 
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Proposition 4.2.6 

If a -.V Q is a map of operads, then Q is a P-functor. 



Proof: By functorality of the construction of P form V it is clear that a induces 
a morphism of monads P ^ Q. 

Now let aL denote the natural transformation PL — > QL, and define A to be 
the composition 

QPL ^ QQL ^ QL . 

Here /x' is the multiplication for Q. The properties of a P-functor are easily ver- 
ified. □ 



4.2.2 Homotopy theory of operads and their algebras 

Having treated the categorical theory of operads and monads we now turn to- 
ward homotopy theory. Berger and Moerdijk, |BMfl3| . define model structure 
on operads in monoidal model categories. Their approach requires a symmetric 
monoidal fibrant replacement functor. See their theorem 3.1. We are interested 
in orthogonal spectra, but this category does not possess such a functor, see our 
remark 1^.6.21 Also see example 4.6.4 in |BMfl3] . However, we do not need a 
model structure on operads in orthogonal spectra. Direct methods are sufficient. 

Suppose given notions of cofibration and weak equivalence for orthogonal 
spectra. Let a : V ^ Q he a map of operads in orthogonal spectra, and f : K —> 
L a map of orthogonal spectra under S. We ask: 

When is ?7 : L — i> PL a cofibration? 

When is Pf : PK PL a cofibration? 

If each a : V{j) Q{j) is a weak equivalence when is also PL QL a 
weak equivalence? 

If / is a weak equivalence, when is Pf : PK PL also a weak equivalence? 
Remark 4.2.7 

The author originally wanted to address these questions for arbitrary operads V. 
In this setting, the functor T of theorem l3.9.1l should be the cofibrant replacement 
functor for operads. Proposition l3.9.1(Il would ensure that TV had S-equivariance. 
However, as lemma 14.2.81 below shows, one must be able to analyze the smash 
product over Sj. But getting results about X As^ Y when X and Y are S^- 
equivariantly orbit cofibrant, turned out to be too difficult. Therefore the author 
had to impose a very restrictive condition on the operads. Further details about 
this condition can be found below. Still the cases of main interest, the operads 
Vn, fits into this restrictive framework because of theorem 14.3.111 
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A milder hypothesis that could work is to assume Ej-freeness of V{j). But 
for our applications the stricter condition is sufficient. 

We will answer the questions by giving sufficient criteria in the propositions 
below. Central in all arguments is a filtration of PL. It is given by defining FjPL 
to be the coequalizer of 



y V{n) A L^"' ^ \l V{n) A L^" 

n=0 



p;n — »n 



By FqPL we will understand the sphere spectrum S, and S = FqPL —>■ PL is 
the unit of PL. As coends we can write 

rn<j 



V{n) 



FjPL^ I PWaL^" 



Lemma 4.2.8 

FiPL — V{1) A L, for j >2 there are pushout squares 

V{j) As, sL^^-i > Fj_,PL 

V{j)Aj:.L^^ > FjPL 

and cohmj FjPL — PL. 

Here sL^^-^ is an abbreviation for {SAL''^~^)U{LASAL''^'^)U- ■ ■U(L^^-1a5). 
The proof that follows is categorical, so this lemma holds for any symmetric 
monoidal category which has small colimits. 

Proof: To see that PL = colimj FjPL we consider the diagram 

"An ^ \/ 'r>(^\ A rAn ^ ... 



••• > V :P(m)AL^'^ > V V(m)AL' 

p:n— +m p:n— +m 
m<j—l ni<j 

ii a 

> yi;l,V{m) A L^-^ > yl^,V{m)AL^-^ — 

and use that taking colimits and taking coequalizers commute. 

To see that the diagram is pushout we will use a trick involving coends. We 
now fix j. Suppose that m and n' are objects in Bokstedts category /, we then 
have a pushout square of based sets 

: m ^ n' , where m < n' = : m — > n' , where m < j and n' < j}+ 



: m ^ n' , where m < n' = >{0 : m — > n' , where m < j and n' < j}^ 
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Here the ^'s are injective maps. We interpret the sets on the left to be * iin' j, 
and all sets are * if n' > j. The subscript + means that we have added an extra 
basepoint. Varying m G 1°^ and n' e / we see that the collection of these sets is 
a functor /°p x / ^ Sns^. 

Now smash the diagram above with P(n) on the left and L^^' on the right. 
We get a pushout diagram 

V{n) A {m n' I m < n' = j}+ A L^"^'^V{n) A {m n' | m < j, n' < j}+ A L^"'' 



V{n) A {m n' I m < n' = j}+ A L^"*'^ V{n) A {m n' | m, n' < j}+ A L^"^' 

of functors /°p x /°p x / x / — > J^^. Pushouts and coends commute, so applying 
the iterated coend to the diagram yields a pushout. We calculate the corners of 
the resulting diagram by first taking the coend over n e /, then over me/. We 
have: 



/m pn 
/ V{n) A : m ^ n I m < n = j}+ A L^"* 

/m 
A : m ^ j I m < j}+ A L^'" 

/m pn 
/ V{n) A : m ^ n I m < n = j}+ A L^'" 

/m 
7'(i)A{^:m^j|m<j}+AL^- 

= P(j)As,L^^' , 

/m /"n 
/ P(n) A : m ^ n I m < j and n < j}+ A L 

/m 
P(m) A T(m < j) A L^™ 

/n<j 
V{n) A L^" 



F,_iPL and 
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/m fn 
/ V{n) A {9 : ui ^ n \ m < j and n < j}+ A L^"" 



V{m) A T{m < j) A L^™ 



V{n) A L 



An 



F,PL 



Here T(m < j) is the functor sending m to 5"° if m < j and to * if m > j. And 
T(m < j) is defined similarly. 

Thus the calculations show that the resulting diagram, which must be a 
pushout by construction, is equal to 



-1 



This concludes the proof. 



F,PL 



□ 



From now on we will only consider operads in orthogonal spectra. In order 
to prove the propositions we will only work with those operads V such that 
each V{j) can be written equivariantly as X A for some (non-equivariant) 

orthogonal spectrum X. 

Proposition 4.2.9 

If S ^ V{1) and S L are orbit q-coGbrations, and each V{j) can be written 
equivariantly as a product X A with X being an orbit cohbrant (non- 

equivariant) orthogonal spectrum, then the unit r] : L ^ PL is an orbit q- 
cohbration. 



Proof: First fix j > 2. By proposition L'lll.ll sL^^^-^^ L^^ is an orbit 
q-cofibration. Applying V{j) As, — we get 

r{j) As, = X A sL^(^'-i) ^ X A L^^' = V{j) As, L^^' , 

for some orbit cofibrant X depending on j. Using proposition EHUD again, this 
map is an orbit q-cofibration. 

Orbit q-cofibrations are stable under cobase change. In the filtration for PL 
we now have that each Fj^iPL — > FjPL is an orbit q-cofibration for j > 2. 
Observe that also L — > V{1) A L = FiPL is an orbit q-cofibration. 

We now have a sequence of orbit q-cofibrations and by proposition 13.11.41 we 
have that 

7]-. L^ co\mv FjPL = PL 
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is an orbit q-cofibration. □ 
Proposition 4.2.10 

Let f : K ^ L be a map under S. If f and S K are orbit q-coGbrations and 
each V{j) can be written equivariantly as a product X A with X being an 

orbit cohbrant (non-equivariant) orthogonal spectrum, then Pf : PK PL is 
also an orbit q-cohbration. 

Proof: By proposition 13. 1 1 .41 we must show that 

FiPK = V{1) AK ^ r{l) AL = FiPL 

is an orbit q-cofibration, and that for every j > 2 the map 

F,PK Uf^_,pk F^-iPL F^PL 

also is an orbit q-cofibration. The first statement follows directly from the as- 
sumptions together with proposition 13. 1 1 . 11 The second statement is proved as 
follows: 

Fix some j > 2 and consider the diagram 

si^A(i-l) , J^Aj 

si^AO'-i) , L^j 

Observe that 

K""^ U,K-u-i) sL""^^-^^ = KA L^-^'-i ULAKA L^^'"' U ■ ■ ■ U L^^'^^ A K . 
By proposition 13 . 1 1 . ll the canonical map 

is an orbit q-cofibration. Since V{j) = X A for some orbit cofibrant X, the 

functor V{j) As^ — takes orbit q-cofibrations to orbit q-cofibrations, see proposi- 
tion inHHH It follows that the map 

V{j) As, K"^' U^(,)^,^^,KAO-i) V{j) As, ^ V{j) As, L^^- 

is an orbit q-cofibration. Now take a look at the diagram 

Fj_,PK i VU) As, sir^(^-i) > VU) As, K"^' 

F^_,PL < V{j) As, sL^(^-i) . V{j) As, L^^ 
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Apply lemma I2.2.1()l and use that orbit q-cofibrations are stable under cobase 
change to conclude that 

F,PK Uf,_,pk F,.iPL ^ FjPL 
is an orbit q-cofibration. □ 

Proposition 4.2.11 

If for each j the map a : V{j) — > can be written equivariantly as a product 
XA(Sj)_|_ FA(Sj)+ where X — > F is a n ^-isomorphism between orbit cohbrant 
orthogonal spectra, and S ^ L is an orbit q-cohbration, then PL QL is a 
vr* -isom orphism . 

Proof: Since each V^j) is a product X A where X is orbit cofibrant, the 

first part of the proof of proposition 14.2.91 shows that each map 

Fj_iPL FjPL 

is an orbit q-cofibration. Similarly we have that each Fj_iQL — > FjQL also is 
an orbit q-cofibration. Observe that any orbit q-cofibration is an 1-cofibration. 
Hence by proposition 12.1.91 it is enough to show that each FjPL — > FjQL is a 
7r*-isomorphism. 

Fix j > 1. We now perform a little trick using the cofibrant replacement 
functor F: Let K be sL^^^~^^ or L^^ . In the argument that follows K could in 
fact be any orthogonal Sj-spectrum. The diagram 

V{j) Ae^ TK QU) As, TK 

can be written as 

X ATK Y ATK 



XAK > YAK 

for some orbit cofibrant X and Y . Since VK — ^ is a level-equivalence, propo- 
sition 13.11.21 implies that the vertical maps are level-equivalences. The map at 
the top is a vr^-iso by proposition 12.4.71 Thus the two maps 

V{]) As, sL^(^'^i) -> As, sL^(^-i) and As, L''^ ^ As, L^^' 

are vr^K-isomorphisms. 
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Now we prove by induction that FjPL FjQL is a 7r*-iso. For j = 1 this 
follows directly from the argument above since FiPL = V{1) A L and FiQL = 
Q(l) A L. For the induction step we consider the diagram 

F,_iPL < V{j) Ae, sL^(^-i) V{j) As, L^^' 

F,_,QL < Q(j) As, sL'-i^-'^ -^U Q{j) As, L^^' 

The vertical maps are 7r*-isos and the maps marked i and i' are 1-cofibrations. 
By proposition 12.4.61 we get that the row- wise pushout, FjPL — > FjQL, is again 
a 7r*-iso. □ 

Proposition 4.2.12 

If each V{j) can be written equivariantly as a product X A {^j)+ with X being 
an orbit cohbrant (non-equivariant) orthogonal spectrum, and the maps S ^ L 
and S ^ K are orbit q-cofibrations, and f : L ^ K a n ^-isomorphism under S, 
then the map PL —>■ PK is also a n ^-isomorphism. 

Proof: It is enough to show that each FjPL FjPK is a 7r*-iso. This follows 
from proposition 12 . 1 . 9l 

We have FiPL = V{1) A L and FiPK = V{1) A K, so applying the trick of 
the previous proof to the diagram 

V{1)ATL > V{1)ATK 

V{1)AL > V{1)AK 

we see that the natural map FiPL FiPK is a 7r*-iso. 

Let cL^^ denote the cofiber of sL^^~^ L^K This map is an orbit cofibration 
by proposition Emm hence also an 1-cofibration. This implies that cL^^ has the 
homotopy type of the homotopy cofiber. Similarly we can define cK^^ . 

Observe that proposition 12.4.91 also holds for orbit q-cofibrations. To see this 
notice that its proof is formal. In the orbit cofibrant case, we can use proposi- 
tion [HHIISl instead of proposition 12. 4. 7[ and proposition 13 . 1 1 . ll instead of propo- 
sition [2lliHl By induction on j and using that the conclusion of proposition 12.4.91 
for the induction step, we prove that the map 

is a 7r=K -isomorphism. 



4.2. OPERADS AND THE TWO SIDED BAR CONSTRUCTION 



145 



We now claim that the map V^j) As^ cL^^ cK^^ is a 7r*-iso. To 

check the claim, recall that V{j) = X A where X is orbit cofibrant. Now 

inspect the diagram 

rXATcL^-'' TX ATcK^^ 



X ATcL^^ > X ATcK^^ 



V{j) As,. cL^^' X A cL'^i > X A TcK''^ V{j) As,. cK""^ 

The propositions 13 . 1 1 ."^ and inTTi show that the maps marked with ~ are 7r*-isos. 
The claim follows. 

Now inspect the map between cofiber sequences given by the filtration: 

F,_iPL > FjPL > P(j)As, cL^^' 

Fj^iPK > FjPK > r{j) As, ciT^^' 

The first map is a 7r^,-iso by induction, while the last map is a 7r^.-iso by the ar- 
gument above. It follows that the middle vertical map also is a vr^-iso. □ 



4.2.3 Operads and simplicial objects 

We are now going to discuss how a monad P induced by an operad extends to 
simplicial orthogonal spectra. Recall that a simplicial orthogonal spectrum is a 
functor 

L, : A°P ^ . 

But P has domain orthogonal spectra under the sphere spectrum, so we cannot 
form the composition PL, unless we demand that L, has a chosen lifting to a 
simplicial object in 5 | J^y. Luckily this is not a restrictive condition; a functor 
A°P — ^ (5' I J^y) is equivalent to a simplicial orthogonal spectrum L, together 
with a chosen map S ^ Lq. 

Geometric realization of a simplicial object in S* | J^y yields an orthogonal 
spectrum under S. And we ask if P and | — | commutes: 

Proposition 4.2.13 

Let L, be a simplicial object in S | J^y and V any operad in orthogonal spectra, 
then there is a natural isomorphism 

V : IPL.I P\L,\ , 
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such that the following two diagrams commute: 



\L.\ 



\L,\ 



\PL.\ 



P\L,\ 



PPL,\ PP\L,\ 



and 



\PL,\ 



P\L.\ 



Proof: We use the filtration of P and construct z/ : \FjPL,\ FjP\L,\ by 
induction. For j = 1 we let 

\FiPL,\ = \V{1) A L,\ r{l) A \L,\ = FiP\L,\ 



be the natural isomorphism given by lemma 12.5.41 For the inductive step we 
consider the diagram 



VU) As, 



F.^iPL. 



F,-iP\L.\ 



The first two vertical maps are isomorphisms by lemma I?. 5. 4L while the last is an 
isomorphism by induction. It follows that the map between the pushouts also is 
an isomorphism. 

Since z/ : \PL,\ P\L,\ is a colimit of isomorphisms, it is itself an isomor- 
phism. 

To see that u is unital we just observe from the construction above that the 
following diagram commutes: 



l^.l 



l^.l 



l'7l 



\FiPL.\ 



FiP\L,\ 



\PL.\ 



P\L.\ 



At last we want to check that z^ o is equal to /i o Pp o z/. Since the natural 
map y ■ V{i) A K'^^ — > PK is surjective for any orthogonal spectrum K under S', 
it is enough to check that the following diagram commutes: 



y,v{j)A\L,\ 



To do this recall the stepwise definition of /x, use that wedge and geometric real- 
ization commute and lemma 1^.5. 41 This finishes the proof. □ 
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Corollary 4.2.14 

Let V be an operad in orthogonal spectra. The geometric realization is a functor 
from simplicial P-algebras to P-algebras. 

Proof: A simplicial P-algebra is a functor 

L, : A°P ^ {P-algebras} . 

Its geometric realization is defined by realizing the underlying simplicial orthog- 
onal spectrum. We define 9 for |L,| as the composition 

P\L,\ ^ \PL,\ \L,\ . 

Here the last map uses the P-algebra structure of each Lq. Using the two diagrams 
in the proposition above, we easily see that this is a P-algebra. 

Functorality follows from naturality of v. □ 



4.2.4 The bar construction 

We are now going to recall the definition of May's two-sided bar construction. 
In |May72| May uses this bar construction in relation with operads in topological 
spaces. In this subsection we will prove his results for operads in orthogonal 
spectra. Due to remark 14.2.71 we will not consider arbitrary operads, but only 
those V such that each V{i) can be written equivariantly as a product X A (crj)+ 
for some orbit cofibrant X. We are particularly interested in improving a V- 
algebra to a homotopy equivalent Q-algebra, when given a map of operads V ^ Q 
such that each Q{j) can be written equivariantly as the product of a tt*- 

iso X — > y and 

Definition 4.2.15 

Let C be a monad, F a C -functor and X a C -algebra, then we define Bq{F, C, X) = 
FC^X . We have face and degeneracy operators given by 

do = A, 
= FC'-^fi, 

dg = FC-^e, 

S^ = FC\ 

And we define B{F, C, X) as the geometric realization of B,{F, C, X). 

We now specify the situation we are interested in. Let V be an operad in 
orthogonal spectra, and L a P-algebra. In addition let a : V ^ Q he a map of 
operads. Now assume that: 



A : PCX ^ PC-'X , 

fi : C'-'+^X C-'X forO<t<q, 

e-.CX^X and 

n : C-'X C^-'+^X . 
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the unit S L is an orbit q-cofibration, 

the unit S* — > P(l) is an orbit q-cofibration and each V{j) can be written 
equivariantly as a product X A with X being an orbit cofibrant (non- 

equivariant) orthogonal spectrum, 

the unit S is an orbit q-cofibration and each can be written 

equivariantly as a product Y A with Y being an orbit cofibrant (non- 

equivariant) orthogonal spectrum, and 

each a : V{j) Q{j) can be written equivariantly as a product X A 
(Ej)+ ^ Y A where X ^ Y is a 7r*-isomorphism. 

These are standing assumptions for the rest of this subsection. 

In order to do calculations with the bar constructions we should know that 
[q] I— i> QP'^L is good. 

Lemma 4.2.16 

Under the assumptions above [q] i— QP'^L is good. 

Proof: The i'th degeneracy operator is defined as 

Si = QP't] , where r] : P'^~'L -> P'^-'+^L , 

for < 2 < g. We will check that Si is an orbit q-cofibration. 

We use proposition 14.2.91 and proposition 14.2.1(11 By simultaneous induction 
we prove that the unit S — > P^L and r] : P^L — > P^^^L are orbit q-cofibrations. 
Since both P and Q preserves orbit q-cofibrations this implies that Si = QP'^t] is 
an orbit q-cofibration. □ 

Lemma 4.2.17 

B{Q,P, L) is a Q-algebra. 

Proof: By corollaTv l4.2.14l it is enough to show that [q] i-^ QP'^L is a simplicial 
Q-algebra. 

For a given q the Q-algebra structure map 6 : QQP'^L — > QP'^L is defined 
as the multiplication ft' of Q. By naturality of /x' we easily see that the Sj's for 
< i < q and the (ij's for 1 < i < g are Q-algebra morphisms. They are all 
defined as Qf for suitable /'s. Only do requires more checking. Recall that do is 
defined to be A : QP'^L QP'^^^L, but A = fi'Qa and associativity of fi' implies 
that do is a Q-algebra morphism. □ 
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Proposition 4.2.18 

Since L is P-algebra, the evaluation B{P, P,L)-^L is a map of P-algebras and 
a 7T^,-isomorphisna. 

Proof: Define 

/, : PPU ^ L 

to be the iterated composition 

PpiL^P'^L^P'^-^L^ >PL^L . 

This defines a simplicial map from [q] t-^ PP^L to the constant simplicial orthog- 
onal spectrum [q\ L. Its realization is the evaluation B{P, P,L) — > L. Since L 
is a P-algebra the following diagram commutes for all q: 

pppiL PL 
PpiL ^II^ L 

thus the collection fg is a map of simplicial P-algebras, and by corollary 14.2.141 
it follows that P(P, P,L)^L is also a P-algebra map. 

Using the unit rj : L ^ PL we define a coretraction for the evaluation map. 
On the level of g-simplices it is defined by 

sir]-. L^ PP'^L . 

Be warned that L ^ B{P, P, L) is not a P-algebra map. 

The composition L — > B{P,P,L) ^ L is clearly the identity. Composing in 
the opposite order we get P(P, P, L) ^ L B{P, P, L) and the resulting map is 
the realization of 

slr]fg : PP<?L ^ PP^L . 
Now it is easy to see that the maps hi : PP'^L PP'^^^L for < i < q, defined 

by 

hi = sir]4 : PP^L ^ PP'^+^L , 

give a simplicial homotopy between s^rifq and the identity. Thus P(P, P,L)^L 
is a TT^, -isomorphism. □ 

Proposition 4.2.19 

Under the assumptions above the map B{P, P,L) B{Q, P, L) induced by a is 
both a n^^-isomorphism and a map of P-algebras. 
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Proof: By inductive use of proposition 14.2.91 the map 5* P'^L is an orbit 
q-cofibration for every q. By proposition 14 . 2 . 1 ll it follows that PP'^L QP'^L is 
a 7r^,-isomorphism for all q. The simplicial orthogonal spectra [q] t-^ PP'^L and 
[q] ^ QPiL both are good by lemma lTTTCl hence B{P, P, L) B{Q, P, L) is a 
7r*-iso. 

The last claim is easily checked: a induces a P-algebra structure on QP^L, 
and the map 

{[q] ^ PP'^L) ^ ([g] ^ QP^L) 
is a map of simplicial P-algebras. We now appeal to coroUarv 14.2.141 □ 

Remark 4.2.20 

Together the two propositions 14.2.181 and 14.2.191 give a procedure for replacing a 
P-algebra by a P-equivalent Q-algebra. We have 

BiQ,P,L) ^ B{P,P,L) ^ L . 

Here both maps are P-algebra maps and vr,, -isomorphisms. In addition the first 
P-algebra is also a Q-algebra. Moreover, the following proposition shows that 
B{Q, P, L) is unique up to vr,,, -isomorphism of Q-algebras. 

Proposition 4.2.21 

In addition to the assumptions above assume that S L' and S ^ A are orbit 
q-cohbrations. li A L' ^ L are n ^-isomorphisms of P-algebras, with A a 
Q -algebra, then there are it ^-isomorphisms 

A 4- BiQ, P, L') ^ B{Q, P, L) 

of Q-algebras. 



Proof: By functorality of the two-sided bar construction we have maps 

B{Q, P, L) ^ BiQ, P, L') ^ B{Q, P, A) ^ B{Q, Q,A)^A . 

All these maps are easily seen to be maps of Q-algebras. By proposition 14.2.181 
the last map is a 7r^,-iso. 

By proposit ion l4 . 2 . 1 2l and corolla,rv l4.2.14l the first two maps are 7r*-isomorphisms. 

Combining the propositions 14.2.111 and 14.2. 12L we prove by induction that 
each 

QP'^A ^ Q^+^A 

is a 7r=K-iso. Hence by corollaxv 14 . 2 . 1 41 also the map B{Q, P, A) —* B{Q, Q, A) is a 
7r*-iso. □ 
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4.3 Involution operads on S[QM] 

The main concern of the previous sections has been to set up a theory for operads 
in orthogonal spectra. Let M be a compact manifold and ^ a vector bundle over 
M. In this section we will apply this theory to construct involutions, depending 
on ^, on orthogonal ring spectra R, which are 7r*-isomorphic to ^[fiM]. Thus R 
and S'[f2M] have identical homotopy groups, and we want the involution on R to 
coincide with the involution l on tt^SIQM], where l is given as follows: 

Definition 4.3.1 

Assume that ^ is an n-vector bundle. A class in nqS[QM] is represented by a 
map 

a : S'^^^ nM+ A . 
Parallel transportation in ^ along loops in M gives a homomorphism 

P:QM ^ GL{W) . 

Using P, we deHne a map P : S"- A i7M+ fiM+ A S'" by sending {v, 7) to 
(7, P(7)(t>)). We have transported v along 'j and reversed the loop. The involu- 
tion L is now defined by sending the class of a to the class of the composition 

gn ^ gg+k jdAa^ gn ^ ^ gk ^ gk+n ^ 

The strategy now is to construct operads Vn in orthogonal spectra, subsec- 
tion l4.;if| for positive integers n. When n is the fiber dimension of ^, we show in 
subsection 14.3.21 that S'[f2M] is a I'n-algebra. The next step, subsection is 
to show that and H are "homotopy equivalent" operads. In subsection 14.3.41 
we bring everything together and state and prove the main theorem. 

4.3.1 The construction 

Here we will design operads P„ in orthogonal spectra for every positive integer n. 
Their purpose is to encode the involution on S'[f2M] given by an n-dimensional 
vector bundle ^ over a manifold M. In subsection 14.3.21 below we will see that 
S'[f2M] is a Pn-algebra. The main result of this subsection is: 

Theorem 4.3.2 

Vn, as constructed below, is an operad in orthogonal spectra. And there is a map 
of operads — > Ti-. 

The proof will be given at the end of this subsection, before that we have to 
construct the operad. We will also provide an orbit cofibrant replacement for 
see theorem 14.3.1 II below. 

Our first aim is to define for each j orthogonal Sj-spectra T>n{j). But before 
reaching this aim we have to introduce the topological groups -D„(j; V). Here V 
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is a finite dimensional real inner product space. We write the group operation 
of Dn{j; V) multiplicatively, 1 is the unit, and we define this group by specifying 
generators and relations. The generators have the form (</>, r), where cj) -.W^ ^ V 
is an isometric embedding and 1 < r < j an integer. Notice that the generators 
form a topological space. There are two classes of relations. These are: 

i) Cancellation of repeated pairs: For all and r we set 

(0,r)(0,r) = 1 

ii) Orthogonal pairs commute: Whenever (p ± ip and r ^ r', we set 

(0,r)(V^,r') = (V^,r')(0,r) . 

There is an increasing filtration of Dn{j; V). Let FmDn{j; V) be the subset of all 
elements represented by words with m or fewer letters. As a topological space 
FmDn{j; V) is a quotient of Ulio"^^*' where X is the space of generators. And 
the group -Dn(j; V) has the topology of the union (=colimit topology). Notice that 
an isometric embedding V ^ V induces a homomorphism Dn{j; V) — > -D„(j; V). 
We are now ready to define Vn{i). 

Definition 4.3.3 

Let Vni^j) be the orthogonal T,j -spectrum given by the formula 

I?„(j)(V^) = Pn(j;V^)xS,)+A5^ . 

The right assembly, a : Vn{j){V) A ^ 1^nU)iV ®W),is induced by the 
natural isometric embedding V ^ V Q) W . Let (x, p, v) be a point in {Dn{j; V) x 
A and i/ G S^. Then the right S^-action Vr^{j){V) x Vr,{j)iV) is 

simply given by 

Lemma 4.3.4 

Each Vn{i) can be written equivariantly as a product X A where X is a 

(non-equivariant) orthogonal spectrum. 



Proof: Let X{V) = V)+ A . □ 

Now recall the definition of the operad H. Here we use the description given 
in remark 14.1.81 And we consider H to be an operad in orthogonal spectra via 
suspension, see exa,mple l4.1.6[ We will now define for each j a map 
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After defining the operad structure on Vn we will see that the collection of these 
maps defines a map of operads. We begin the construction by defining group ho- 
momorphisms p : -D„(j; V) (Z/2)-^. Recall that we write Z/2 multiplicatively. 
The maps p are given on generators by 

p(0,r) = (l,..., 1,-1,1,...,!) , 

where the —1 lies in the r'th factor. The map above is now defined as 

V^{j){V) = {D^{j;V)xEj)+AS'' 

n{j){V)= ((Z/2y X A 5^ 

The construction of composition operations on is quite abstract. Let 
me therefore suggest to the reader to take a look at how the action of Vn on 
S'[f2M] is defined, see the first part of subsection I4.3.2L before proceeding with 
the details given here. The action has been the author's guideline when defining 
the composition operation. How to define the operad structure on Vn is forced 
by the formulas for the action. So keeping the main geometrical idea behind the 
action in mind, will probably help the reader to understand this subsection. 

Assume for a moment that we can define non-S-equivariant composition op- 
erations Oj : Dn{j; V) X Dn{k; W) Dn{j + k — l; V(BW). Using these our next 
goal is to define composition operations on the product Dn{j; V) x Sj. There will 
be a twist by p in the definition of Oj on the product. Write Pi{x) for the i'th fac- 
tor of p{x). Let (x, p) and {y, v) be elements in -D„(j; V) x and Dn{k; W) x 
respectively, then the formula is 

{x,p) Oi {y,v) = (x Op^i) y,pOi iTk{Pp(i){x))v)) . 

Here denotes the group homomorphism Z/2 — > which sends —1 to the 
order reversing permutation. Compare this formula with the formula defining 7i 
in remark l4.1.81 

Details: We cannot postpone the details any more. To define the composition 
operations 

o, : DnU; V) X Dn{k; W) ^ + k-l;V(BW) 

we first define a homomorphism q : Dn{k; W) Dn{j + A; — 1; © W). Next 
we define a left action, hj, depending on i, of -D„(j; V) on -D„(j + A; — 1; © W). 
Then Oj is given by the formula 



xoiy = x\-i Ciiy) 
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Let ii : V ^ V ®W and i2 W ^ V ®W he the natural inclusions, q is defined 
on generators of Dn{k; W) by 



To define hj, we first introduce an automorphism, 2; i-^ 2; of Dn{j + k — l;V®W). 
This automorphism depends on i and is defined on generators by 



For a generator (0, r) in Dn{j; V) and an element z e -D„(j + k — 1;V Q) W) we 
now define hj by 



To prove formulas containing the composition operators we often do induction 
on the length of a word in the Dn{—', — ) groups. We also need some basic formulas. 
These are: 

Lemma 4.3.5 

Let X be a word and (0, r) a generator of Dn{j; V), let y be a word and {ip, r') a 
generator of Dn{k; W), and let z be a word in Dn{j + k — 1;V (B W). We have: 

i) 1 0,1 = 1, 

ii) xhi z= {xoi l)z ifpi{x) = 1, 
Hi) x\-i z — {x Oi l)z ifpi{x) — —1, 

iv) r)) Oj 1 = (x Oj !){(}), r) ifr < i, 

v) {x{(j), r)) Oj 1 = (x Oj 1)(0, i + /c — 1) • • • (0, i) ifr — i and Pi{x) — 1, 

vi) {x{(f), r)) Oil — [x Oj 1)(0, i) • • • (0, i + — 1) ifr — i and Pi{x) — —1, 

vii) {x{4>, r)) Oj 1 = (a; Oj 1)(0, r + A; — 1) if r > i, 
via) X Oj r')) = {x y){'il;, r' + i - 1) ifpi{x) = 1, 

ix) x Oj r')) = (,T Oj y){^,k + i- r') if Pi{x) = -1, 

x) r)) o^y ^ {x Oj r) if r < and 



Ci(0,r) = (i20,r + i - 1) 




(0, r) for r < i, 

(0, /c + 2i — r — 1) for i < r < /c + i, and 
(0, r) for /c + i < r. 
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xi) {x{(f), r)) Oj y = (x Oj y){(j),r + k- 1) if r > i. 
Observe that we have omitted the canonical inclusions ii and from the notation. 

Proof: All formulas are checked by inspecting the definition of Oj. To illustrate 
the techniques involved we write out the proofs for vi) and x). 

vi): We have 

{x{(p, r)) Oj 1 = X h ((0, i) h 1) 

= a;h ((0,« + A;-l)---(0,?)) 
= (x Oj 1)((/), i + - 1) ■ ■ ■ (0, i) 
= (a; Oj l)(0,i) • • • + /c - 1) . 

Here we have used iii) and that hj is a group action. 

x): Observe that {(f),r)ci{y) = Ci{y){(l),r) by the "orthogonal pairs commute" 
relation in D^ij + k — 1; V®W). Assume that Pi{x) — 1, so that ii) applies. Now 
we have: 

{x{(j), r)) Oi 1/ = X h ((0, r) h Ci{y)) 
= (x Oi l) [{(j),r)ci{y)) 
= (x Oi l)ci(i/)(0,r) 
= (x h Q(|/))(0,r) 
= {xoiy){(j),r) . 

If Pi(x) = — 1 we use iii) instead of ii) in the above calculation. □ 

We have the following proposition telling us how p and o interact: 
Proposition 4.3.6 

Let X e Dn{j; V) and y e Dn{k; W). Then 

Phix) for h < i, 

Ph-i+i{y) fori<h <i + k and Pi{x) = 1, 
—Pi+k-hiu) for i < h < i + k and Pi{x) — —1, and 
Ph-k+i{x) for i + k < h. 

In the case i<h<i + kwe can rewrite the formula as Ph{x Oj y) = pj(x) • 

Prk{pi(x)){h-i+l)(y)- 

Proof: The cases h < i and i + k < h follow immediately from the definitions. 



Ph{x Oj y) 
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Assume that i < h < i + k. The proof proceeds by induction on the length of x. 
If X — 1, then Pi{x) — 1 and we have 



Now let X = {4>,r)x' and assume that the formula is true for x'. There are 
six cases to consider. For r we have three possibilities r < i, r — i oi r > i, and 
Pi{x') can be 1 or —1. We check two cases carefully, and leave the four others to 
the reader. 

If r < i and Pi{x') = — 1, then also Pi{x) = —1. The left side of the formula 
becomes 

r)x') Oi y) = Ph{{(t>, r) {x' y)) = Ph{{(t>, r)) ■ Ph{x' y) = py,{x' y) , 

while the right side is —pi^k^hiv)- Thus the formula holds by the induction 
hypothesis. 

If r = 1 and Pi{x') = 1, then Pi{x) = pi{{(j),i)x') = pi{(j),{) -pi^x') = (—1) ■ 1 = 
— 1. Observe that by the definition of the involution z ^ z on Dn{j+k — l; V(BW) 
we have Ph{z) = pk+2i-h-iiz). Calculating the left side of the formula we get 

Ph{{{(l),i)x') Oiy) =ph{{(l),i + k -!)■■■ t/)) = -pk+2i-h-i{x' o^y) , 

and the right side is —pi+k-h{y) ■ The induction hypothesis says that Pi{x') = 1 
and thus pk+2i-h-i{x' o^y) — pi_^k^h{y) since i <k + 2i — h — l<i + k. Therefore 
the formula is true for x. □ 

We now deduce the arithmetic rules for the composition operators on — ). 

Proposition 4.3.7 

Let X e Dn{j', V), y G D^ik] W) and z e D^il] U). The following associativity 
formula holds: 



Proof: To complete this proof we have to do induction three times. Luckily we 
can reduce the number of cases using the following observation: Suppose that we 
already have proved the first case of the formula, {xoiy)oy^z = (xo^j^;) Oj_,_;_iy for 
h < i, then by inserting x — x' , y = z', z = y', I = k', h — i' and i — h' — k' + 1 
we immediately get that 



Ph{x Oj y) =Pfe(l 



y) ^Ph{ci{y)) ^Ph-i+i{y) 



{x Oi y) Oh z 



' [x Oh z) Oi+,„i y forh< i, 

X Oi (y Oh-i+i z) for i < h < i + k and Pi{x) = 1, 

X Oi [y Oj^fc_/j z) for i < h < i + k and Pi{x) = —1, and 

^ {x Oh-k+i z) Oiy fori + k< h. 



{x' oy-k'+i z ) Oi, y' = (x' Oi, y') Oh, z for i' <h! -k' +1. 



And this is the last case. Hence we need only to prove the first three cases. 
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First induction: We begin the proof by showing that 



{X Oi 1) Of^ 1 



(x 1) Oi^i_i 1 fovh< i, 

X Oj (1 Of^_i^i 1) for i < h < i + k and Pi{x) 

X Oj (1 Oj_,_;j_^ 1) for i < h < i + k and 



1, and 
-1. 



This is proved by induction on the length of x. Assume that x = r). To 
complete the induction step we need to check the following cases individually: 

h < i and r < h, 

h < r = h and Ph{x') = 1, 

h < r = h and Ph{x') = —1, 

h < i and h < r < i, 

h < i, r = i and Pi{x') = 1, 

h < i, r = i and Pi{x') = —1, 

h < i and ? < r, 

i<h<i + k,r<i and Pi(x') = 1, 
i<h<i + k,r<i and Pi(x') = —1, 
i<h<i + k,r = i and Pi(x') = 1, 
i<h<i + k,r = i and Pi(x') = —1, 
i<h<i + k,r>i and Pi(x') = 1, and 
i<h<i + k,r>i and Pi(x') = —1. 

All cases are straight forward to check using various formulas from lemma IT. 3 .51 
As an illustration we verify two of the cases. 

For example if r = h < i and Ph{x') = — 1 then 



Here we have used the formulas iv) and vi) from lemma IT. 3. 51 and the induction 
hypothesis for the middle step. 

In the case i<h<i + k^r>i and Pi{x') = 1, we have 



Here we have used the induction hypothesis and formula vii) from lemma IT. 3. 51 
The other cases are left as exercises. 



{{x'{<P,r))o, l)o^l = {(x' 



oa)(0, h))o^l 

oa)o^i)(0,/i)---(0,/i + /-i) 

0;,1) Oi+;_i 1)(0, h)---{(j),h + l -1) 

o^l)(0, h)---{(l),h + l-l))o,^i_,l 

(0,r)) O;, 1) Oi+;_i 1 . 



= {{x' 

= {{x' 

= iix' 

= {{x' 



r)) o, 1) oa = ((x o, 1)(0, r + A; - 1)) 1 



= {{x' o,l)ohl){(f),r + k + l-2) 
= {x' o, (lo/,_,+il))(0,r + A; + /-2) 
= (x'(0,r)) Oj (1 o;j„j+i 1) . 
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Second induction: Next we do induction on the length of y to show that 



{x Of^ 1) Oj+j_i y for h< i, 
{x y) Of^ 1 = <^ X Oj (y oi-^_,i^i 1) iov i < h < i + k and Pi{x) = 1, and 
a; Oj (y o^j^j^_i^ 1) iov i <h < i + k and Pi{x) = —1. 

Observe that for y = 1 we have the formula we proved above. Assume that 
y — y'{ip,r'). Again there are several cases to consider: 

h < i and Pi{x) — 1, 
h < i and Pi{x) = 
i < h < i + k, pi{x 
i < h < i + k, pi{x 
i < h < i + k, pi{x 
i < h < i + k, Pi{x 
i < h < i + k, pi{x 
i < h < i + k, pi{x 
i < h < i + k, pi{x 
i < h < i + k, pi{x 



1 and r' < h — i + 1, 
1, r' = h - i + 1 and ph-i+i{y') = 
1, r' = h - i + 1 and ph-i+i{y') = 
1 and r' > h — i + 1, 

— 1 and r' < i + k — h, 

-l^ r' = i + k - h and Pi+k-h{y') 
-l^ r' = i + k - h and pi+k-h{y') 

— 1 and r' > i + k — h. 



1, 



■1, and 



For example if h < i and Pi{x) — 1, then 

{x Oj (|/'(^, r'))) Ohl = {{x Oi y'){i), k + i- r )) o/, 1 
= ((x Oj y') Of, l){^,k + i- r') 
= ((x 1) Oj+,_i |/')(^/;, + i - 
^ {xohl)oi^i_^{y'{%lj,r')) . 



r') 



We have used that Pi+i-i{x oy, 1) = pi{x) = 1, the formulas viii) and vi) from the 
lemma and the induction hypothesis. 

Let us check one more case. lii<h<i + k,r' = i + k — h, Pi{x) — —1 and 
Pi+k-h{y') = 1, then 

{x o, {y'i^l^, r'))) Of, 1 = {{x o, y') {'^, i + k - r')) o;, 1 
= {{x Oiy'){^lj,h)) Of, 1 
= {{x 0,1/0 Of,l){i,,h)---{ij,h + l-l) 
= {x Oi {y' Oi^^,_f, l)){iJ, h) ■ ■ ■{iJ,h + I - 1) 
= xo, {{y' Oi^f,_f, l)(^,i + k - h + I - 1) ■ ■ ■ + k - h)) 
= xoi {{y'{il), i + k-h)) Oi+fc_,j 1) 
= a; Oj ((|/'(t/>,r')) Oi+fe_,, 1) . 



We have used the formulas ix), vi) and v) from the lemma, the induction hypoth- 
esis and that Ph{x °iy') — —1- 
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Third induction: At last we use induction on the length of z to prove that 

{{x Of^ z) Oi^i_i y fovh< i, 
X Oj {y oy^_i^i z) fovi<h<i + k and Pi{x) = 1, and 
X Oj (y o^_^_^_i^ z) foi i < h < i + k and Pi{x) = —1. 

Observe that the previous induction proves this formula in the case z — 1. Now 
assume that z — z'{9,r"). These are the cases to consider: 

h < i and Phix) — 1, 

h < i and ph{x) = —1, 

i < h < i + k, pi{x) = 1 and ph-i+i{y) = 1, 

i < h <i + k, pi{x) = 1 and Ph-i+i{y) = -1, 

i <h <i + k, pi{x) = -1 and Pi+k-h{y) = 1, and 

i < h < i + k, pi{x) = -1 and pi+k-hiv) = -1- 

We write out two of the cases: li h < i and Ph{x) = 1, then 

{x o, y) Of, {z'{9, r")) = {{x o, y) o„ z'){9, r" + h - 1) 

^{{xo„ z') o,+i_,y){9,r" + h-l) 
= z'){9,r" + h-l))o,+i_,y 

^{xof,{z'{9,r")))oi+i_^y . 

We have here used that ph{xo^y) = pj^i^x) = 1, the formulas viii) and x) from the 
lemma and the induction hypothesis. 

In the case i < h < i + k, Pi{x) — 1, Ph^i^i{y) = — 1 we have 

{x Oi y) Of, {z'{9, r")) = {{x o, y) o, z'){e, l + h- r") 

= {x Oi [y o;j_j+i z)){9, l + h- r") 

= xoi {{y o;,_i+i z')(0j + h-i + l- r")) 

= xoi{yof,_i^i{z'{9,r"))) . 

We have used that ph{x Oj y) = = — 1, the formulas viii) and ix) of the 

lemma and the induction hypothesis. 

The checking of all remaining cases is left to the reader. □ 

Recall that our aim is to define composition operations for the products 
Dn{j;V) X Ej. The formula is 

{x,p) Oi {y,v) = {xOp^i^y,poi {Tk{pp{i){x))v)) . 

And we want to check associativity, equivariance and unity. We begin with 
equivariance. 
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Lemma 4.3.8 

Let {x,p) e Dn{j; V) x S^-, p' e E^, {y,v) G Dn{k; W) x and v' G S^. There 
is a right action ofEj on Dn{j; V) x defined by 

{x,p).p = {x,pp') 

and we have 

((x, p).p) Oi ((y, v).v') = ((x, p) Op,(i) (y, t;)).(p' Oi v') . 

Proof: This proof is easy. We have: 

{{x,p).p') Oi {{y,v).v') = {x,pp') Oi {y,vv') 

= {X Opp'ii) y, {pp') Oi {Tk{ppp'(i){x))vv')) 

= {X Opp'ii) y,pOp'{t) {Tk{ppp'(i){x))v){p' Oi v')) 

= {X Opp,^i) ?/,po^,(,) {Tk{ppp>(i){x))v)).{p' Oiv') 

= {{x,p) Op>ii) {y,v)).{p' Oiv') . 

□ 

Lemma 4.3.9 

Let (x,p) G Dn{j;V) x S^-, {y,v) G D^{k;W) x and {z,p) G Dn{l;U) x S^. 
Tie foiiowiiig associativity holds for o; 

{((x, p) Oh {z, p)) Oi+,_i {y, v) for h<i, 
(x, p) Oi ((y, t;) Oft_i+i {z, p)) fori<h<i + k, and 
((x, p) o;j_fc+i (2;, p)) Oi (y, t;) for z + /c < /i. 

Proof: As in the proof of proposition I4.3.7[ we observe that the first case of 
this formula implies the last case. Hence it is enough to check the first two cases. 

Recall the formula defining the composition operators on -D„(— ; — ) x S_. We 
may rewrite the formula as 

. X . X i (xo (^i-jy,po,v) if pp(i)(x) = 1, and 
{x,p)oi{y,v) = ( \\ -f f ^ 1 

[ [X OpW y, P Oi {TkV)) if (x) = -1. 

Here we have used the convention that without an argument denotes the 
order reversing permutation in S^, while with an argument denotes the group 
homomorphism Z/2 ^ sending —1 to the order reversing permutation. This 
formula will be applied many times throughout this proof, both forward and 
backward. 
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A special case for h < i: First we assume that the permutations p, v and p 
are the identity. 

((x, idj) Oi (y, o;, (z, idi) = {x Oi y, idj Tk{piix))) (z, idi) 

= ((x Oj y) Oh z, {idj Oi Tk{pi{x))) Of, Ti{ph{x))) 

= ((X Of, z) Oj+i_i {idj Of, Tl{pfi{x))) Oi^i_i Tk{pi{x))) 

= {x Of, z, idj Of, Ti{pf,{x))) Oj+;_i (y, idk) 
= ((x, idj) Of, (z, idi)) Of, (y, idf,) . 

In addition to the formula we have used the associativity for the composition 
operators, proposition 14.3.71 for -D„(— ; — ) and lemma I A. 3. 51 for o of the per- 
mutations, and the calculations: idj Oj Tk{pi{x)){h) = h, pf,{x Oj y) = pfi{x), 
idj Of, Ti{pf,{x)){i + l-l)=i + l- l and Pi+i-i{x Of, z) = Pi{x). 

A special case for i < h < i + k: Also here we let the permutations p, v and 
fi be the identity. If Pi{x) = 1 and = 1, then 

((x, idj) Oi (y, idk)) Of, {z, idi) = (x Oi y, idj Oi idf.) Of, (z, idi) 

= ((x Oj y) Of, z, {idj Oi idk) Oh idi) 
= (x Oi {y 0;,_j+i z), idj Oi {idk Oh-i+1 tdi)) 
= (x, idj) Oi {y o^_j+i z, idk Oh-i+i idi) 
= (x, idj) Oi ((y, idk) Of,_i^-^ {z, idi)) . 

If pi{x) = 1 and Ph~i+i{y) = -1, then 

((x, idj) Oi {y, idk)) Of, {z, idi) = (x Oi y, idj Oi idk) Of, {z, idi) 

= {{x Oi y) Of, z, {idj Oi idk) Of, n) 
= (x Oi {y Of,_i^-^ z), idj Oi {idk Oh-i+i ri)) 
= (x, idj) Oi {y Of,^i^i z, idk Oh-i+i ri) 
= (x, idj) Oi [{y, idk) Of,_i^i {z, idi)) . 

If pi{x) = -1 and pf,^i+i{y) = 1, then 

((x, idj) Oi (y, idk)) Of, {z, idi) = (x Oi y, idj r^) Of, {z, idi) 

= {{X Oi y) 02i+k^f,^l Z, {idj Oi Tk) Of, n) 

= {x Oi {y Of,_i^i z), idj Oi {Tk Oft_i+i Ti)) 

= {x Oi {y Of,^i^-^ z), idj Oi {Tk+i-i{idk o/i-_i+i idi))) 

= (x, idj) Oi {y o;,_j+i z, idk Oh~i+i idi) 

= (x, idj) Oi [{y, idk) Oft-i+i {z, idi)) . 
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If pi{x) = -1 and ph-i+iiy) = -1, then 
((x, idj) Oj (y, idk)) Oh {z, idi) = {x Oi y, idj r^) {z, idi) 

= {{X Oj y) 02i+k-h-l {idj Oi Tfc) Of, idi) 

= {x Oi {y Oh-i+i z), idj Oi {Tk Oft_i+i idi)) 

= {x Oi {y o^_i+i z), idj Oi {Tk+i-i{tdk Oh-i+i n)))) 

= (x, tdj) Oi {y Of,_ij^^ z, idk Oft-i+i n) 

= (x, idj) Oi ((y, idk) Oh-i+i {z, idi)) ■ 

In addition to the formula we have used proposition 14.3.71 and lemma R. 3. 51 and 
some small calculations. Most notably that Of,_i^i idi = Tk+i-ii^dk o^-i+i ti). 

The general case: Now we will use equivariance to get associativity in the 
case where the permutations p, v and /x are arbitrary. We have: 

{{x,p) o, {y,v)) Of, {z,^i) = {{{x,idj) Op(,) {y,idk)) 0(po;t,)(/i) {z, idi)).{{po, v) Of, p) , 
{{x, p) Oh {z, p)) o,+i_i {y, v) = {{{x, idj) Opf^f,) {z, idi)) 0(po,.^)(j+i-i) (y, idk)) ■ {{p °h p) v) 
{x,p) Of {{y,v) Of,_i_^_l {z,p)) = ((x, idj) o^jj) {{y, idk) Ov{h-i+i) {z, idi))).{poi {v Oh_,+i p)) and 
{{x, p) Of,_k+i {z, p)) o, {y, v) = {{{x, idj) Op(^_fc+i) (z, idi)) o(pofcp)(i) {y, idk)) ■ {{p o/i-fe+i p) o» v) 

Using that o is associative for permutations, and that associativity holds when the 
permutations are the identity (the special cases), we now get the general result. □ 

Lemma 4.3.10 

{I, id) is the unit for o on Dn{j; V) x S^. 

Proof: This is obvious. Simple calculations show that for all (x, p) E Dn{j; W) x 
Tij we have 

(X,p) Oi (1, idi) = (x,p) 

and 

{1, idi) o^ {x, p) = {x, p) . 

□ 

We now complete the proof of theorem 14.3.21 

Proof: The main issue is to construct the composition operations, and then to 
verify the axioms. We already have defined 

o, : V) X A (D^ik; W) X ^ + k-l;V(BW)x S,+fc_i)+ 

by the formula 

(x,p) Oi {y,v) = (x o^(i) y,pOi iTk{pp{i){x))v)) . 
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Recall that VnU){V) is defined as {DnU; V) x Sj)+ A . Let 5^ : P„(j)(K) A 
1^n{k){W) —y Vn{j + k-l){V®W) be induced by these. We think of Oj as exterior 
composition operations. And we check that they are natural transformations that 
coequalizers 

Therefore we have induced maps 

o, : VnU) A Vn{k) ^ VnU + k-l) . 

Associativity for o on Vn follows from associativity for o on j H-i> Dn{j; — ) x , 
likewise for equivariance when we let the right action of T,j on T>n{j) be induced 
from the right action of T,j on Dn{j', — ) x S^ . The unity axiom follows similarly. 

To see that the collection of maps Vni^j) T^U) defines a map of operads 
one compares the formula above and the formula given in remark [4.1.81 Recall 
that p denotes the group homomorphism Dn{i]V) —>■ (Z/2)-^, and notice that 
p{x Oj y) = Oj p(^y) by proposition 14.3.61 □ 

We round up this subsection by providing an orbit cofibrant replacement for 
Theorem 4.3.11 

There exists an operad in orthogonal spectra, which we denote by TVn, such that 
there is a map of operads TVn — * l^n, 

for each j the map f P„(j) Vn{j) is a level-equivalence, and 

each tVn{j) can be described T,j-equivariantly as a product X A + , 
where X is non-equivariant and orbit cofibrant. 

Proof: We have a non-S version of the operad given by 

In analogy to what we did in the proof above, we have non-S composition op- 
erations Oj for V'^ induced by the Oj's on Observe that T>n{i) = 
^n(i) ^ The idea is now to apply the orbit cofibrant replacement functor 
r to V^. For the definition and the properties of F, see theorem 13.9.11 
We now define the Oj's for TV'^ as compositions 

A fv'^k) ^ f A v'^m ^ tv'Sj + k-i) . 

Since F is symmetric, these Oj's for TV'^ will satisfy associativity relations anal- 
ogous to those given in proposition 14.3.71 
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Now define TVn by 

tV^ij) = fV'^ij) A . 

We have right actions as usual. And the Oj's on TVn are defined by the same 
formula as before. Lemma 14.3.81 is formal and the argument yields that o^'s on 
TVn are equivariant. Furthermore, the argument of lemma 11. 3. 91 is also formal, 
thus Oj's on TVn are also associative. Hence TVn is an operad in orthogonal 
spectra. 

The natural level-equivalence TL — * L from theorem 13.9.11 induces the map 
of operads TVn T^n- Clearly for each j the map TVn{i) T^nU) is a level- 
equivalence. And since TL is orbit cofibrant for any L the last statement follows. 

□ 

Remark 4.3.12 

By the construction of TVn it is easily seen that there exists a map of operads 
f : M. ^ TVn such that the composition 

M^tVn^Vn^n 

is the standard inclusion. The identity element in -D„(j; V) gives an inclusion 

S - V'^{j) 

for every j. Recall that T comes with a unit map S —^TS. So we get a map 

S^TV'^ij) . 

Smashing with yields 

f:MU)^TVnU) . 

4.3.2 The action of on S[VtM] 

In this subsection we will construct a P^-algebra structure on the orthogonal 
spectrum S'[f2M]. This structure depends on an n- vector bundle ^ over M. Recall 
that by definition of S'[f2M], the V"'th space is (fiM)+ A 5*^. In this subsection 
we will prove the following theorem: 

Theorem 4.3.13 

Let M he a compact smooth manifold and ^ an n-vector bundle over M, then 
the orthogonal spectrum S[flM] has a Vn-algebra structure which depends on ^. 



4.3. INVOLUTION OPERADS ON S[nM] 



165 



Before proving this theorem there are some preliminary considerations and 
constructions. First we should agree on a suitable model for the loop space flM. 
See |AH56| or subsection 5.1 in |CM 95] for the definition of "Moore loops". We 
modify this definition slightly to get piecewise smooth "Moore loops". 

Let mo be a base point in M. For technical reasons it is important to have an 
associative multiplication (composition of loops) and that every loop is piecewise 
smooth. Here we define such a space flM as the geometrical realization of a 
simplicial monoid. A g-simplex is a piecewise smooth map 

7 : A*? X / ^ M 

together with a piecewise affine map 

l-.A'^^ [0, oo) 

such that 7(t, 0) = 7(t, 1) = mo for all t G A'' and whenever /(t) = then 
7(t, s) = rriQ for all s E I. Here /(t) is thought of as the "length" of the loop 
s ^ l{t,s). 

If we have two g-simplices (71, li) and (72, h) we multiply (compose) these as 
follows: Let I = h + I2 and define 7 by 

r7i(t,^^) if s{h + h)<h, 

7(1, s) = < mo if s{li + I2) = h, and 

i72(t,^i^J^) iis{h + h)>k. 

Here we have divided the interval / into two pieces, the ratio between their 
lengths being /i(t) to hit). On the first piece we use 71 and on the second we 
use 72. Associativity of the composition follows. We will use the notation . for 
this operation. 

Notice that flM has the correct homotopy type. Let Q'M be the geometrical 
realization of the simplicial set having g-simplices the piecewise smooth maps 
7 : A^ X J — i> M such that 7(t,0) = 7(1, 1) = mo. Then we can compare this 
space with flM. There is an inclusion 

i : n'M VlM 

defined by setting / constant equal to 1. And we have a retraction 

r:VLM^ Vl'M 

by forgetting /. Clearly ri = id. And it is possible to construct a simplicial 
homotopy ir ~ id. Therefore QM ~ Q'M. Furthermore, Q'M is homotopic to 
the space of continuous maps (/, {0, 1}) (M, mo), see chapter 17 in |Mil63] . 

There is an involution on QM. We write (7,0 ^ (7)0? it is defined by 
sending 7 to the reversed loop. 



7(t,s) = 7(t,l-s) 
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while leaving I unchanged. Notice that the involution is an anti-homomorphism. 
This means that 

(71, ^1) ■ (72, ^2) = (72, ^2) ■ (71, ^1) • 

We will often simplify the notation for a loop in QM, and leave the length / 
out of the notation. 

The construction of the Pn-algebra structure on S'[f2M] will use a connection 
V on ^. We need to take parallel transportation along piecewise smooth loops 
in M. However, the choice of connection will not carry any information up to 
homotopy. 

Choose a connection V on ^ and an isomorphism M" = ^^0- Then parallel 
transportation yields a continuous map 

P-.mi ^ GL{W) 

such that 

P(7i . 72) = P(72)P(7i) for all piecewise smooth loops 71 and 72, and 

P{j) = P(7)^^ for all piecewise smooth loops 7. 

For more about parallel transportation see remark 17.4 in |MT97| . 

Given a finite dimensional real inner product space V and an isometric em- 
bedding : R" — i> l^, we write V as the sum 0(M") + V^, where V-^ is the 
orthogonal complement of 0(R") in V. Given a piecewise smooth loop 7 in M, 
we define the map (j)*^^) : V ^ V by using ^(7) on 0(]R") while leaving V-^ 
unchanged. For v = (f)(u) + w, u and w G we have 

ct>*{^){v) = ct>{P{^){u))+w . 

Let and ip be isometric embeddings of in V , and 7, 71 and 72 be piecewise 
smooth loops in M, then: 

0*(7i -72) = 0* (72)0* (71), 
0*(7) = 0*(7)"\ and 

0*(7i)^*(72)=V'*(72)r(7i) if</)±V'- 

Notice that the map (0,7) ^ is continuous when lies in the space of 

isometric embeddings, 7 lies in flM and the image lies in GL{V). 

Next we define an action of the group Dn{j]V) on the space F{S^,S^) A 
(f2M+)^-^. Recall that F{X,Y) denotes the space of based maps X ^ Y. 
Let (0, r) be a generator of -D„(j; V) and (/; 71, ... , 7^) a point in F{S^ , S^) A 
(flM^)^^ . Then we define the action by the formula 



{(p,r).{f;'yi, . . . ,7^-) = (0*(7^) o /;7i, . . ., 7^.1, 7^, 7^+1, . . . ,7^) 
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It is easily seen that 

(0, r). (((/), r).(/; 71, ...,7j)) = (/; 71, . . . , 7^) 
and if 4> ± ip and r ^ r', then 

(0, r). ((V', r').(/; 71, ■ ■ ■ , 7,)) = (V', r').((0, r).(/; 71, ■ ■ ■ , 7,-)) ■ 

Thus we have a well defined group action. 

Also acts from the left on the space F{S^, S^) A (QM+)^-''. This action is 
by permutation of the loops. For p e Ej we have 

P-(/;7i,---,7i) = (/;7p-Mi)'---'7p-i(i)) • 

Now define 9j : V„{j) A{nM+)^^ S[nM] by commutativity of the following 
diagram: 

A {Dn{j] V) X Ej)^ A F{S^, S^) A (f]M+)^J'^5^ A F{S^, S^) A (OM+)^J' 

(Dn(j; V) X Ej)+ A ,5^ A (QM+)^^' ^ QM+ A ,5^ 

The top map combines the group actions, first apply the E^-action, then the 
Dn{j ',V)-action. The left map is the inclusion at id e F{S^,S^) and the right 
map evaluates / G F{S^ , S^) on 5"^ and multiplies (composes) the loops. The 
map at the bottom is 9j evaluated at V. Clearly 9j commutes with assemblies 
for T>n{j) A {VLMj^)^^ and S[VLM], and is thus a well defined map of orthogonal 
spectra. 

Via a series of adjunctions there is for orthogonal spectra L and K and a 
based space A, a one-to-one correspondence between maps L /\A ^ K and maps 
L A FqA K. The adjunctions are: 

J^y{L A ^, y) ^ TopM^ jy{L, K)) 

^ TopM. F{L, K){0)) ^ Jy{FoA, F{L, K)) ^ jy{L A FqA, K) . 

Applied to 9j we get our map 

9j : A ,S[QM]^^' ^ S[nM] . 

Alternatively, it is possible to give a more explicit description of 9j. Let 
X = {(pi,ri) . . .{(j)s,rs) be a point in Dn{j;V), p G E^, t; e F and (71,..., 7^) 
loops in QMK We now want to give a formula for 9j{x, p,v;^i, . . . j'jj). The 
permutation p permutes the loops, and each {(l)t,rt) reverses the loop at the r^'th 
position. Therefore we define Si to be the loop given by 

^ ^ \lp-H:i) iiPi{x) = 1, and 
\7p-i« ifPi(a^) = -l- 
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Each {(f)t,rt) also changes the vector f in by parallel transportation along 
the loop at the r^'th position. But notice that the direction along the loop in 
which one should perform the parallel transportation, depends on the number of 
occurrences of the number among r^+i, . . . ,rs. Therefore we define the sign et 
by 

=Pn((0i+i,n+i)...(0s,rs)) . 

Calculating, we get that 

9j{x, p, v;-fi,..., 7j) = . ■ ■ ■ . 6j, 0t(7p-i(ri))'' " " " 0s(7p-Mr.))''(^)) • 
Remark 4.3.14 

To identify the involution we should pay special attention to the case where 
j = 1. Inspect the map 9i at level V" = M", and at the points in T'„(l) given by 
X = {icIk.", 1) and p = id. We send (f,7) to 

e^ix,p,v;^) = (7,(zdMn)*(7)(t;)) = i7,Pil)iv)) . 

Recall that ^(7) is the parallel transport in ^ along 7. The resulting map 

5" A QM+ -> QM+ A ^" 

is precisely the map P, which we use to define the involution l on n^:S[QM]. See 
definition HSU 

We complete the proof of theorem 14.3.131 by showing that the maps 9j for 
j > 0, is a Pn-algebra structure on S'[fiM]. 

Proof: We have to check the axioms given in definition 14. 1.111 Triviality of the 
unit and equivariance are easily seen to hold. It remains to show that 6 acts. 

Let Z be the space F{S^®^, S^®^) A {nM+p+''-\ A point zinZ can be 
written as (/; 71, ... , •yj^k-i), where / is an endomorphism of S'^®^ and the 7's 
are loops in M. The main ingredient of the proof will be to define several group 
actions on Z, understand how these interact with each other and how the actions 
relate to 9 and o. 

By A we will denote the action of -D„(j + k — 1;V Q) W) on Z defined above. 
Recall that the formula on generators is 

^ ((05 r), (/; 7i, • • • , Ij+k-i)) = (0*(7r) o /; 71, . . . , 7^-1, 7^, 7r+i, • • • , Ij+k-i) ■ 
The action of T,j^k-i on Z will in this proof be denoted by B and is given by 

B (p, (/;7i, • • • ,7i+fc-i)) = (/;7p-i{i)' • • • >7p-i(i+fc-i)) • 

Depending on i there are actions Ai of Dn{j; V) on Z. We define the action 
Ai of the generator (0, r) on z = (/; 71, ... , 7j_|_fc_i) by the formula 

{(0*(7r) ° f;ii, ■ ■ ■ ,7r-l,TV,7r+l, ■ • ■,lj+k-i) if r < I, 

(0*((5) o /;7i, . . . ,7j_i,7^+fc_i, . . . ,7l,7j+fc, . . . ,7j+fe_i) if r = i, and 
{(k* ilr+k-l) O /;7l, ■ • ■ ,lr+k-2,7r+k-l,lr+k, ■ ■ ■,"fj+k~l) H r > i. 
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Here 5 is the composition 7, . • • • . ^i+k-i- We have implicitly changed the target 
of the isometric embedding ({) to he V (B W via the canonical map V ^ V (B W . 

Also depending on i there are actions Bi of S^- on Z. Let z = (/; 71, . . . , 7,+fc-i) 
be a point in Z. The action Bi oi p E Sj is given by putting boxes around the 
7's as follows: 



71 



li—l ) Ifii ■ ■ ■ ■) li+k—l ) 1i+n 



7j+fe-l 



And we use p to permute the boxes. The action leaves / unchanged. The result 
is called Bi{p, z). 

Define the action ttj of Dn{k; W) on Z by the formula: 

Here we understand the target oi (p to he V ® W via the canonical map W — > 
V®W. 

The action Pi of on Z is given by permuting the loops 7i, . . . , 7^+^-1. For 
e Efe we have 

Pi{v, z) = (/; 7i, . . . , 7i_i, 7t;-i(i)+»-i' ■ ■ ■ ' 7t;-i(fe)+i-l' 7i+fc) ■ ■ ■ ) Ij+k-l) ■ 

Recall also the definition oi Oi : Dn{i]V)y. Dn{k]W) ^ Dn{j + k-l]V ®W). 
We had homomorphisms q : Dn{k; W) — > D„(j+A; — 1; y©VF) given by Cj(0, r) = 
(0, r + i — 1), and actions K of -D„(j; on Dn{j + k — l; VQ)W). For a generator 
{(f), r) in V) and an element y e + /c — 1; © IV), hj is given by 

{{(f>, r)y for r < i, 

{(f),i + k-l)---{(f),i)y forr = i, and 
{(f>,r + k — l)y for r > i, 

where 7/ 1— > ^ is an automorphism of Dn{j + k — 1;V Q) W) defined on generators 

by 

{{(f>, r) for r < i, 

{(f),k + 2i — r — 1) foi i < r < k + i, and 

{(f>, r) iov k + i < r. 

Now if X e Dn{j; V) and y e Dn{k; W), then 

X Oiy = x'Ti Ci{y) . 
Recall that Oj on {Dn{j; V) x Ej) x {Dn{k; W) x E^) is defined by the formula 
{x, p) Oi {y, v) = {x Op(j) y, p {rk{pp{i){x))v)) . 
By E we will denote the map 
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given by evaluating and composing. 

Let Z be the space F{S^,S^) A F{S^',S^) A (fiAf+)^(^+'=-i). There is a 
natural map Z ^ Z given by taking the smash product of /i : S*^ — > and 
/2 : 5''^ — > . Observe that the actions A^, ai, and /Jj lift to actions Aj, a^, 
Bi and (5i on Z. 

We have designed di and /3i such that they correspond to smashing the ac- 
tions on F{S^ , S"^) A (nM+)^'^ in the definition of 6^ with the trivial actions on 
F{S^,S^) A (OM+j^'^-^ Up to shuffling the factor F{S^,S^), we have that 

{idgv, 7i, . . . , 7j-i, y.{idsw;^i, ^i+k-i),li+k, Ij+k-i) 

is equal to 

ai {y, {idsv , tdsw ; 7i, . . . , 7j+fc-i) ) , 

and similar for the S^.-action 

The actions A^ and B^ see the loops 7^, . . . , ji+k as one composed loop. If we 

by 



Ci : F{S^, S^) A F(5^, 5^) A (nM+)^(^+'=-^) ^ F(5^, 5^) A (0M+)^^' A 5^ 

denote the map given by evaluating /2 : — > on and composing the 
loops 7i, . . . , 7i+fe_i, then we observe that 

is -Dn(j; V)-equivariant (the action on the target is given by smashing 
the Dn{j; V^)-action in the definition of 9j with the trivial action on S^), 
and 

P-ei{fi,f2;ji,---,lj+k-i) = ep(i)Bi{p, {fi, f2;ii, ■ ■ ■ ,lj+k-i)) (as usual p e 
Ej acts on the target of by permuting the loops). 

Let (x, p, v) be a point in (-Dn(j; V^) xSj)+AS'^ = r'„(j)(K), {y, v, w) a point in 
{D^{k; W^) xEfc)+A5^ = P„(A;)(W^) and (71, . . . ,7,+fe-i) loops in {nM+)^(^+''-^\ 
Let 2; in Z be the point (idsvew;'yi, . . . ,7j+fc_i). 

By definition of the ^'s we see that the composition 

Vr^{J){V) A Vn{k){W) A (f]M+)^(^+^-l) 
shuffle 

T^n(j)(V) A (QM+)^(^-i) A P„(A;)(W^) A (QM+)^J' A (QM+)^(J-^) 

QM, A ,5^®^ 
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evaluated at this point is equal to 

E ((f , w), Bi{p, ai{y, f3i{v, z))))) , 

and by the formula for Oj and definition of 9j+k~i the composition 

VniMV) A Vr,ik){W) A (fiM+)^(^+^-i) 

9j+k-i 

QM+ A S^®^ 

evaluated at the same point is 

E ((t;,w),A(xOp(i) ?/,B(poi (rfc(pp(i)(x))t;),2;))) . 
To finish the proof it is enough to show that 

Ap^i-){x, Bi{p, ai{y, (3i{v, z)))) = A(x Op(i) y,M{poi {Tk{pp(i){x))v), z)) . 
And if we can check the following formulas, then we are done: 

i) Bi{p,a,{y,z)) = ap(^i^{y, Bi{p, z)), 

ii) M{poiV,z) = Bi{p,pi{v,z)), 

iii) A{x Oiy,M{idj OiTk{pi{x)),z)) = Ai{x , ai{y , z)) , and 

iv) p Oi (TkV) = {idj 0^(i) Tk){p Oj v). 

Here iv) is a special case of lemma rA,.3.4l y). while i) and ii) follow directly from 
the definitions. We prove formula iii) by induction on the length of x. Assume 
first that x = 1. In this case we have to show that 

K{loiy^z) = a^{y,z) . 

Using that 1 o^y = Ci{y) and checking the definitions we see that this formula 
holds. 

Assume that x = (0, r)a;'. We consider the case when r i. Let dhe a point 
in Dn{j + k — 1]V Q) W) and z' E Z. By the definitions of hj, A and Ai we have 

A{{<f),r) d,z') = A{{(f),r),A{d,z')) . 

Setting d = x' o^y and z' = M{idj Oj Tk{pi{x)), z)) we get 

A(a; Oj y,M{idj Oj Tk{pi{x)) , z))) = ((0, r), A(x' Oj y,M{idj Tk{pi{x)), z)))) . 
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Notice that 7x,(,t;) —pi{x'). By induction we have that A(x'ojy, B(idjOjTfe(pi(x')), z)) = 
Ai{x' ,ai{y, z)). This implies 

A(x Oj y, M{idj Oj Tk{pi{x)), z)) = Ai{x, ai{y, z)) . 

At last we consider the case when x — {4>,r)x' and r — i. It is sufficient to 
show that 

A(((/),i) h d,M{idjOirk,z')) ^Ai{{(f),i),A{d,z')) , 

because setting d = x' o^y and z' = Mi^idj Oj Tk{pi{x')), z)) and using induction 
yields the formula for x. By definition of hj we have 

hi d = + k - 1) ■ ■ ■ (0, i)d . 

Furthermore, we check the following formulas directly: 

A{d, M{idj Oj Tk, z')) = M{idj Oj Tk, A{d, z')) , and 
A((0, t + k-1) ■■■{<!), t),B{tdj Oi Tk, z")) = Ai{{<P, z),z") . 

Now only a simple calculation remains: 

A((0, i) hi d, M{idj Oi Tk, z')) 

= A((0, 2 + A: - 1) ■ ■ ■ (0, i)d, M{idj o, Tk, z')) 
= A((0, i + A; - 1) • • • (0, i),A{d, M{zdj r^, /))) 
= A{{(f), i + k-1) ■■■{(!), i),M{idj Tk, A{d, z'))) 

^Ai{{<p,t),A{d,z')) . 

□ 



4.3.3 Homotopy discreteness of Vn 

In this subsection we will compare to H. Recall that there is a map of operads 
Dn T^- This map comes from a homomorphism of groups, p : Dn{j; V) 
{7j/2y , whose i'th factor is the "parity" of the number of "letters" of the form 
(— , i) in a word x G Dn{j; V). We get our map of operads by applying the functor 
(- X Sj)+ A to p. 
Our theorem says: 

Theorem 4.3.15 

For each j the map Vnij) — > 'Hlj) can be written equivariantly as a product 
X A — > y A where X ^ Y is a T:*-isomorphism of (non-equivariant) 

orthogonal spectra. 
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Our first aim is to prove the theorem in the special case j = 1. The "orthogonal 
pairs commute'-relation of -D„(l; V) is void, therefore it is not too hard to analyze 
the orthogonal spectrum P„(l) directly. 

Lemma 4.3.16 

The map p : P„(l) "^(1) is a tt ^-isomorphism. 

Recall that there is a forgetful functor U from orthogonal spectra to prespec- 
tra. If L is an orthogonal spectrum, then the g'th space of UL is L{W). By 
definition 12 .1.31 a map K ^ L of orthogonal spectra is a 7r*-iso, if the underlying 
map \]K VL is a 7r*-iso. 

We say that a map X — > F of prespectra is an l-cofibration if for every q the 
map at level g, Xg — > Yg is an unbased closed cofibration of topological spaces. 
Notice that a map f : K ^ L between orthogonal spectra is an l-cofibration if 
and only if U/ is an l-cofibration between prespectra. 

Cubical diagrams of spaces and prespectra will play a part in the proving 
that p is a vr^^-isomorphism. We refer to |Goo92j for the theory. We recall the 
definition here: Let T be a finite set, and ^(T) the partially ordered set of all 
subsets of T. Let ^ be a category, usually a category of spaces, prespectra or 
orthogonal spectra. A cubical diagram is a functor ^ : ^(T) ^ ^. If T has n 
elements, then ^ is an n-cube. 

Assume that our category ^ comes with a distinguished class of maps, called 
cofibrations, and that has all finite limits. Following Goodwillie we define ^ 
to be a cofibration cube if for every U C T the map 

colim jr(\/) ^ colim jr(\/) = ^(U) 
v^u vcu 

is a cofibration. The categories of spaces, prespectra and orthogonal spectra 
satisfy the assumptions. We use unbased closed cofibrations for the category of 
spaces and 1-cofibrations for prespectra and orthogonal spectra. Therefore we 
have notions of cofibration cubes of spaces, l-cofibration cubes of prespectra and 
l-cofibration cubes of orthogonal spectra. 

For a given cubical diagram ^ in spaces, prespectra or orthogonal spectra, 
we are often interested in the map colimyCT {V) ^{T) up to homotopy. 
However it is often easier to calculate with the homotopy colimit. Therefore we 
compare these via the canonical map. We have the following result: 

Proposition 4.3.17 

If ^ is a cohbration cube of spaces, then the canonical map 

hocolim jr(\/) colim jr(V) 



is a weak equivalence. Furthermore, if 2J is an l-cofibration cube of prespectra 
or orthogonal spectra, then the canonical map is a n ^-isomorphism. 
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Proof: The statement for cofibration cubes of spaces is proposition 1.16 in |Goo92| . 

Assume that ^ is an 1-cofibration cube of prespectra. Observe that hocolim 
and colim are level- wise constructions. Hence the g'th space of hocolimyCT ■^(V) 
is hocolimyCT ■^qiV), and similarly for colim. S is a cofibration cube 

of spaces, t£e result for the case of spaces implies that the canonical map 

hocolim jr(\/) ^ colim jr(V) 

VCt \/Ct 

is a level-equivalence, hence also a vr^K-iso. 

The result for 1-cofibration cubes of orthogonal spectra is proved similarly. □ 

Using the definition to check directly if a given cube is a cofibration cube 
or not, is not a very efficient method. The author has learned the following 
recognition criterion from Christian Schlichtkrull. But first some notation: 

UV C U C T and U \V contains exactly one element, then we call V C U 
an edge of T. 

If U and V are subsets of T such that UnV C U and U C UUV are edges, 
then we say that U and V span a 2-face ofT. 

Proposition 4.3.18 

Let ^ be a T-cube of spaces. If 

i) for all edges V C U of T the map ^{V) -!^{U) is an unbased closed 
cofibration, and 

a) whenever U and V span a 2-face of T the square 

^{unv) > 3^{u) 

s^iy) > St: [UUV) 

is puUback, 

then ^ is a cofibration cube. The corresponding results for 1-cofibration cubes 
of prespectra and orthogonal spectra also hold. 



Proof: Consider cubes in spaces. We assume by induction that the result holds 
for all n-cubes for n < \T\. We must show that the map 

bu : colim jr(V) ^ jr(f/) 
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is an unbased closed cofibration of spaces. Observe that by the induction hy- 
pothesis it is enough to show that this holds for bx- 

The case n = 1 is trivial, and n = 2 follows directly from Lillig's union 
theorem |Lil73j . 

Choose some to & T and let T' = T \ {to}. Define '3^ to be the T'-cube with 
^(t/) the pushout of 

jr(?7u {to}) ^ ^(t/) ^ jr(r) . 

Notice that the map Bt is equal to the map 

6^, : colim^(V^) ^ ^(T') . 

VCt' 

Hence it remains to show that '3^ satisfies i) and ii). 
Let V G U he an edge of T'. Consider the diagram 

^{VU{to}) < ^(V) > jr(T') 



^{UU{to}) < ^{U) > jr(T') 

The left square is pullback by ii) for ^ , thus the gluing lemma for unbased closed 
cofibrations, proposition 2.5 in |Lew82| applies and yields that ^(V) '3^{U) 
is a cofibration. 

Next assume that U and V span a 2-face of T' . By i) for ^ we can assume 
that '3^{U) and '3^ {V) are subspaces oi '3^{U UV), and we must show that the 
intersection of these subspaces is ^(f/ n V). Also ^{UU {to}), ^{UU {to}) 
and ^{T') are subspaces of '3^{U U V) and we have: 

^{U) n ^{V) = ( jr(f/ u {to}) u jr(T')) n {^{v u {to}) u jr(T')) 
= ( jr(f/ u {to}) n ^{v u {to})) u jr(T') 

= ^{{unv)u{to})u ^{T') = ^{unv) . 

Here we have used ii) for ^ on the 2-face spanned by f/ U {to} and V U {to}- 

The proposition also holds for prespectra and orthogonal spectra by applying 
the result for spaces level-wise. □ 

The prerequisites for proving lemma li'.H. 161 are now in place, and we give its 
proof: 

Proof: It is enough to consider the map between the underlying prespectra. 
The main idea of the proof is to filter -D„(l; M'') by word length. Let FmD„(l; W) 
be the set of all elements represented by words with m or fewer letters. We relate 
the cofiber of F^_iD„(l; M^) C F„D„(1;M'?) to the Stiefel manifold K(M^) of 
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n-frames in W: If l^(M'')™ denotes the m-fold cross product and sVn{M.'^)"^~^ the 
subspace consisting of those m-tuples {(pi, . . . ,(pm) with (pr = 4>r+i for some r, 
then the following diagram is pushout 

The horizontal maps send an m-tuple (0i, . . . , 0^) to the word (0i, 1) ■ ■ ■ (0^, !)■ 
Notice that the diagram is natural for isometric embeddings R'^ ^ M"^ . The 
filtration of Z)„(1;M'^) induces a filtration of Ur'„(l) by letting the g'th space of 
F„UP„(1) be FmDnil;R'^) A 5^. 

Fix m. Let T be the set {1, 2, . . . , m — 1}. For U ^ T define 

K"(M'^;f/) = {(0i,...,0„) I 

for each z, (pi G VniM!^) and for all r ^ U, we have (pr = (pr+i-} 

This defines a T-cube of spaces. Observe that 

colimV;"(M«; U) = sVJRT-^ . 

Define a cubical diagram, of prespectra by defining the g'th space of the 
prespectrum Y^{U) to be 

V;™(M'; U)+ A S'i . 
For m > 2 we have pushout diagrams of prespectra: 

colim^CT^r(f/) > F„,_iUP„(l) 

r™(T) > F„UD„(1) 

We now check that is an 1-cofibration cube. Our intention is to apply 
proposition U.H.I SI Let f/ C f/ U {r} be an edge of T. Notice that V^{W- U) 
is a smooth submanifold of V^{W^] U U {r}). Hence the existence of a tubular 
neighborhood implies that the inclusion V^{W- U) ICl^"^; t/ U {r}) is an 
unbased closed cofibration. Since the functor (— )+ AS""^ preserves unbased closed 
cofibrations this proves that condition i) of the proposition holds for The fact 
that condition ii) holds follows nearly directly from the definition of V^{W^, —). 

By direct computation we now show that Y^iU) is vr* -isomorphic to the 
sphere prespectrum, S, for all U . We define a map Y^{U) — > S' by identifying 
5*° with {1}+, sending V^iW] U) to 1 and applying the functor (— )+ A S'^ to get 
the map at level q: 
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The induced map of homotopy groups is 

q Q 

We inspect the map in the middle at some fixed q. By the Hurewicz theorem 
the first non-trivial relative homotopy group of fq is isomorphic to the first non- 
trivial relative homology group. And in homology suspension induces a natural 
isomorphism. Therefore we inspect when 

is an isomorphism. Since V^(M'^; U) is a cross product of the Stiefel manifold of 
n- frames in R'', the range for s where 7ig^s{fq) is an iso clearly goes to oo when 
q increases. 

Let ^ be the T-cube with y{U) constant equal to the sphere prespectrum. 
The computation above showed that there is a map of T-cubes 

which is a 7r*-iso at each U <^T. Furthermore, both cubes are 1-cofibration cubes. 
Now consider the diagram 

hocolim[;CT'C(f^) ^ colim^jCT ■^(f^) 

hocolimf/CT ^(f/) — ^-^ co\im^cT ^iU) 

The left vertical map is a 7r^,-iso since a homotopy colimit of vr^^-iso is itself a vr*- 
iso. The horizontal maps are 7r*-isos by proposition 14.3.171 But y is constant, 
so colim[/CT is equal to S. Hence the map 

colimr"(f/) ^ S 

is a 7r=K-iso. 

Recall that 7i(l) is the suspension of (Z/2)+. Thus we may identify the 
prespectrum U7i(l) with Vz/2 ^- ^^^^ conclude the proof by showing, 
using induction, that for each m > 1 the map 

p : F^UP„(1) ^ m{i) = \/s=sws 

is a 7r=K-iso. Observe that FiD„(l;M'') is homeomorphic to {1} U \4(M'^). This 
implies that 5* V ^^(0) is isomorphic to FiUPn(l), and the induction hypothesis 
holds for m = 1. 
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For m > 2 we consider the diagram 

r-(T) coWmuCTrriU) > F„_iUP„(l) 

p 

s s svs 

Depending on the parity of m the map j is the inclusion of the odd or even wedge 
summand. All vertical maps are 7r*-isos and the horizontal maps in the left square 
are 1-cofibrations, hence the map of the row-wise pushouts, p : F^VD„{1) — > SVS, 
is again a 7r*-iso. □ 

Lemma 4.3.19 

UVn{l) is well-pointed. 

Proof: We use the filtration ^^^^^^(l) from the proof of the previous lemma. 
The q'th space of FiUP„(l) is 

hence well-pointed. Furthermore, we have seen that is an 1-cofibration cube. 
Hence the left vertical map in the pushout diagram 

colimuCTyrTiU) > F^-lUP„(l) 

r-(r) > FmVVnii) 

is an 1-cofibration. It follows that the map 

is an 1-cofibration for any m. Therefore Ur'„(l) is well-pointed. □ 

The category of prespectra has a major disadvantage, it lacks a symmetric 
monoidal smash product. However, for the purpose of calculating in the homo- 
topy category we may, in several different ways, define "handicrafted" or naive 
smash products of prespectra. 

Definition 4.3.20 

Define the naive smash product of prespectra X and Y by 

{X AY)2g^XgAYg and {X AY)2g+i = X, AY, A . 
The structure maps are evident. 
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And we define the j-fold naive smash product iteratively: 

(X^ A ■ ■ ■ A X^) = A (X^ A (X^ • ■ • A (X-''"^ A X^) ■■■)) . 

§11 in IMMSSfll] explains the connection between the naive smash product of pre- 
spectra and the smash product of orthogonal spectra. Given orthogonal spectra 
L and K there is a weak map 

(j):VLAiJK-^l]{LAK) , 

and their proposition 11.9 says that is a 7r*-iso whenever L or i^' is cofibrant. 

More important for our purposes is a criterion for when the naive smash 
product preserves 7r*-isomorphisms: 

Proposition 4.3.21 

Assume that X , Y and Z are well-pointed prespectra. If f : Y ^ Z is a n^,- 
isomorphism, then the induced map of naive smash products id A f : X AY 
X A Z is also a n^: -isomorphism. 



Proof: We first prove the corresponding result for spaces. Let A, B and C 
be well-pointed spaces and / : i? — > C a weak equivalence. Then consider the 
diagram 

* < Ay B — ^ Ax B 



Ave 



AxC 



The vertical maps are weak equivalences, and i and i' are cofibrations by Steen- 
rod's product theorem, see theorem 6.3 in |Ste67| or theorem 6 in |Str68) . By 
proposition lA. 1.4l the map AAB—^AACisa weak equivalence. 

Let y4 be a based CW-complex and f : Y ^ Z a vr^-iso of prespectra. Theo- 
rem 7.4(i) in |MMSSni| says that also id A f : A AY ^ A A X is a n^-iso. 

Assume that i? is a well-pointed space and {A, *) a CW-approximation for 
{B, *), see proposition lA.1.2l If F is a well-pointed prespectrum, then the result 
for spaces implies that 

AAY ^ BAY 

is a level-equivalence, hence also a vr^K-iso. 

Now assume that / is a 7r*-iso between well-pointed prespectra, and (A,*), 
{B, *) as above. Consider the diagram 



AAY 



AAZ 



BAY BAZ 
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It follows that ids /\ f is a 7r*-iso for any well-pointed space B. 

Next consider the homotopy groups of X AY. We can rewrite them as: 

ns{X AY) = co\imTT2q+siXg A Yg) = colim 7?^+, (X, A Y) . 
q Q 

Since Xg is well-pointed, it follows that A F ^ A Z is a 7r,,-iso. This proves 
the result. □ 



Suppose that we want to check that a map / : X — > F of prespectra is a 
7r*-iso. In order to do so, it is enough to give a weak inverse. By a weak inverse 
to / we mean for each q a map gg : Yg A ^ ^q+i where I is some positive 
integer, such that both gg o (/^ A S"') and o gg are homotopic to suspensions. 

Proposition 4.3.22 

If f : X Y has a weak inverse, then f is a -isomorphism. 



Proof: First we check that /* : tt^X —>■ vr^F is surjective for all s. A class in 
TTgY is represented by some P G Tr^+^Fg and suspends to /?' G 7rg+s+;(y'g A 5*'). Let 
a G TTg+i+s^q+i be gg{P'). Since fg+i o gg is homotopic to the suspension, observe 
that ~ /?'. Thus we see that the class of a in tt^X maps to the class of j3 

in TTgY. 

To check that is injective, we pick an element of the kernel. It can be 
represented by a a G TTg+^X^ such that fq{oi) is null homotopic in Yg. Suspend 
the null homotopy by the appropriate 5*' and apply gq. Since gq o (/^ A S"') is 
homotopic to the suspension, we get a null homotopy of a A 5' in Xg^i. □ 

In contrast to proposition I4.3.21[ we do not need that X is well-pointed in 
order to draw the conclusion that the naive smash product functor XA— preserves 
the property of having weak inverses: 

Proposition 4.3.23 

If f : Y ^ Z has a weak inverse and X is any prespectrum, then idAf : X AF 
X A Z also has a weak inverse. 



Proof: Let gq : Zg A ^ Yq+i be the weak inverse of /. We will construct a 
weak inverse h for idxAf. Observe that it is enough to define h for even indexes. 
And we let h2q be the composition 

(X A Zhq A S'^ ^XqAS'AZqAS' Xg^i A Yq^i = (X A r)2(,+o ■ 

It is easily seen that is a weak inverse as claimed. □ 



And the property of having weak inverses is closed under composition: 
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Proposition 4.3,24 

If f : X ^ Y and f : Y ^ Z both have weak inverses, the composition 
f'f : X ^ Z has also a weak inverse. 

Proof: Let g and g' denote the respective weak inverses. We define a weak 
inverse h for /'/ as follows: Assume g'^ maps Zg A 5' to Fg+z' and gg^i' maps 
Yq^ii A 5*' to Xq+i/^i, then we let hg be the composition 

Zg A 5'' + ' = ZgA A S'' Yg + U A ^ X g + U + 1 . 

□ 

Now we introduce the orthogonal spectrum V'^{i). Let the \^'th space be 
Dn{i] V)+AS'^ . Notice that 

and that this splitting corresponds to splitting 7i(j) as the smash product of the 
suspension of {7j/2)^ and 

Lemma 4.3.25 

There is a n^:-isomorphism of prespectra {l]Vn{l))^^ l]V^{j). 

Proof: By induction on j we will construct the map (l]Vn{l))^^ — > W'^{j) 
together with a weak inverse. For j = I the map is the identity. 

Assume that (UP„(l))^(J-i) ^ UP;(j - 1) already is given. Then the map 
(UP„(1))^^' ^ UP„(1) A UP;(j - 1) has a weak inverse by proposition WTM 
By proposition l4.3.2 41 we are done once we have constructed a map / : ^^^(l) A 
UV^^j — 1) — >• l]V'^{j) and a weak inverse. 

A map out of our naive smash product is completely determined by what it 
is at the (2g)'th spaces. What we need is a map from Dn{l; A S*^ A Dn{j — 
1; W)+AS'^ to Dn{j; R^q) + AS'^'^. To define it we smash a suitable shuffling of S^'s, 
sh : ^5 A ^« = with a group homomorphism a : D^il; R") x D^U - 1; M.") 

Let iodd '■ IR"^ IR^'^ be the inclusion of the odd coordinates, 

«odd(a;i, X2,..., Xq) = (Xi, 0, X2, 0, . . . , Xg, 0) , 

and ieven : ^'^'^ the inclusion of the even coordinates, 

hven{Xi, X2, ■ . . , Xg) = (0, Xi, 0, X2, . . . , 0, Xg) 

Our group homomorphism a sends (0, 1) in -D„(l; M'^) to (^odd^, 1) in Dn{j; M^') 
and {ij,r) in Dn{j - 1;M'') to (WnV','^ + 1) in Dn{j;M.'^''). By the "orthogonal 
pairs commute'-relation in D„(j;M^'^) we have 

(iodd0, l)iieveni',r + 1) = (WnV', + ^){iodd(p, 1) 
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since iodd<P is orthogonal to ievenV'- This shows that the group homomorphism is 
well defined. 

If we identify S'^ and S^'' with one-point-compactifications of W and M^^ 
respectively, we can write the shuffling sh : S'' A S'^ = S^'^ as follows: 

This ensures that the maps L'„(l;R9)+A5«AD„(j-l;R«)+A5« Dr,{j;R'^q) + A 
S^'^ commute strictly with the suspensions, and thus we get our map 

To construct a weak inverse g for / we first define a group homomorphism 
: Dn{j;M.') ^ I^n(l;M^) X Dnij - 1;: 
On generators (3 is given by 



/?(0,r) 



((0,1), 1) ifr = l, and 
(l,(0,r-l)) ifr>l. 



Now define gg as the composition 

= D^{j; W)+ A S'"^ D,(l; Ri)+ A S'^ A D^{j - 1; W)+ A 5^ 

= (UP,(l)AUI?;(j-l))2^ . 

Let ii : — > M^^ be the standard inclusion (embeds W as the first q coordi- 
nates). The space of isometric embeddings of M"^ in M^^ is connected, so we can 
choose paths from iodd and ieven to ii. Now it is easy to see that the composition 

L'„(1;E^) X Dr,{j - 1;R^) A Dr,{j;R"^) ^ Dn{l;R'"^) x Dn{j - I'X') 

is homotopic to the map of Dn{l; — ) x D„(j — 1; — ) induced by ii. With the 
opposite composition, 

D^{j;W) A L»,(1;R'^) x D„(j - 1;R'') A D^{j;R''i) , 
we have to be a bit more careful. On generators this map is given by 



iiodd(l),r) ifr = l, and 

(ieven0,r) ifr>l. 



Let it, t & [O' f ] the homotopy between iodd and ieven given by the formula 

it{xi, X2, ■ ■ ■ , Xg) = (xi cost, Xi sint, X2 cost, X2 sin t, ... , Xg cost, Xg sint) 
Notice that when x and y are orthogonal vectors in M*, then 
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zt(x) and it{y) are orthogonal, and 
zo(x) and itiy) are orthogonal. 
Define ht : £'„,(j;M^) Dn{j]M.'^'^), t e [O, f] on generators by 



hti 




if r = 1, and 
if r > 1. 



It is well defined, for t = it equals the map induced by iodd and for t = | it is 
Pa. And using the path from Zodd to ii, we can extend ht to a homotopy from 
Pa to the map W) D„{j; M^^) induced by ii. 

Checking what happens with the spheres, we see that g2q o (/^ A S*^^) and 
f2q ° both are homotopic to suspensions. □ 

With the lemmas 14.3.161 and 14.3.251 in place it is quite easy to prove theo- 
rem HiSUB 

Proof: Recall the definition of the group homomorphism p : -D„(j; V) — > (Z/2)-^ . 
Applying (— )+AS'^ we get a map of orthogonal spectra I^^(j) — > Fo(Z/2)^"'. Here 
Fo denotes the O'th shift desuspension functor. Notice that this map fits into a 
diagram of prespectra 

(ui)„(i))Ai . ui?;(j) 



(U?i(l))^^' iJFo{Z/2)1^ 

The map at the top is the vr^-iso from lemma IT. 3. 2 51 and left map is an iterated 
naive smash product of the 7r*-iso p form lemma 14.3.1 61 Since both UP„(1) and 
U7-^(l) are well-pointed, it follows from proposition 14.3.211 that the left map is 
also a vr^K-iso. This implies that ^'^{j) Fq{1j/2)^ is a 7r*-iso. Smashing both 
sides with we get that the map 

□ 



4.3.4 The main theorem 

The following result is the main theorem of this thesis. It provides an orthogonal 
ring spectrum with involution associated to a stable vector bundle over a man- 
ifold. The homotopy type of the underlying orthogonal ring spectrum depends 
only on the manifold. 
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Theorem 4.3.26 

Let M be a manifold and ^ an n-vector bundle over M. There exists an orthog- 
onal ring spectrum R with an involution depending on ^, such that R is weakly 
homotopic in the category of orthogonal ring spectra to S[QM], and the involu- 
tion on R corresponds to l on homotopy groups. Furthermore, up to homotopy 
the involution on R depends only on the stable class of ^. 

Here l is the involution on 7r^:S[QM] given in definition 14.3. 11 

Proof: By theorem 14.3.131 there is a P^-algebra structure on S'[fiM], and by 
theorem 14.3.151 there is a map of operads Vn — > H such that for each j the map 
T^nU) ~^ ^(j) can be written equivariantly as a product X A — > F A 
where X — > F is a vr^, -isomorphism. This means that we almost have the necessary 
requirements for applying the replacement procedure described in remark l4.2.2()[ 
However, we do not know that 

S T>n{l) is an orbit q-cofibration, and 

each VniJ) can be written equivariantly as a product X A with X 

being an orbit cofibrant (non-equivariant) orthogonal spectrum. 

Instead of attempting to prove this, we use the orbit cofibrant replacement TVn 
from theorem l4.3.111 Pulling back by the map of operads TVn ~^ Vn we see that 
S'[nM] is also a FPn-algebra. Moreover, the composition TVn Vn — is a 
map of operads, and evaluated at the j'th objects it decomposes as a product 
X A — > F A — i> Z A where X ^ Y ^ Z are 7r*-isos. Since S — >• 

Vn{T) is an inclusion, it follows by theorem 13.9.11 and the construction of fT'„(l) 
in theorem 14.3.1 II that 5" TVniX) is an orbit q-cofibration. Furthermore, each 
TVn{i) can be described Sj-equivariantly as a product X A where X is 

orbit cofibrant. 

Now consider the replacement procedure: 

Bin, TVn, S[VlM]) ^ BiTVn, TVn, S[VlM]) S[VtM] . 

We define R to be B{7i, TVn, S[VLM]). By the considerations above all maps are 
7r*-isos. To show that R is homotopic to ^[fiM] in the category of orthogonal ring 
spectra, we prove that the three maps above all are morphisms in the category 
of orthogonal ring spectra. 

Recall that by remark 11.3. 121 we have a map of operads AA — > TVn- Hence we 
have a restriction functor from the category of FPn-algebras to the category of 
A^-algebra. Consequently, the fPn-algebra map B{fVn, TVn, S[VtM]) S[VtM] 
is also a map of A^-algebras, i.e. a map of orthogonal ring spectra. 

Similarly we see that the map B{n, TVn, S[VLM]) ^ BiTVn, TVn, S[VtM]) is 
a map in the category of orthogonal ring spectra, since also this map is a map of 
rP„-algebras. 
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We now show that the involution only depends on the stable class of ^. Ob- 
serve that standard inclusion z : ^ M"+^ induces group homomorphisms 

D„+i(j;\/)^Z^„(j;\/) 

by sending a generator (0, r), where : M"+^ ^ is an isometric embedding, to 
(0oi,r). These group homomorphisms give rise to a map of operads a : Vn+i 
Vn. And by inspection of the construction in theorem I4.3.1H we have a lifting 
a : TV„^i TVn Now notice that the pullback of the P^-algebra structure 
on S'[f2M] associated to ^ is the P^+i-algebra structure on ^[i^M] associated 
to ^ © e^. Here denotes the trivial line bundle over M. Therefore we get 
a fp„+i-algebra map 5(fp„+i, fp„+i, 5[nM]) ^ B{njVn, SpM]). Feeding 
the diagram 

B{7i,tV^,S[nM]) ^ 5(fD„+i,fP„+i,r5[fiM]) ^ S[nM] 

into proposition I4.2.21L we get an equivalence of ?i-algebras between 

B{njVn,S[VlM]) and B{n,VVn+i, S[VlM]) . 

The first orthogonal ring spectrum has the involution associated to ^, while the 
second has the involution associated to ,^ © e:^. Hence up to homotopy the invo- 
lution only depends on the stable class of ^. 

We now check that the involution does not depend on the choice of connection. 
Let Vo and Vi be two connections on ^. Let ^ x / be the vector bundle over 
M X I induced from ^ via the projection M x I ^ M. And let Vq and V'^ be 
the induced connections. We can define the linear combination 

v = tv; + (i-t)v[, , 

where t is the coordinate of I. We see that V is a connection on ^ x J. And 
pulling V back over the two inclusions : M ^ M x I yields Vo and Vi 

respectively. 

The inclusion io induces a map of "Dn-algebras 

S[QM] S[Q{M X I)] . 

And we can therefore form the diagram 

B{n, TVn, S[n{M X /)]) ^ B{TVn, TVn, S[nM]) S[nM] . 

Putting this into proposition l4.2.2l1 we get an equivalence of ?i-algebras between 
the orthogonal ring spectrum with involution associated to the connection Vo on 
^ and the orthogonal ring spectrum with involution associated to the connection 
V on ^ X J. A similar consideration is also true for ii and the connection Vi. 
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Hence the choice of connection is irrelevant up to homotopy of orthogonal ring 
spectra with involution. 

To show that the involution on R coincides with l on n^S[QM]: 

We first construct a commutative square 

F^n S " > S 

f i 
fp„(i) n{i) 

The top map, A, is the adjoint to the identity S"" = ^(M"). By lemma 0.4.111 
A is a 7r*-iso. p comes from the map of operads Vn H, and the map i is 
induced from the inclusion of the matrix (— l) in O'th space of '^^(l). Thus the 
map i : S ^ ^(1) represents the involution. 

To construct / recall that Pn(l)(M") = Dnil;W)+ A 5". The pair (z^Rn, 1) 
represents a point in -Dn(l; K"), and we get a map 5" — *• P„(1)(R") by sending v 
to ((zG?Rn, 1), f). By adjointness we now get a map of orthogonal spectra F^nS"' —>■ 
Vn{l), and since F^.-nS'^ is cofibrant, we can lift to a map 

/:FM.5"^fl?„(l) . 

Recall from the proof of proposition 14. 1 . 15l that for an 7i-algebra L the invo- 
lution is the composition 

l = sal^h{i)alXl . 

Analogously, for a f D„-algebra L we can consider the composition 

Fk^S"" AL^TVnil)AL^ L . 
Now inspect the diagram 

S AB{n,tVn,S[QM]) B{n,tVn, S[QM]) 

XAid = 

FRnS""' AB{n,TVn,s[nM]) > B{n,TVn,s[nM]) 

F^^S" AB{TVn,TVn,S[nM]) > B{TVn,TVn, S[nM]) 

FruS" a S[QM] > S[QM] 

The horizontal maps, except the first, are defined via FPn-algebra structures on 
B{n,TVn,S[nM]), B{TVn,TVn,S[nM]) and S[nM] respectively. Observe that 



4.3. INVOLUTION OPERADS ON S[nM] 



187 



all vertical maps are tt* -isomorphisms. The map at the top is the involution on 
R = B(H,TVn, S[flM]) . The bottom map is determined by what happens at 
level M". Evaluating at this level we get a map 

a S[QM]){W) = S''A QM+ VLM+ A 5" = (5[1]M])(M") . 

By definition of / above, this is the map considered in remark 11.3 .141 and by the 
remark it induces the involution t, see definition 14.3. H on the homotopy groups 
ofS[VLM]. □ 

We end this chapter with the following conjecture: 
Conjecture 4.3.27 

Suppose that and ^2 are vector bundles over M with the same underlying 
stable spherical bundle. Let Ri and R2 be the orthogonal ring spectra with 
involution corresponding to these vector bundles. Then there exists an orthogonal 

ring spectrum R with involution and maps i?i ^ i? ^ i?2 in the category of 
orthogonal ring spectra with involution, such that on the underlying orthogonal 
spectra both /i and /2 are vr^, -isomorphisms. 

Informally, the conjecture says that up to homotopy of R the involution de- 
pends only on the stable class of the underlying spherical bundle of ^. 

The motivation for this conjecture comes from the involution on A-theory. 
For a spherical fibration ^ over X Vogell defines in §2 of |Vog85| an involution 
on A{X). This involution is well defined up to homotopy. More recently Weiss 
and Williams have defined an involution on A{X) via Waldhausen categories with 
Spanier- Whitehead duality, see example 1.A.9 in |WW98] and §4.1 in |WWfll] . 
Like Vogell, their involution depends on a spherical fibration over X. 

Morally, the i^-theory of our orthogonal ring spectrum R with involution l 
should be weakly homotopy equivalent to A{X) when X = M, K{R) should have 
an involution induced by l, and this involution should agree with the involutions 
defined by Vogell, Weiss and Williams. If so, the involution on K{R) depends only 
on a stable spherical fibration, and it is natural to believe that the to homotopy 
of R the involution has the same kind of dependence. 

To prove the conjecture one should start with a geometric model for the space 
Gn of self-homotopy equivalences of S'". Via a "connection" an n-spherical bundle 
^ over M corresponds to a map P : QM — > (?„. But is this map a homomorphism 
of monoids? Even if it is, the lack of strict inverses in G„ prevents us from sending 
the reversed loop, 7 to P(7)~^. This causes trouble with the "cancellation of 
repeated pairs'-relation of V^. Therefore, one should blow up the operad Vn to 
handle this lack of structure on Gn- After defining this huge operad, it should 
be possible to prove the conjecture in roughly the same way we have proved 
theorem 14.3.261 
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Chapter 5 



THH and TC for orthogonal ring 
spectra with involution 

Theorem 14.3.261 gives us an orthogonal ring spectrum with involution. The inten- 
sion behind is to define and calculate its L-theory, LA-theory, i^-theory, topo- 
logical cyclic homology and its topological Hochschild homology. These theories 
should be related via trace maps. Using surgery, the LA-theory should provide 
information about the homotopy type of the automorphism space of our mani- 
fold, see |WWni| . From L-theory there is a map S into the Tate construction on 
i^'-theory, see §11 in |WW98| . Furthermore, from i^-theory there are trace maps 
into TC and THH, see |Mad94| . 

However, developing all of the above theory in the setting of orthogonal spec- 
tra, is far beyond the scope of this thesis. In this chapter we shall consider the 
definition of TC and THH and a few basic properties. We follow the frame- 
work of well known theory, but there are some details worth pointing out: In 
proposition 15.1.51 below, we observe that it is easy to recognize cyclotomic vr^,- 
isomorphisms between cyclotomic spectra. Theorem 15.2.51 shows that our model 
for THH of a cofibrant orthogonal ring spectrum is a cyclotomic spectrum in a 
very strong sense; the cyclotomic structure maps rc '■ Pq^'"THH{L) = THH{L) 
are isomorphisms. Due to the involution, it is important to use a model for 
(n X n)-matrices which is closed under transposition. Such a model is introduced 
in definition 15.3. 11 

Important references for the theory of THH and TC in other settings in- 
cludes |RHM98| . |Mad94| . |DM96| . |HM97| . |Sch98j and pnOO] . 

5.1 Cyclotomic orthogonal spectra and TC 

The purpose of this section is to define TC of a cyclotomic spectrum T. We will 
define cyclotomic spectra as certain orthogonal S^-spectra together with some 
extra structure. For the involutive case T lies in the category of orthogonal 
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0(2)-spectra. Because orthogonal S^- and 0(2)-spectra have so many model 
structures, one can easily become confused about which type of weak equivalences 
that are the correct ones to consider. Therefore, we will start this section by 
quickly listing the model structures to be used in the context of TC and THH. 
We end the section with a result, proposition I5.1.1H which tells us that our 
choices of model categories were right. 

Orthogonal spectra: We use the stable model structure, see definition 12.4.31 
The weak equivalences f : K —> L are the vr^^-isomorphisms. The fibrant orthog- 
onal spectra are the f2-spectra. 

This model structure is topological, see theorem 9.2 in p^MSSOlJ. Via the 
functor Sing, from topological spaces to simplicial sets, it can be shown that 
every topological model category is a simplicial model category. Hence, we have 
homotopy limits in J^S^, and homotopy invariance holds, see theorem 18.5.3 ii) 
in [Hl?03| : 

Proposition 5.1.1 

Let ^ be a small category. If f : K ^ L is a map of ^-diagrams in J^^, and 
each f : K{c) — > L(c) is a tc ^-isomorphism between Q-spectra, then 

f* : holim K holim L 
is also a -isomorphism between Q-spectra. 

Orthogonal Z/2-spectra: An orthogonal Z/2-spectrum has an underlying or- 
thogonal spectrum. We are interested in the model structure where the weak 
equivalences are the Z/2-maps which are 7r^,-isomorphisms between the underly- 
ing orthogonal spectra. Considering an orthogonal Z/2-spectrum as an orthogo- 
nal spectrum with Z/2-action, we see that functorial constructions on orthogonal 
spectra lift to constructions on orthogonal Z/2-spectra. For example, proposi- 
tion [nHH] holds in this setting. 

Orthogonal 5'^-spectra: We are interested in the cyclotomic 7r,,-isomorphisms. 
They are given in definition 13.3.71 These are the maps f : K ^ L such that / 
induces an isomorphism n^K — > vrf L for all finite subgroups C of 5*^. 

For some constructions we must change our orthogonal S'^-spectrum into an 
i7-S'^-spectrum (=genuine fibrant orthogonal S^-spectrum), see definition 13.3.81 
To achieve this, we use the fibrant replacement functor coming from the stable 
genuine model structure on orthogonal S'^-spectra. This functor is constructed 
by the small object argument, and we denote it by Q^^ . 

Recall the geometric fixed point functor given in definition 13.7.21 For a 
finite subgroup C of 5*^ it takes orthogonal S^-spectra L to orthogonal S^/C- 
spectra ^'^L. Using the group isomorphism pc : ^ S^/C, we pull back and 
get a new orthogonal S^-spectrum p^$'-^L. 
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By proposition 13.7.41 the functor Pc^^ preserves the class of generating gen- 
uine acyclic q-cofibrations. Hence, lemma l3. 1 1 .61 yields: 

Lemma 5.1.2 

There is a natural transformation — ^ Q^^p^^'^ such that the following 
diagram commutes for all orthogonal S^-spectra L: 

p*c^^L Ph^^L 



Orthogonal 0(2)-spectra: Again, we are interested in the cyclotomic vr*- 
isomorphisms, see definition 13.3.71 We have a fibrant replacement functor, Q^^, 
constructed by the small object argument in the stable genuine model structure. 
Thus Q^^L is an n-0(2)-spectrum, for any orthogonal 0(2)-spectrum L. Let C 
be a finite normal subgroup of 0(2). Similar to the case above, we have geometric 
C-fixed point functors, and group isomorphisms pc '■ 0(2) = 0{2)/C. We 
consider the composition p*c^^ . Also in the case of an orthogonal 0(2)-spectrum 
L lemma 15.1.21 holds. 

We are now ready to define cyclotomic spectra in the setting of orthogonal 
spectra. Compare this definition with definition 2.2 in |HM97j . Furthermore, we 
introduce the notion of an cyclotomic spectrum with involution. 

Definition 5.1.3 

A cyclotomic spectrum is an orthogonal -spectrum T together with a cyclotomic 
TT* -isom orphism 

rc : p^$^r ^ T 

for every Gnite subgroup C of such that for any pair of finite subgroups the 
following diagram commutes 

P* ^Crp* ^C.rp * ^CrsJ- 

A map of cyclotomic spectra is a map of orthogonal S^-spectra which commutes 
with the rc 's. 

Definition 5.1.4 

A cyclotomic spectrum with involution is an orthogonal O {2) -spectrum T together 
with a cyclotomic ^-isomorphism 

rc : ph^^'T T 
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for every Gnite subgroup CofS^C 0(2) such that the diagram in deBnition \5.1.:^ 
commutes for every pair of such subgroups. A map of cyclotomic spectra with 
involution is a map of orthogonal 0{2)-spectra which commutes with the re's. 

Because of the maps rc, it is easy to check when a map between cyclotomic 
spectra is a cyclotomic vr^, -isomorphism: 

Proposition 5.1.5 

A map f : Ti T2 between cyclotomic spectra (with involution) is a cyclotomic 
TT^^-isomorphism if and only if it is non-equivariantly a '7i^:-isomorphism. 

Proof: By definition, all cyclotomic 7r*-isomorphisms are non-equivariant tt^- 
isomorphisms. 

Assume that / : Ti ^ T2 is non-equivariantly a vr,,, -isomorphism. Let C be a 
finite normal subgroup of (or 0(2)), and consider the diagram 

p*c^^Ti Ti 

/ ■ 

Since the re's are cyclotomic 7r*-isos, it follows that is non-equivariantly 

a 7r^,-isomorphism. Using proposition 13.11.91 we recognize / as a cyclotomic ir^- 
isomorphism. □ 



Remark 5.1.6 

The key ingredient in the proof of proposition 13.11.91 was a homotopy cofiber 
sequence 

where ^ is a specific family of subgroups, and L an orthogonal S^- (or 0(2)- 
) spectrum. This sequence is a generalization of the "fundamental cofibration 
sequence", see formula 2.4.6 in |Mad94j . or theorem 2.2 in | lHM97ij . 

In order to define TC{T) we introduce the category I. It has the natural 
numbers, {1, 2, 3, . . .}, as its objects, and the set of all morphisms in I is generated 
by two classes of morphisms Rr : rm — > m and F^- : rm — > m, m > 1, subject to 
the relations 

Ri = Fi = idn 1 
F F = F 
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Given a cyclotomic spectrum T we now construct a functor I —>■ ,^ ,5^ by 
sending n to the categorical C„-fixed points T*"". The map F^. : T*"" T*-^"* 
is given by inclusion of categorical fixed points. To construct R^ we recall that 
there is a natural map T*" $'-^T, see construction 13.7.31 We define R^ as the 
composition 

Definition 5.1.7 

The topological cyclic homology ofT, TC(T), is the orthogonal spectrum defined 
as 

TC(T) =holimT^" . 

Lemma 5.1.8 

IfT is a cyclotomic spectrum with involution, then TC{T) is an orthogonal Z/2- 
spectrum. 



Proof: The dihedral group of order 2n is the subgroup of 0(2) spanned by 



Cn and the matrix 




Since T is an orthogonal 0(2)-spectrum, we can 



restrict the action getting an orthogonal Z)2n-spectrum. Taking categorical C„- 
fixed points, we get an Z/2 = D2n/Cn action on each T*"". Clearly, both Fr and 
Rr become Z/2-maps. □ 



Remark 5.1.9 

If T is not an fi-G-spectrum, G = 5*^ or 0(2), then the O-fixed points, T*", might 
have the wrong homotopy groups. See warning V.3.6 in |MMfl2| . Hence, one 
should apply Q^^ to T before calculating TC . 

Proposition 5.1.10 

The hbrant replacement functor Q^^ preserves cyclotomic spectra. 



Proof: By construction Q"^^ comes with a natural acyclic q-cofibration T — »• 
Q^'^T. By lemmaEIOlthere is a natural transformation p^jf^^Q^^T — > Q'^p'^^'^T. 
And the following diagram commutes: 

p^$^T pl,^^T T 

The left vertical map is a genuine 7r^,-isomorphism since Pc^'^ preserves acyclic 
q-cofibrations. We take the composition of the two bottom maps as the definition 
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of rc for Q^^T. It is automatically a cyclotomic 7r,,-isomorphism since rc is. □ 
Proposition 5.1.11 

If a cyclotomic map f : Ti ^ T2 is a cyclotomic n^^-isomorphism between Q- 
G-spectra, G = or 0(2), then the induced map TC(Ti) TC(T2) is a 
TT* -isom orphism . 

Proof: Due to homotopy invariance of homotopy limits, see proposition 15.1. l] 
it is enough to show that for each n the map 

is a 7r=K-iso between f2-spectra. 

It follows directly from the definitions that the categorical if-fixed points of 
an Jl-G-spectrum is an f2-spectrum. Hence, T^" and T^" are fi-spectra. 

Furthermore, 

Here the map in the middle is an isomorphism since Ti — >^ T2 is a cyclotomic 
7r*-isomorphism. □ 

Remark 5.1.12 

Let ^ be the family of finite normal subgroups of 5*^ or 0(2). One can define 
the notion of an il-^-spectrum. All statements above probably remain true if 
replacing f2-G-spectra, O = S*^ or 0(2), by f2-^-spectra. Furthermore, one can 
probably show that these spectra are the fibrant objects of the stable cyclotomic 
model structure on G^ 5^ . 



5.2 Topological Hochschild homology 

Since the time when Bokstedt defined THH based on an idea of Goodwillie, 
the technology of spectra has evolved so much that we now can use Goodwillie's 
idea as definition, see [Shiflfl] . What is needed is a symmetric smash product 
for spectra. We write out the definition for the category of orthogonal spec- 
tra. Furthermore, we show that THH{L) is a cyclotomic spectrum, when L is 
cofibrant. 

We also consider the involutive case. 



Definition 5.2.1 

Let L be an orthogonal ring spectrum, 
orthogonal spectrum with q-simplices 



Define THH,{L) to be the simplicial 



THHq{L) = = L A L A • ■ ■ A L 
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and face and degeneracy maps given by 

j idl' A A idl^"^'-^^ forO<t<q, 
I yU A idj^ o TTi^q^L tor t = q, 

and 

s, = An A id'l^'^-'^ . 

We define THH{L) to be the geometrical realization ofTHH,{L). 
To clarify the definition of dg we write it as the composition 

^A(,+i) ^ (^A,)/^^ LA(L^^) = LALA(L^(''-i)) ^ LA(L^(^-i)) = L^^ . 
Remark 5.2.2 

If the unit of the orthogonal ring spectrum, r] : S ^ L, is not a q-cofibration, then 
there is no reason to expect the homotopy of L and the homotopy of THH{L) to 
be related to each other. Hence, we will often restrict attention to such orthogonal 
ring spectra, and we call them cofibrant. 

Given an arbitrary orthogonal ring spectrum L, it can often be checked di- 
rectly that the unit rj : S —>■ L is a closed inclusion. If this is the case, then we 
may apply the cofibrant replacement functor F from theorem 12.2. 13L to produce 
a new orthogonal ring spectrum TL, which is cofibrant. 

This replacement procedure also works when L comes with an involution. We 
must then define the involution on TL as the composed map 

TL ^TL ^TL . 

Here the first l comes from theorem 12.2. 13L while the second l is the involution 
on L, see definition I2.1.2()[ Because F is a skew-symmetric functor, it follows 
that FL is an orthogonal ring spectrum with involution. Furthermore, FL is 
Z/2-equivariantly cofibrant by proposition 13.9.71 

We now specify S^- and 0(2)-actions on THH{L). 

Proposition 5.2.3 

THH,{L) is a cyclic orthogonal spectrum. If L has involution, then THH,{L) is 
dihedral. 

Proof: We define the cyclic operator tg : L^^'^^^^ /.^{g+i) 

j^A(q+l) ^ (^A,) ^ ^ ^ /\ (^A,) _ ^A(,+l) _ 

If L has involution i : L — > L, we can define the involutive operator : L^^''^^^ 
^^(9+1) as 
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The arrow labeled "permute" permutes the order of the factors in the smash prod- 
uct as follows: We label the factors from O'th to g'th. The O'th factor maps to 
the O'th factor, while the i'th factor, i > 0, maps to the {q + 1 — i)'th factor. □ 

Corollary 5.2.4 

THH{L) is an orthogonal S^-spectrum. If L has involution, then THH{L) is an 
orthogonal O {2) -spectrum. 

A¥e now show: 
Theorem 5.2.5 

Let L be an orthogonal ring spectrum (with involution). 

i) If S ^ L is a q-cohbration, then there is an -isomorphism 

rc ■ Pc^^THH{L) ^ THH{L) 

for every finite subgroup C of S^, and THH{L) is a cyclotomic spectrum. 
When L has involution the isomorphism is 0{2)-equivariant, and in this 
case THH{L) is a cyclotomic spectrum with involution. 

a) If L ^ K is a TT^: -isomorphism between cofibrant orthogonal ring spectra 
(with involution), then 

THH{L) THH{K) 
is a cyclotomic n ^-isomorphism. 
Before giving a proof, let us define topological cyclic homology: 
Definition 5.2.6 

The topological cyclic homology of a coGbrant orthogonal ring spectrum L (with 
involution) is dehned as TC{THH(L)). We abbreviate this notation, and write 
TC{L). 

Proof: 

Part i): We first consider the case of orthogonal ring spectra L without involu- 
tion. It is sufficient to prove the statement in the case where ^ L is a relative 
F/-cellular map. Let C be the finite subgroup of of order r. We will now 
construct the isomorphism Tq of genuine orthogonal S^-spectra 

p*c^^THH{L) ^ THH{L) . 

By definition, THH{L) is the geometric realization of a cyclic orthogonal spec- 
trum THH,(L). Edgewise subdivision gives an ^'-'^-isomorphism \THH,(L)\ = 
I sdcTHH,{L)\. We will construct rc by computing p}.^'^ \ sdc TH H,{L)\. 
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The geometric realization is level-wise, so we can use the filtration of the 
geometric realization of r-cyclic spaces given in construction ll . 1 .311 By induction 
we shall prove that 

*^-| sdcTM.(L)| = F^'^\THH,{L)\ 

for all g > 0. Letting q go to infinity, this statement yields part i) of the theorem. 

To prove the induction step we begin with a few calculations. The g-simplices 
of sdcTHH,{L) are L^^'^. Here r is the order of C. We now have 

p^$^ (L^'-'^ Ac., AC,V) = Ph^'' ((^^^^ A A^) Ac., Si) 

- p*a ((<I>^(L^^'^) A Al) Ac, S'/C^) 
^ A A^) Ac, Si 

^ $^(L^"«) Ac, ACV 
^ L^^ Ac, AC\ ■ 

In this calculation we have used the following facts: 

The topological r-cyclic g-simplex, AC^ is defined as A'^ x S^. 

^'-^{K AA) = {^'^'K) a A"-^, when K is an orthogonal S'^-spectrum and A a 
based S'^-space, see proposition 13. 1 1 

$'^(7^ Ac., 5*1) = ($*^/^)Ac,5'VC'+, when K is an orthogonal C^g-spectrum, 
see proposition 13 . 8 . 1 Ol 

The diagonal map L^'^ = •Jj'^L^'''^ is an isomorphism for cofibrant orthogonal 
spectra L, see proposition 13. 10.71 

Recall from remaTk l3.in.5l the notation s'^L^^'^~^ for the orthogonal Cr-g-spectrum 

^rj^Arg-r ^ |J ^Aq-1 ^ ^Aq-1 A'-'ASA L""^'' . 

i 

Observe that the degenerate g-simplices of sdcTHH,{L) are exactly s'^L^^''^~^. 
By a calculation similar to that above, we get 

p^$^ (s^L'^rq-r ^^^^ ^ ^^A,-l ^^q ^ 

Restricting to the boundary of the topological r-cyclic g-simplex, dAC^, we 



get 



p^$C ^j^Arq ^^^^ Q^^q^^^ ^ j^Aq Q^^q^ 

p^$^ [s'-L'^-'^-- Ac, 5AC,%) = Ac, dAC\ . 
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Consider the diagram 

gri^rg-r ^^^^ , ^Arq ^^^^ g^^g^ 

As an orthogonal spectrum L^'^'^ Ac^^AC^_^_ has an F/-cellular structure such that 
the three other orthogonal spectra are F/-cellular subspectra. It follows that the 
map 

L^^^ Ac., 9AC,V U.r^.r.-r^^^^eAc?^ ^^^^'"'^"'^ ^c, AC^^ L^^" Ac., AC,V 
is a closed inclusion. Now consider the diagram 

L^^«Ac.,AC,V ^ L^^'-''Ac.,5AC,''^Us^L^^''?-^'Ac.,AC,V ^ F^^^^\sdcTHH,{L)\ 

Since the left map is a closed inclusion, it follows by proposition 13.7.41 that Pc^*" 
of the pushout is the pushout of Pc*^*" applied to the diagram. At last we look 
at the following diagram: 

(^Arg ^^^^ ^(jq^^ ^ + 

p*^^c [L^^i he U s''L^'~«-'' Ac AC«^);^L^9 Ac 9AC«+ U sL'^'^-i Ac AC^ . 

1 1 

pj.^c j^AC. I rj^jjjj^ I ^ F^J{\THH, (L) I 

By the calculations above, the top and the middle horizontal maps are isomor- 
phisms. By the induction hypothesis, the bottom horizontal map is an isomor- 
phism. It follows that the map of column-wise pushouts, 

p^$^Ff ^"1 sdcTHH.{L)\ = F^^\THH,{L)\ , 

is an isomorphism. 

Now assume that L is an orthogonal ring spectrum with involution. We prove 
that THH[L) is a cyclotomic spectrum with involution by an argument similar 
to that above. Edgewise subdivision works also in the dihedral case, and we 
construct the 0(2)-isomorphism 

rc : Pc^^THH{L) = THH{L) 

by induction over the 0(2)-equivariant filtration for the geometric realization of 
r-dihedral spaces provided by construction 11.1.311 Since the diagonal map is 
dihedral for L with involution, see proposition 13. 10. the rest of the argument 
works exactly as before. 
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Part ii): By proposition 15.1 .51 it is enough to show that the induced map 
THH{L) THH{K) is non-equivariantly a vr* -isomorphism. Since both S L 
and S K are q-cofibrations, it follows that THH,{L) and THH,{K) are 
good simplicial orthogonal spectra. It remains to show that the induced map 
THH,{L) THH,{K) is a 7r*-iso in each simplicial degree, see proposition l2.5.3[ 
We can factor the map THHq{L) = L^^^+i) ^ K^C^+i) = THHq{K) as 

^L'"' AK ^ L^^"?-^) A ^ ^LAK""^ ^ 7^a(,+i) _ 

The smash product of cofibrant orthogonal spectra is cofibrant by proposition l2.4.8| 
and smashing with cofibrant orthogonal spectra preserves vr^^-isomorphisms, see 
proposition 12.4.71 Hence, each map in the sequence above is a vr^-isomorphism. 
The result follows. □ 



5.3 Matrices over an orthogonal ring spectrum 

An important ingredient when constructing a trace map from i^-theory to THH 
or TC, is the definition of a matrix ring. Since we focus on orthogonal ring spectra 
with involution, we need a construction which is involutive. In ordinary linear 
algebra we have such an involution, namely the conjugate transposed matrix. 
However, if we consider the customary definition of the matrix-FSP, Mn(L) = 
F(n+, n+ AL), we see that transposition is not well-defined. Hence a modification 
of the definition is required. 

The purpose of this section is to provide a construction of (n x n)-matrices 
for orthogonal ring spectra L, which also works when L has involution. Let me 
make a list of our hopes and needs regarding the construction: 

Mn should be an endofunctor on orthogonal spectra. 

Up to vr^, -isomorphism \/^2 L, Mn{L) and L^"^ should be the same, at least 
when L is cofibrant. 

We want a matrix multiplication Mn(L) A Mn{L) Mn{L). 

Direct sum of matrices should give a functor (L) x M„2 (L) M„^+„2 (L) . 

For L with involution taking the transposed involuted matrix should be an 
involution on Mn{L). 

We want a trace map from M„(L) to some additive model for L. 

Recall the concept of induced functors on orthogonal spectra, see subsec- 
tion ESUl We first define a continuous endofunctor on Top^,, which we also will 
denote by M„. Then we define M„ on orthogonal spectra as the induced functor. 
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Definition 5.3.1 

For a based space X let M„(X) be the subspace of X^" consisting for those 
matrices where each row contains at most one element different from * and each 
column contains at most one element different form *. 

Using formulas we may write M„(X) as 

if Xigjg 7^ *, then Xi^j = * and Xij^ = * for all i ^ io and j 7^ Jo-} 

It is clear that M„ is a continuous functor. Since M„(*) = *, there is a 
canonical right assembly 

ax,Y ■■ Mn{X) AY ^ M^{X AY) , 

see page 208 in [Mad94j. In our case we can easily write down a formula for 
a: Let (xij) be a matrix in M„(X) and y a point in Y, then a{{xij),y) is the 
matrix (zij) in M„(X A Y), where Zij = {xij,y) E X AY. Similarly, there is a 
left assembly a. 

We now describe the structure of the functor M„: 

Lemma 5.3.2 

There are natural transformations 

lx:X^M„(X) , 

: M„(X) A M„{Y) M„(X A F) , and 

.X : M„(X) ^ Af„(X) , 

such that 

the composition M„(X) A Y M„(X) A Af„(r) M„(X A Y) is 
equal to the right assembly, 

the composition X A M„(F) M„(X) A M„(F) M„(X A Y) is 
equal to the left assembly, 

fi is associative, 

= id, and 

i anti-commutes with jj,, this means that the following diagram commutes: 
M„(X) A M„(y) M„(X) A M„(y) Mn{Y) A M„(X) 



^^X,Y 



Mn{XAY) M„(XAr) ^ M„(FAX) 
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Another way to phrase this lemma is to say that M„ is an FSP with involution. 



Proof: The unit Ix : X 
matrix 



M„(X) is defined by sending x E X to the {n x n) 



X * 

* X 

* * 



X 



which has x on the diagonal and * elsewhere. Multiplication fj,x,Y '■ Mn{X) A 
Mn(Y) Mn{X A Y) is given as ordinary matrix multiplication. Explicitly this 
is given by sending (xij) and {yij) to (-Zjj), where 



{xik, Ukj) if k is such that Xik ^ * and yuj ^ *, 
* otherwise. 



By direct computation it is easily seen that /i o (1 A id) and /i o A 1) are the 
left and right assemblies respectively. And easy calculations also show that is 
associative. 



We define the involution l by transposition. Lx{xij) is (x- ), where x[. 



Clearly, r = id. To check that l anti-commutes with /i, we take matrices (xij) and 
(i/ij) in M„(X) and M„(F) respectively. Let (zij) be the matrix of fi{t{yij), i{xij)) 
and {z[A = t{^{{xij), {Vij))). Calculating we see that 



{yki,Xjk) if k is such that Xjk^ * and yti ^ *, 
otherwise, 



and 



z. 



{xjk,yki) if k is such that Xjk^ * and yti ^ *, 



* otherwise. 
And we see that the diagram commutes. 



□ 



Corollary 5.3.3 

If L is an orthogonal ring spectrum L, then Mn{L) is also an orthogonal ring 
spectrum, and if L has involution, then Mn{L) has an induced involution. 



Proof: We use the external description of the smash product, example 12.1.181 
The unit for Mn{L) is defined as the composition 

L{V) Mn{L{V)) . 
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The multiplication for Mn{L), defined externally, is given by 

MMVi)) A AUm)) ^^^i™:^ AUm) A L{V,)) MMVi © V,)) . 

And in the case L has involution, the induced involution on Mn{L) is given by 

MMV)) ^ MMV)) '''"^"^"'"'""^^ MMV)) . 

The structure of M„ described in lemma 15. 3 .21 ensures that Mn{L) is an orthog- 
onal ring spectrum (with involution). □ 

Example 5.3.4 (Direct sum) 

The direct sum M„^(L) x Mn^i^L) M„j_|.„2(L) is easily defined. First observe 
that direct sum M„^(X) x M„2(X) M„j+„2(X) is defined for based spaces X 
by the ordinary direct sum of matrices. Applying the concept of induced functors 
we get the direct sum for matrices of orthogonal ring spectra. 

Next we want to compare the weak homotopy type of Mn(L) to \j ^2 L and 

2 

l^y-n clearly have maps 



\lL^Mn{L)^V 



and when L is cofibrant, the composition is a 7r*-iso by proposition 12. 3. Our 
strategy is to use corollarv 12 . 3 . 1 51 to show that the first map also is a vr^-iso, given 
that L is cofibrant. 

The third condition in corollarv 12. 3. 151 demands that the functors must com- 
mute with colimit over sequences of cofibrations. We check this for the functors 
above. Assume that Xq ^ Xi ^ X2 ^ ■ ■ ■ is a sequence of cofibrations of 
spaces, and X is the colimit. Clearly we have that colimj (Y^2 Xi) = \J ^2 X. (We 
can describe the wedge as a colimit, and interchanging colimits does not affect 
the result.) Theorem 10.3 in |Ste67] also holds for the category of compactly 
generated spaces defined in |McC69| . Therefore, we also have 

colim X^"' . 



What we really are saying is that two a priori different topologies on the same set 
actually coincide. It is easy to see that colimjM„(Xj) is equal to M„(X) as sets. 

But the topology of colimj M„(Xj) is the subspace topology from colimj ^X-^"^ j , 

while Mn{X) has the subspace topology from X^"^. However, the equality above 
implies that 

colim M„(Xi) = M„(X) 

i 

as topological spaces (=compactly generated spaces). 

The following proposition checks the second condition for M„(— ). 
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Proposition 5.3.5 

If A ^ X is an unbased closed calibration of spaces, then Mn{A) M„(X) is 
also an unbased closed coRbration. 

Proof: Represent the cofibration A ^ X hj a homotopy H : X x I X and 
: X ^ /, see remark EUHl Define H : M„(X) x / ^ M„(X) by 

and (j) : M„(X) ^ / by 

4>{Xij) = sup (j){Xij) . 

Clearly, H is a homotopy rel M„(A) with H{—,0) = idM„{x), and M„(A) C 
0~^(O). Assume that t > (p^Xij), then for each i and j we have t > (p{xij) and 
thus H{xij,t) e A. It follows that H{{xij),t) G M„(A). 

This shows that H and represent M„(A) M„(X) as an unbased cofibra- 
tion. □ 

We immediately get the following two corollaries: 
Corollary 5.3.6 

The induced functor Mn on orthogonal spectra preserves l-cohbrations. 
Corollary 5.3.7 

If L is a well-pointed orthogonal spectrum, then also Mn{L) is well-pointed. 
Remark 5.3.8 

Observe that we do not claim that Mn{L) is cofibrant. If we want a cofibrant ver- 
sion, then we just apply the cofibrant replacement functor T from theorem l2.2. 131 
Furthermore, whenever the unit r/ : S* — > L of an orthogonal ring spectrum is an 
1-cofibration, we have that S Mn{L) is an 1-cofibration and S — > rM„(L) is a 
q-cofibration. 

To compare M„(X) and \/^2 X up to homotopy, we now provide a filtration. 
Define M^{X) to be the subspace of M„(X) consisting of those matrices with at 
most k elements different form *. It is easily seen that M^(X) is equal to \/^2 X , 
while M^{X) equals M„(X). The key lemma for analyzing this filtrations is: 

Lemma 5.3.9 

For well-pointed X there is a natural coRber sequence 

Mt\X)^M':,{X)^\JX^' , 

A 

where the wedge is indexed over a finite set A. 
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Proof: Let A be the set of maps, /, from {1, . . . ,k} to {1, . . . , n}^ such that 
both 

pr^o f :{!,..., k} ^ {l,...,n} 
is strictly increasing and 

is injective. For each such / we construct a map /* : X^'' —>■ M^{X) by 



{xi,...,Xk) ^ iVij) where y, 



xi if /(O = and 
* otherwise. 



Let sX^^"^ be the subspace of X^'^ consisting of the tuples (xi, . . . , Xk) where at 
least one xi = *. By Steenrod's product theorem for cofibrations we know that 
(by induction) sX^^~^ — > X^'^ is a cofibration. Also observe that the image of 
gj^xfe-i -j^ M!^{X) under actually lies in M!^~^{X). Furthermore the diagram 



Mt\X) > M^iX) 

is pushout. The lemma follows by the observation that \/^X^'^ is the cofiber of 
the top row. □ 

By counting one can check that A contains {^Yk\ elements. 
Using the filtration we prove the following result regarding the connectivity 
of the map V„2 ^ ^ M„(X): 

Proposition 5.3.10 

If X is r -connected and well-pointed, then the map y^'^X — > M„(X) is 2r- 
connected. 



Proof: We prove by induction on r and k that M^{X) is r-connected and the 
map 

Mt\X)^Ml;{X) ,k>2 , 

is 2r-connected when X is r-connected. 

For k — 1 observe that M^{X) = \/^2X. Therefore M^(X) is r-connected 
whenever X is. 

For r = — 1 there is nothing to prove. For r = we will give a direct 
argument that shows that all M^{X) are 0-connected. Consequently, the maps 
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M^^^(X) M^{X) are all 0-connected. Let {xij) be a matrix in M^{X). Since 
X is path-connected, we can for each Xij choose a path from Xij to *. When 
Xij = *, we let the path be constant. Then 

will be a path from {xij) to the base point in M^(X). Hence this space is also 
path-connected. 

Let r > 1 and k > 2 and assume that the induction hypothesis holds for 
smaller r and k. By lemma l5'.3.9l above, the map 

is an unbased closed cofibration with cofiber V^X^*^. And it follows from propo- 
sition IA.1.91 that this cofiber is at least (2r + l)-connected. The induction hy- 
pothesis says that M^"^(X) is r-connected and the pair (M^(X), M^"^(X)) is 
(2r — 2)-connected. We now apply proposition IA.1.61 and get that 

7r,(M„^(X),Mri(X))-.vr,(\/X-1 

A 

is an isomorphism for g < 3r — 1. If r > 1, we immediately get that the map 
Ml;~'^{X) M^{X) is 2r-connected and M^{X) is r-connected. 

If r = 1, the statement above only says that the map M^~^(X) — > M^(X) 
is 1-connected. But in this case we can apply the proposition again with the 
improved input that the pair (M^(X), M^~^(X)) is 1-connected. And we get 
that also 7r2(M^(X), M^-i(X)) ^ ■n2{\J ^X^^) = is an isomorphism. Thus 
M^"^(X) M^(X) is actually 2-connected and M^(X) is 1-connected. □ 

Corollary 5.3.11 

If L is a coGbrant orthogonal spectrum, then \j ^2 L — > M„(L) is a n ^-isomorphism. 

Proof: The considerations and results above verify the conditions of corol- 
lary [221111 Hence, the map of induced functors is a vr^^-isomorphism. □ 



5.4 Cross product formula for THH 

In this section we will derive a cross product formula for THH . Unfortunately, 
our result, proposition 15.4.31 below, is not as strong as we would like. The author 
suggests two ways to improve the conclusion, see remark 15.4.71 We begin the 
section by discussing the cross product of orthogonal ring spectra. 
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Lemma 5.4.1 

If L and K are orthogonal ring spectra, then L x K is also an orthogonal ring 
spectra. If L and K have involutions, then also L x K comes with an involution. 
The projections are maps of orthogonal ring spectra (with involution). 



Proof: Observe that maps into a categorical product Lx K correspond to pairs 
of maps, one into each factor. In other words, for any orthogonal spectrum X 
there is a homeomorphism 

yy{x, LxK)^ L) X ys^{x, K) . 

When L and K are orthogonal ring spectra, we define the unit for L x K d^s 
the map determined hy TjL '■ S ^ L and rjx '■ S ^ K . The multiplication is 
determined by the two maps 

{LxK)A{Lx K) EL±^^ LAL^L and 
(LxK)A(LxK)^^^^^^KAK^K . 
In case L and K have involutions, we define an involution on L x X by the map 

Ll X Lk. 

To check that L x is an orthogonal ring spectrum (with involution), one 
needs to see that certain diagrams commute. This is an easy computation, done 
by projecting the diagrams to L and K, where they commute by assumption. □ 

However, it is not clear that the cross product of cofibrant orthogonal ring 
spectra is cofibrant. So we provide a cofibrant replacement: 

Lemma 5.4.2 

If L is an orthogonal ring spectrum and r) : S ^ L is a closed inclusion, then 
TL is a cofibrant orthogonal ring spectrum. TL is involutive whenever L has 
involution. The natural map TL — > L is a map of orthogonal ring spectra (with 
involution). 



Proof: The unit is defined as the composition 

S^rS ^FL , 

the multiplication is given by 

TLATL^ r(L A L) ^ TL , 
and the involution is the composition 

TL ^ TL TL , 
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where the first map comes from the natural transformation t : F ^ F, and the 
second map is F applied to the involution on L. 

Commutativity of the required diagrams follows since F is lax symmetric 
monoidal. S — > TL is a q-cofibration since 5* TS is a q-cofibration and F 
applied to the closed inclusion r/ : 5" — > L is a q-cofibration. □ 

We now state or cross product formula: 
Proposition 5.4.3 

Assume that L and K are coGbrant orthogonal ring spectra (with involution). 
The S^-map (0{2)-map) 

THH{T{L X K)) THH{L) x THH{K) 

induced by the projections T{LxK) L and T{LxK) K is non-equivariantly 
a 7i^:-isomorphism. 

We will show this by comparing both THH,(T{L x K)) and THH,{L) x 
THH,{K) to a third cyclic (dihedral) orthogonal spectrum, called T,{L,K). To- 
gether corollary 15.4.51 and lemma 1^.4. 61 below prove the proposition. 

We begin by defining T,{L,K). Let the g-simplices be the x -product of all 
{q + l)-fold A-products where each factor is either L or K. Let us write up 
explicitly what we get for small q: 

To{L,K) =LxK 

Ti{L, K) = {LAL)x{LAK)x{KAL)x{KA K) 

T2{L,K) = (L AL AL) X (L AL AK) X (L AK AL) X (L AK AK) 

x{K ALAL)x{K ALAK)x{K AK AL)x{K AK AK) . 

We define the cyclic (dihedral) structure by considering each x -factor separately. 
Consider a factor Xq A Xi A ■ ■ ■ A X^, where each Xj is L or K. The face operator 
di ior i < q tries to multiply Xj and Xj+i. We define 



dj : Xo A • • • A X, 



Xo A • • • A Xi_i ALA Xi+2 A--- AXq if X = X+i = L, 

Xo A • • • A Xi_i A X A Xi+2 A • • • A Xg if Xj = X^+i = X, and 

* otherwise. 



Here the map is induced by /i^ in the first case and ^ik in the second. To define 
dq we try to multiply X^ with Xq, using /i^ if Xg = Xq = L, if Xg = Xq = K 
and mapping to * otherwise. The degeneracy map is given by 

Si : XoA---AXg ^ (XoA---AXiALAXj+iA---AXg)x(XoA---AXjAXAXj+iA---AXg) 

using TjL into the first factor and r]K into the second. The cyclic operator permutes 
the factors: 

: Xo A ■ ■ • A Xg ^ Xg A Xo A • • ■ A X^^i . 
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If L and K come with involutions, we can define the involutive operator by 
applying t to each an then permute: 

Tg-. XoA--- AXg XoA---AXg ^™') Xo A A • • • A . 

There is a map 

pr : r.(L, K) THH,{L) x THH,{K) 

defined on factors by 

r = TM,(L) if Xo = ■ ■ ■ = X, = L, 

XoA---AXg-^l = THHq{K) \{ X^ = ■ ■ ■ = Xg = K , and 

[ * otherwise. 

In the opposite direction we have the inclusion 

incl : THH,{L) x THH,{K) T,{L, K) . 

Lemma 5.4.4 

The map pr is cyclic (dihedral), incl is presimplicial, incl = id, while inclpr ~ 
id via a presimplicial homotopy. 



Proof: The first three statements are obvious. To prove the last statement we 
define a presimplicial homotopy on factors as follows: 



hi : XoA- ■ -AXg 



Xo A • • • A Xj A L A Xj+i A--- AXg if Xq = ■ ■ ■ = Xi = L, 
XoA---AXiAKA Xi+i A--- AXg if Xq = ■ ■ ■ = Xi = K , and 
* otherwise. 



Here L is inserted using 7)^ in the first case, in the second case K is inserted using 
rjK- We see that 

doho = id and dg+ihg = mcl pr . 

Assume i < j. then dihj and hj^idi are * if not Xq = ■ ■ ■ = Xj. When Xq = ■ ■ ■ = 
Xj, it is easy to check that dihj = hj^idi. Similarly, one shows that dihj = hjdi^i 
for i > J + 1. At last we check that on the factor Xq A • • • A Xg we have 



dihi 

and also 



id if Xq = • • • = Xj, and 
* otherwise, 



dih. 



i'n— 1 



id if Xq = • • • = Xj, and 
* otherwise. 

Thus we have a presimplicial homotopy. □ 
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Corollary 5.4.5 

Assume that L and K are coGbrant orthogonal ring spectra (with involution). 
Then there is an S^-map (0{2)-map) pr : \T,{L,K)\ THH{L) x THH{K), 
which is non-equivariantly a 7r^,-isomorphism. 

Proof: Since L and K are cofibrant, it follows that T,{L,K) and THH,{L) x 
THH,{K) are good. The result now follows from the lemma above, proposi- 
tion I2.5.2[ and the fact that a presimplicial homotopy induces a homotopy on 
presimplicial realization. □ 

Next, we compare THH,(T{L x K)) and T,(L, K). There is a cyclic (dihedral) 
map / : THH,(T{L x Kj) ^ T,{L, K) defined as follows: Fix a simplicial degree 
q and consider the factor Xq A ■ • ■ A Xg of Tg(L, K). Let pi be the composition 

Here pr denotes the projection to the first factor, it is L x K — > L if Xj = L and 
Lx K ^ K \iXi = K. Now we map THHq{T{L x K)) into Xq A • ■ ■ A X^ by 

THHq{T{LxK)) = r(LxK)^(''+^) = T{LxK)A- ■ •Ar(Lxi^) Z^!^^ XqA- ■ -AXq . 

Our map fq is determined by the collection of all such maps when Xq A • ■ ■ A X^ 
runs through all factors of Tq{L, K). 

Lemma 5.4.6 

Assume that L and K are cohbrant orthogonal ring spectra (with involution). 
The geometric realization of f, is an S^-map (0(2)-map) f : THH(T(L x K j) ^ 
|T,(L, K)\, which is non-equivariantly a 7^^,-isomorphism. 

Proof: We have that THH,{T{L x K)) and T,{L,K) are both good cyclic 
(dihedral) orthogonal spectra. Hence by proposition l2.5.31 it is sufficient to prove 
that in each simplicial degree 

fq:THHq{T(LxK))-.TqiL,K) 

is non-equivariantly a vr,, -isomorphism. The clue to prove this is to replace x by 
V. Consider the diagram 

T{Ly K) A--- AT{Ly K) > \J Xq A ■ ■ ■ A Xq 

T{Lx K) A--- AT{Lx K) [1 A ■ ■ ■ A Xg 

The lower left corner is THHq{V(L x K)), the lower right corner is Tq(L, K), and 
the map at the bottom is fq. 
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Look at the left vertical map. Since L and K are cofibrant, we have that 
LyK^LxK is a 7r^,-iso, see proposition 12.3.161 T preserves 7r,.-isomorphisms, 
and r(L V i^T) and T{L x K) are both cofibrant. Recall that the smash product 
of a 7r^.-iso with a cofibrant orthogonal spectrum yields a new 7r^,-iso. From these 
considerations it follows that the left vertical map is a 7r^,-iso. 

The right vertical map is also a 7r*-iso. This follows from the fact that each 
Xq A ■ ■ ■ A Xq is cofibrant and the fact that wedge and x -products of cofibrant 
orthogonal spectra are tt^, -isomorphic. 

To see that the top map is a vr^-iso, we decompose it as 

r(L V ir) A ■ ■ ■ A r(L V ir) ^ (L V ^ y Xo a ■ ■ ■ a . 

The first map is a 7r,,-iso since T{L M K) ^ L\/ K is a. vr^-iso between cofibrant 
orthogonal spectra. Distributivity of V over A shows that the second map is an 
isomorphism of orthogonal spectra. 

Commutativity of the diagram implies that fq also is a 7r*-iso. □ 

Remark 5.4,7 

The conclusion of the cross product formula we just have derived, proposition l5.4.3l 
above, is too weak. Due to proposition 15.1. iT] we would like our map 

/ : THH{V{L x K)) THH{L) x THH{K) 

to be a cyclotomic vr,,, -isomorphism between cyclotomic spectra. We know only 
that / is non-equivariantly a 7r,,-isomorphism, and we do not know that THH{L) x 
THH{K) is a cyclotomic spectrum. These two problems are closely connected: 

If we can show that THH{L) x THH{K) is a cyclotomic spectrum, then 
proposition 15.1 .51 would imply that / is a cyclotomic 7r*-isomorphism. 

There are good candidates for the cyclotomic structure maps rc on THH[L) x 
THH{K), but we do not know that these maps are cyclotomic 7r^,-isomorphisms. 
If we knew that / was a cyclotomic vr* -isomorphism, then we could show 
that the re's also are cyclotomic vr^, -isomorphisms. 

In both approaches we should allow ourselves to take cofibrant or fibrant replace- 
ments. To study the first approach, one should give a more explicit description 
of a cyclotomic spectrum. Lemma 2.2 in |HM97j can be the inspiration for such a 
description. To study the second approach, one could try to transfer McCarthy's 
concept of a special homotopy to the setting of cyclic orthogonal spectra. Analo- 
gies of propositions 1.5.12 and 1.6.15 in |DM96j should then show that / is a 
cyclotomic tt* -isomorphism. 
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5.5 The Barratt-Eccles functor 

When trying to define a trace map Mn{L) — > L one encounters the problem that 
there is a priori no notion of addition on L, i.e. one cannot add two points in 
L{V) and get a new point. We will use the Barratt-Eccles functor r+, see |BE74] . 
to solve this problem. In the next section we will construct a trace map from 
THH(TMn{L)). As a target for this trace we now introduce a new model for 
THH{L), called THH~^{L). The construction uses r+. This is an idea due to 
Christian Schlichtkrull, see |Sch98] . The main result of this section is proposi- 
tion ElSIini but this result is not as strong as hoped for, see remark IB. 5. Ill 

Let G be a discrete group. Recall that E,G is the simplicial G-space given by 



where 



di{go, ■ ■ ■ ,gq) — {go, ■ ■ ■ , gi-i,gi+i, ■ ■ ■ ,gq) , 
Si{go, ...,gq) = {go, . . . ,gi,gi, . . . , gq) and 
{go,---,gq)-g = {gog,---,gqg) ■ 

Let EG be the geometric realization. 

Write n for the set {1,2, . . . ,n}. Let ^(m, n) be the set of all strictly in- 
creasing functions from m to n. Given a permutation o" G S„ and a G ^(m, n), 
then there is a unique function in ^(m, n) which has the same image as the 
composition era. Denote this by cr*(a). 

Definition 5.5.1 

For a G ^(m, n) deGne the restriction map a* : S„ — > by commutativity of 
the diagram 

a 

m > n 

a* (a) 

o-*(a) 

m > n 

On the Cartesian product X" we have a right action of S„ given by 

(Xi, . . . ,X„).(T = {Xa{l), . . . ,Xa(n)) , 

and given a G ^(m, n) we have an induced map a* : X" X"^ defined by the 
formula 

O! {Xi , . . . , X'fi) {Xa{l) , • • • , •^o(m) ) 

We say that a is entire for {xi, . . . , a;„) if z ^ a;(m) implies Xi = *. 
Consider the equivalence relation on 

m>0 

given by 
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(a) (c,x) ~ (c.cr, x.cr) for c G E,T,m, x G X™" and a G S^. 

(b) (c, x) ~ (a*c, a*x) if c G -E.Sm, x G X'" and a G ^(m, n) is entire for x. 
Definition 5.5.2 

Let r+(X) be (lJm>o^«^™ x X"")/ ~, and r+(X) it's geometrical realization. 

Proposition 5.5.3 

r+(X) is a dihedral space. 

Proof: We must define the cyclic and involutive operators. Let 

tJ(cTo, . . . , o-g); (xi, . . . , x^)] = [(cTg, ctq, . . . , (xi, . . . , x^)] 

and 

rg[(ao, . . . , (a;i, . . . , x^)] = [{ag, (Tg_i, . . . , cxi, do); (xi, . . . , Xm)] ■ 

□ 

Proposition 5.5.4 

r"''(X) is a monoid with unit, the operation is commutative up to homotopy and 
the monoid is free. 



Proof: A proof of this result can be found in |BE74| . corollary 3.10 and propo- 
sition 3.11. However in their proofs X is a based simplicial set. But the definition 
coincides with the one given here when X is a discrete based set. Therefore, the 
statements about the algebraic structure of r+(X) follow by applying Barratt 
and Eccles' proofs to X's underlying discrete set . Hence, r+(X) is a free 
monoid with unit. Checking homotopy commutativity can be done as in the ref- 
erence, but in order to familiarize ourselves with the operation we write out the 
argument for homotopy commutativity here: 

We write + for the operation. To start we need a homomorphism x — > 
T,mi+m2- We call this homomorphism H and it is defined by 

{^^P)ij) = l"^'^ ifj<m„and 
I p(j — mi) + mi if j > mi. 

Now given [{ao, . . . , ag); {xi, . . . , x^,)] and [(po, • ■ ■ , Pg); (z/i, • • • , l/ma)] in r+(X) 
we define their sum as: 



[((To Hpo, • • . ,crg Hpg); (xi, . . .,x„,^,yi, . . . ,2/^2)] 
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This defines a simplicial map r^{X) x r^{X) — > r+(X), and we define + to be 
its geometric realization. 

To get homotopy commutativity we define a simplicial homotopy hi : r+(X) x 
r+(X) — > r^_j_j^(X), i = 0, . . . ,q. Let r G STO,i+m2 tie the permutation defined by 




j + 1712 if j < , and 
j-nii ifj>mi. 



Notice that r((T 11 p)r ^ = p 11 cr. Now we define hi by: 
hi([(ao, ...,(Tq); {xi, . . . , x^J], [(po, . . . , pq); {yi, . . . , ^^2)]) = 

[(rCTo n po, ■ ■ ■ , TCTi n Pi, aiU Pi, . . . ,aqIL Pq); {Xi, . . . ,Xmi,yi, ■ ■ ■ , Z/ma)] ■ 

This is a simplicial homotopy between x + y and y + x. □ 



Proposition 5.5.5 

Ifi:A^Xisan unbased coGbration of based topological spaces, then T^{A) 
r+(X) is also an unbased coGbration. 



Proof: Since i is a cofibration, it is an inclusion and we view ^4 as a subspace 
of X. By Str0m's criterion there are maps H : X x I ^ X and (f) : X ^ I with 
A C 0~-^(O), H{x, 0) = a; for all x e X, H{a, t) = a for all a e A and t e I and 
H{x, t) eA when > t. Now define ff™ : X'" x / ^ / and 0™ : X'" ^ / by 

H'^{xi,. . . ,Xm,t) = {H{xi,t),. . . ,H{xm,t)) and (/"""(xi, . . . , x^) = max^(xj) . 

i 

if"* and (j/" satisfies Str0m's criterion. In addition they are Sj„-equivariant and 
if q; : m — > n is entire for {xi, . . . , Xm), then 

a*H"-{xi, ... ,Xn,t) = H"^(a*{xi, . . . ,Xn),t) and ... ,Xn) = ^™a*(xi, . . . 

Therefore, we get induced maps 

i/; : (r+(X)) X / ^ r+(X) and </.; : r+(X) ^ / 

showing that r+(A) — r+(X) is a cofibration in each simplicial degree. Moreover 
the HgS and the 0^'s respect the face and degeneracy maps. Thus by geometric 
realization we get maps H' : r+(X) x 7 — > r+(X) and 4>' : T~^{X) —>■ I, showing 
that r+{A) r+{X) is a cofibration. □ 



Proposition 5.5.6 

IfX is an n-connected well-pointed space, then the map X — > r+(X) is {2n-\- 1)- 
connected. 
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Proof: First we observe from the definition of Sj : r+(X) r^_^^(X) that all 
degeneracy maps are cofibrations. Hence, r+(X) is a good simplicial space for 
all X. It follows that r+(— ) preserves weak equivalences. 

By the natural weak equivalence | Sing, X| — X, we see that it is sufficient 
to prove the result when X is a simplicial set. Assume that X is n-connected. 
If n = —1, there is nothing to prove. Therefore consider n > 0. Lemma 4.8 
in |BE74j (see also corollary 5.4) says that X T~^{X) is {2n+ l)-connected. □ 

Corollary 5.5.7 

We may apply r+(— ) level-wise to an orthogonal spectrum L. If L is coGbrant, 
then the natural map 

L r+(L) 

is a n^-iso. 

Proof: The propositions 15 . 5 . 6l and 15331 verify the conditions required to apply 
corollarv 12X151 □ 

We now define the model THH^{L): 
Definition 5.5.8 

Assume that L is an orthogonal ring spectrum (with involution). We define 
THH~^{L) to be the geometric realization of the bicyclic (bidihedral) orthogonal 
spectrum T+{THH,{L)). 

A bicyclic orthogonal spectrum is a functor (AC x AC)°p — > J^y. Restrict- 
ing via the diagonal AC AC x AC we get a cyclic orthogonal spectrum, 
whose geometric realization is an orthogonal S'^-spectrum. Analogously, in the 
bidihedral case the geometric realization has 0(2)-action. 

Remark 5.5.9 

Observe that THH~^{L) inherits an addition from F"*". Fixing a simplicial degree 
p and a level V, we have an associative operation 

+ : r+{THHp{L){V)) x r+{THHp{L){V)) ^ r+{THHp{L){V)) 

by proposition 15.5.41 Taking geometric realization in the p direction, we get 
addition 

+ : THH^{L) X THH+{L) THH+{L) . 
Proposition 5.5.10 

Assume that L is a cofibrant orthogonal ring spectrum (with involution). Then 
the natural S^-map (0{2)-map) THH(L) THH^(L) is non-equivariantly a 
TT* -isom orphism . 
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Proof: Forgetting about the action, we can consider THH~^{L) as the geometric 
realization of the bisimplicial orthogonal spectrum T'^(THH,{L)). It is classical 
that the two geometric realizations 

|[g] ^ r+(rM,(L))| and \[p] ^ \[q] ^ V+{THH,{L))\ 

are homeomorphic. Notice that both THH,{L) and T^(THH,{L)) are good 
simplicial orthogonal spectra. Since THH,{L) is cofibrant in each simplicial 
degree, corollary 15 . 5 . 71 savs that 

THHp{L) ^\[q]^ T^iTHHpiL))\ = V^{THH,{L)) 

is a TT^, -isomorphism for all p. Furthermore, proposition I2.5.3] yields that the map 



THH{L) = \[p]^THHpiL)\ 
is also a vr,,, -isomorphism. 



[p]^\[q]^T+{THH,{L))\ 



THH+{L) 
□ 



Remark 5.5.11 

Again, our result is weaker than what we hoped for, namely that the natural 
map THH{L) THH^{L) would be a cyclotomic 7r*-isomorphism between 
cyclotomic spectra. As before, there are two strategies for improying the result: 
Either we could show that THH^{L) is a cyclotomic spectrum, or we could show 
that the natural map is a cyclotomic vr^-isomorphism. In any case, the other part 
then should follow formally. Compare with remark [5.4.71 



5.6 Morita equivalence 

In this section we show Morita equiyalence for THH. We adopt an approach by 
Christian Schlichtkrull, see theorem 3.6 in |Sch98| . to the setting of orthogonal 
ring spectra (with inyolution). In order to carry out the proof, we yiew orthogonal 
spectra as ^-spaces and do our constructions externally. Unfortunately, our 
result is not as strong as we would like, see remark 15.6.21 

Let us start by stating the result, the proof spans the following subsections: 

Proposition 5.6.1 

Assume that L is a coGbrant orthogonal ring spectrum (with involution). Then 
there is a natural S^-map (0{2)-map) 

Tr : THH{TMn{L)) THH+{L) , 
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which is non-equivariantly a TT^-isomorphism. Furthermore, we have a commuta- 
tive diagram 

THHiV{Mn, X M„J(L)) ^^°'"'^'^°^'^^) THH+{L) x THH+{L) 



THH{TM^,+^,{L)) THH+iL) 
of orthogonal S^-spectra (orthogonal O {2) -spectra). 
Remark 5.6.2 

The result above is not as strong as we could hope for. We have not shown 
that Tr is a cyclotomic 7r*-isomorphism, and we do not know that THH^(L) is 
a cyclotomic spectrum. Again, it is probable that proving one of these wishes 
would yield the other as an easy corollary. See also the remarks l5 . 4 . 71 and 15 . 5 . 1 II 



5.6.1 Internalizing 

Recall that orthogonal spectra can be described as diagram spaces over a topo- 
logical category see theorem 12.1.161 Furthermore, the category ^ has a 
symmetric operation, namely direct sum ©. Using left Kan extension, see the- 
orem X.4.1 in |ML98| . we can therefore lift constructions on based topological 
spaces to constructions on orthogonal spectra. To be more precise: Let ^'^^^Top^ 
denote the category of continuous functors ^^^^ Top^. Assume that F is a 
continuous functor Topl'^^ Top^. If we are given orthogonal spectra L^, 
. . ., L"?, we can consider these as functors ^ — > Top^ and take the composition 

This is an object in ^^^^Top^. The iterated direct sum is a functor ^'^^^ 

and left Kan extension is a functor P : ^'^^^Top^ ^^Top^ = J" . P therefore 

turns the above composition into a functor 

J ^Top, , 

i.e. a new orthogonal spectrum. This process of internalizing is natural with 
respect to natural transformations of functors Topl~^^ Top^. 
Let us look at some examples: 

Example 5.6.3 

If F is given by 

F(Xo,...,X,) =XoA---AX, , 

then it follows from the definition of smash product of orthogonal spectra that 
the left Kan extension of 

F{L\...,U) is L°A---AL'? . 
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Example 5.6.4 

If F is given by 

F(Xo,...,X,) = M„(Xo) A---AM„(X,) , 
then the left Kan extension of 

F(L°,...,L^) is M„(L°) A--- AM„(L^) . 

Example 5.6.5 

Suppose that F is given by 

F{Xo,...,Xg)^r+{XoA---AXg) . 

Let G(L°, . . . , L'') be the left Kan extension of (F(L°, . . . , L^)). We observe that 
G{L^ , . . . , L^) is an orthogonal spectrum, and there is a natural map 

G'(L°,...,L'?) ^r+(L° A--- AL") . 

To see how the map is defined, notice that the adjoint of the identity of L'^A- • -AL^ 
is a natural transformation 

L°(V^o) A ■ ■ ■ A L\Vq) (L° A • • • A L«)(H © ■ ■ ■ © V,) . 

Apply the functor r"'"(— ) to get a natural transformation 

F{L\Vo), ^ r+(L° A • • • A L^)(K) © ■ ■ ■ © • 
Its adjoint is the natural map we seek. 



5.6.2 Dihedral structure on functors Topl^^ — > Top 



In this subsection we study two collections of functors Topl'^^ — > Ibp^, q > 0, 
these are 

{Xo,...,X,)^M^{Xo)A---AM4Xg) and (Xq, . . . , X,) ^ r+(XoA. . .AX,) . 

A dihedral structure for such a collection consists of natural transformations di, 
Si, tq and Tq satisfying the dihedral identities. For M^^Xq) A ■ ■ ■ A M„(Xg) we 
have: 



di : M„(Xo) A • 
dq : M„(Xo) A • 
Si : Mn{Xo) A • 
tg : MniXo) A • 
rg : Mn{Xo) A 



AM„(Xg) ^M„(Xo)A---AM„(XiAX,+i) A---AM„(X,) , Hi < q, 
A Mn{Xg) ^ M„(Xq A Xo) A M„(Xi) A • • • A M„(Xg_i) , 
A Mn{Xg) ^ M„(Xo) A • • • A Mn{Xi) A M„(5°) A M„(Xi+i) A • • • A M„(X<,) 
A M„{Xg) ^ Af„(X,) A M„(Xo) A M„(Xi) A • • ■ A M„(Xg_i) , and 
g . .v.„v-uy " - - - A M„(Xg) ^ M„(Xo) A M„(X,) A M„(X<,_i) A • • • A M„(Xi) . 
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Here the di's are defined using the multiplication for M„, the Sj's are defined using 
the unit in M„(S'°), cyclic operators tq are given by permuting the factors and 
the involutive operators are defined using the transposition on together 
with the order reversing permutation of the last q factors. 
For r+(Xo A ■ ■ ■ A Xg) we have: 



di 




■AXq)- 


-^r+_,{XoA---A{XiAXi+i)A- 


■■AXq) 


dq 




■AXq)- 


-^r+_,{{XqAXo)AXiA---AXq 


-i) , 


Si 


T+{x^^■ 


■AXq)- 


-^r+_^i(Xo A--- AX,A5°AX,+i 


A-- - AXq 




T+{x^^■ 


■AXq)- 


-^r+{XqAXoAXiA---AXq^i) 


, and 


Tq 


T+{x^^■ 


■AXq)- 


-^r+(Xo AXgAX,_i A--- AXi) 





And the dihedral structure is directly inherited from r+(— ). 

The purpose of such dihedral collections of functors is to construct cyclic 
(dihedral) orthogonal spectra using left Kan extension. Our result is: 

Proposition 5.6.6 

Assume that L is an orthogonal ring spectrum (with involution). Given a collec- 
tion of functors Fq : Topl'^^ Top^ with natural transformations di, Si, tq and 
Tq satisfying the dihedral identities, then the process of internalizing using L in 
all factors yields a cyclic (dihedral) orthogonal spectrum. This construction is 
natural in {Fg}. 

Applying this proposition toM„(Xo)A- ■ ■AM„(Xg) we get precisely Tifif,(M„(L)). 
In the case r+(Xo A ■ ■ ■ A Xg) we get a cyclic (dihedral) orthogonal spectrum Y,, 
and by example 15.6.51 a map of cyclic (dihedral) orthogonal spectra 

Yg^T^iTHHqiL)) . 

We end the subsection by proving the proposition. 

Proof: Let Xg be the left Kan extension of Fq(L, . . . , L). We will show that X, 
is a cyclic orthogonal spectrum, and that X, is dihedral whenever L comes with 
an involution. 

By definition of the left Kan extension there is a homeomorphism between 
the space of 

continuous natural transformations Fg(L(Vo), . . . , LiVg)) — > KiVo © • ■ ■ © Vg) 
and the space of 

orthogonal spectrum maps Xg ^ K 

for any orthogonal spectrum K. This is adjointness. In particular there is an 
adjoint to the identity map of Xg, this means that we have a canonical map: 

Cq : F,(L(Fo), . . . , L{Vq)) ^ X,(K) ®---®Vg) 
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for all q. Now observe that all we have to do in order to define a map Xq — > Xp 
is to specify a natural transformation 

Fq{L{Vo),...,L{Vq))^Xp{Vo(B---(BVg) . 

This is how we are going to define the cyclic operators df, sf and tf of X,. 

Recall that an orthogonal ring spectrum is the same as an J^-FSP, see re- 
mark I2.1.21I Using this external description we have unit : 5*° — > L(0) and 
multiplication /i : L(y) A L(W) L{y © W). If L has involution, we also have 
a natural transformation l : L{y) — > LiV). 

Face maps of X, are given as follows: For i < q we consider the composition 

Fg{L{Vo), L{Vg)) ^ Fg^i{L{Vo), L{Vi^i) , L{Vi) A L{V,+i),L{V,+2), • • • , L{Vq)) 
^ Fq_i(L(Vb), . . . , L{Vi^{), L{Vi e V,+i),L{Vi+2), • • • , L{Vq)) 

and let the adjoint be df : Xq Xq_i. In the case i = q we have: 

Fq{L{Vo), . . . , L{Vq)) ^ Fq^l{L{Vq) A ^(^0), L{Vl), L{Vq.l)) 



Fq^i{L{Vq e Vo),L{Vi), . . . 



permute Vi's . _ , 

^ '-^ Xq_l{Vo®---eVq) , 

and let this define dq : Xq ^ Xq^i. For degeneracy maps we consider the 
composition: 

Fq{L{Vo), L{Vq)) ^ Fq+i{L{Vo), m), 5°, L{Vi+l), L{Vq)) 

^ Fq+i{L{Vo), L{Vi), L(0), L(y,+i), . . . , L{Vq)) 

Xq+i{VQ © • • • e e © v^+i ®---®Vq) 

is the unit for e nr /T^ \ 
> Xq+i[VQ® ■ ■ ■ ®Vq) , 

and we define sf : Xq ^ Xq+i to be its adjoint. The cyclic operator t-^ : Xq ^ Xq 
is defined as the adjoint of the composition 

Fq{L{Vo), L{Vq)) ^ Fq{L{Vq),L{Vo), L{Vq.l)) 

% Xq{Vq®VQ®---®Vq^l) 
perrrrute F.'s^ ^^^^^ e • • • 8 F,) . 

Now assume that L has an involution l : L ^ then we can give X, dihedral 
structure by defining the involutive operator : Xq ^ Xq to be the adjoint of 
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the composition 



FgiLiVo), LiVg)) ^ FgiLiVo),LiVg), L(Vi)) 



FgiLiVo),L{Vg),...,LiVi)) 



c, 



Xq{Vo®Vq®---®Vl) 

permute V^'s ..^ 

^ Xg{Vo ®---®Vq) . 

We are now supposed to verify a long list of identities involving the operators 
df, sf and tf , and in the case where L has involution there are even more 
identities. We will skip this painful task with one exception: We will prove the 
dihedral identity 

in the case < i < q. This case will illustrate the techniques used when proving 
the other cyclic and dihedral identities. Moreover, we will also see how the anti- 
commutativity of the involution plays a role. 

By adjointness and the definitions we observe that dfr^ is the adjoint of 

F,{L{Vo), L{Vq)) ^ F,{L{Vo), L{V,), L{V,)) 
F,{L{V,),L{V,),...,L{V,)) 
^ F,^,{L{Vo),L{Vg), . . . , L( i( Vm) A L( Vi): i( V^-i): ■ • ■ - HVi)) 

^X,^i{Vo®Vq®---®Vi) 

permute , , - \ 



and rg_idg_^ is the adjoint of 

Fg{L{Vo), . . . , L{Vg)) ^ F,_.i(L(Fo), • • • , L( V.) A L( L( ^,+2), . . . , L{Vg)) 

^ Fg_i{L{Vo), . . . , L( i( V. ffi Vm), i( V«+2), . . . , L{Vg)) 

^ F,_i(L(Vb), . . . , L{Vg-,+2),L{Vg-, © Vm), i( • • ■ , HV^)) 



Xg_l{V0 © T^g ® • • • ® + 2 © {Vg-i © Vg-i + l) © Vg-i-l © • • • © ^1 ) 

^^II^Xg_,{V0®---®Vg) . 

These two compositions can be compared and found to be equal using naturality 
of di and r^-i and the fact that 

L{V) A L{W) L{V) A L{W) L{W) A L{V) 



L{V®W) L{V®W) -^^^^ L{W®V) 
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5.6.3 The trace 

In this subsection we will define the trace map 

Tr : THH{TMnL) THH+{L) , 

and prove proposition l5.6.ll The definition of Tr will use the machinery developed 
above. Below we will construct a collection of natural transformations 

Tr, : M„(Xo) A ■ ■ ■ A M„(X,) ^ r+(Xo A . . . A X,) 

that commutes with the cyclic (dihedral) structure. Feeding this into proposi- 
tion EHEl we get an ^^-map (0(2)-map) THH{Mn{L)) THH+{L). We now 
define Tr as the composition 

THH{TMniL)) THH{Mn{L)) THH+{L) . 

Here F denotes the cofibrant replacement functor of theorem 12.2. 13L and the first 
map is induced by the natural transformation FM„(L) — > M„(L). 

To define Tr,, we would like to send a point ((a;^^), . . . , {xj^)) in M„(Xo) A 
■ ■ ■ A Mn{Xq) to a sum of (a:", jo ' ^io ii ' • • • ' ^X-ijq) ^^^^"^ in F+(Xo A . . . A Xg). 
Here Jq, ■ ■ ■ ,jq run through 1, 2, . . . , n. Since F"*" is not a strictly commutative 
monoid, this raises the question about how one should order the summands. 

Orderings of n'-'^+^^: An ordering is a bijection A : m n^'^+^\ If we had to 
choose a single ordering, the lexicographical ordering would be the natural choice. 
Denote this ordering by Aq. It is defined as follows: 

Assume that (jo, ••• = Ao(A;) and (jq, . . . , j^) = Ao(0 . 

Then k < I whenever there exists an < i < g such that 

Jo = Jo, ji =j'i, • • • , = Ji-i, and ji < j[ . 

However, in our situation we must also take other orderings into account. The 
reason is that we want the trace to commute with the cyclic actions. Hence, we 
consider what happens when we permute the factors of n*^'^+^) cyclically. Let A^ 
be the ordering defined as: 

Assume that (jo, ••• = As (fc) and (jg, . . . , j,) = As(/) . 
Then k < I whenever there exists an s < i < q such that 

js = fs, js+1 = fs+1, • • • , = and ji < j- , 

oranO<i<s — 1 such that 

js = j's, • • • , jq = jg, jo = jo, • • • , ji-i = and ji < j[ . 
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Definition of Tr: Given {{x^j), (xfj)) in M„(Xo) A • • • A M„(Xq), we are 
now ready to write down the formula for the trace: First set 



x(io,---,j</) 



e Xo A • • • A Xg 



Definition 5.6.7 

Let 



IV,((x°^.), ■ ■ ■ , K)) = [(^0 'Ao, Ar^Ao, . . . , A-^Ao); x(Ao(l)), . . . , x(Ao(m))] . 

To prove that Tr^ is involutive we need some facts about the lexicographical 
orderings. We let p denote the bijection on n*^^+^) defined by p{jo, ■ ■ ■ , jq) — 
(jq, . . . ,jo). We also need a technical definition: 

Definition 5.6.8 

Let /3 : k — > m be ordering preserving. We say that /3 is special if the composition 

, P Ao (n+1) P^i 

is injective for all i. 

Our technical lemma is: 
Lemma 5.6.9 

If (3 is special, then /3*(A~ijpAo) = /?*(Aj~^Ao) for all i. 
Proof: Consider the two diagrams: 



/3 



m 



^ n 



(5+1) 



n 



order preserving 



-> m 



Ai 



^ n 



(9+1) 



-> n 



and 



111 



Ao 



/3*(A-i,pAo) 



A-\pAo 



P 



n 



order preserving ^q—i 



m 



> n 



(9+1) 



n 



The left squares of the first and second diagram define (3*{\~^\q) and (3*{\~L,p\o) 
respectively. Now notice that the compositions at the bottom of both diagrams 
are order preserving, while the maps at the top are the same for both diagrams. 
Since there is a unique factorization of the injective map 



•pr^o \qo (5 ■.'k 



n 
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as the composition of a permutation k ^ k and an order preserving map k ^ n, 
we get that 

□ 



Lemma 5.6.10 

Tig is a dihedral collection of natural transformations. 



Proof: We have to verify that Tr, commutes with the operators cfj, Sj, tg and 
r, 



These operators are specified in subsection 15.6.21 Let . . . , (x^^)) be a 

point in M„(Xo) A ■ ■ ■ A Mn{Xg). 

Face operators: Set ((t/^^), . . . , te^)) to be equal to ^^((xOj, . . . , (x^ J). Then 
we have 

if s < i, 

Vab = { «c(a)' <("a), J ^ = ^' ^ud 

-^afe if S > i. 

Here c(a) is a choice of index such that xl^^ = * whenever d ^ c(a). Define 

«(io, • • • , jg-l) = (jo, • • • , C(ji-l), jj, . . . , jg-l) . 

Let Ag : m' ^ n"^ be the cycled lexicographical orderings on g — 1 factors. Define 
/3 : m' ^ m to be AoaAp. Then one can easily prove that 

1 I A';^Ao if s < i, and 



/?*(ArAo) 



A's^iAg \i s> i. 



Now we see that 
Trg-icii((a;°fe),...,(x;^J) 



Tr,-i((z/l),...,(y,V)) 

[(A'o ^'o, AT'A'o, . . . , AV_\A'o); y(A[,(l)), . . . , y(A[,(m'))] 
[(/?*(Ao ^Ao), . . . , /3*(Ar\Ao), /3*(AriAo), . . . , /?*(A-Uo)); 

/5*(x(Ao(l)),...,x(Ao(m)))] 
[(Aq Uo, • • • , A7_\Ao, A^+iAo, . . . , Ag ^Ao); x(Ao(l)), . . . , x(Ao(m))] 
d,[(Ao ^Ao, . . . , A-^Ao); x(Ao(l)), . . . , x(Ao(m))] 
c^iTrg((a;°fc),...,(a;^j,)) . 
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Degeneracy operators: Set J, . . . , {ylX^)) to be equal to J, . . . , (x^J). 
Then we have 



X' 



a b 



yab= < 



1 E if s = i and a = b, 

* G 5"° if s = i and a ^ b, and 



K^b^ ifs>i. 



Define a : n9+2 ^ n^+i by 

a(io, • • • , jg-i) = (jo, • • • , ji, ji+i, ■■■,jq) ■ 

Let A(, : m' ^ n^+^ be the cycled lexicographical orderings on g + 1 factors. 
Define /3 : m — > m' to be AqQ;Ao. Then one can easily prove that 



Xg ^Xq if s < i, and 
Aji^Ao if s > i 



Now we see that 

-Tr,^Mb),---,iylt')) 

= [{X'-'X',, A'-^A'o, . . . , X'^lM, y(A[,(l)), . . . , y(A[,(m'))] 
= [(/5*(Ao ^Ao), . . . , /3*(AriAo), r (Ar^Ao), . . . , (A-^Aq)); 

/3*(x(Ao(l)),...,x(Ao(m)))] 
= [(Aq ^Ao, . . . , Ar^Ao, Ar^Ao, . . . , A^^o); x(Ao(l)), . . . , x(Ao(m))] 
= Si[(Ao ^Ao, . . . , A~^Ao); x(Ao(l)), . . . , x(Ao(m))] 
= Si Trg((a;° (.),..., (a;^ J) . 

The cyclic operator: Set . . . , (ylf,)) to be equal to tq{{xl^), . . . , (x^J). 

Then we have 



ylb 



XI if s = 0, and 



Define a : ni+^ ni+^ by 

Qi(jO, ■ ■ • , jq-l) = {jq: JO, • • • , jq-l) ■ 

Notice that aXg — A^+i for s < g and aXg — Aq. Thus 

_ /V^^o ifs = 0, and 

A„ AoA„ An — \ 1 

' I A;_\Ao if s > 0. 
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Let r : Xq A ■ ■ ■ A Xg Xg A Xq A ■ ■ ■ A Xg_i be the homeomorphism which 
permutes the factors. We have 

y(a(jo, • • -Jq)) = r(x(jo, • • • , J<?)) • 

Now we see that 

Tr,t,((x°,),...,(x^J) 
= TrM,),...,{yl)) 

= [(Ao ^Ao, Ar^Ao, . . . , A-^Ao); y(Ao(l)), . . . , y(Ao(m))] 

= [(Ao ^Ao, A^'Ao, . . . , A-^o); rx(A,(l)), . . . , rx(A,(m))] 

= [(Ao ^Ao, Ar^Ao, . . . , A^^^Ao); (rx(Ao(l)), . . . , rx(Ao(m))).(Ao-^A,)] 

= [(Aq ^AoAq^^o, Xi^XqX^^Xq, Xg^XoXg^Xo); rx(Ao(l)), . . . , rx(Ao(m))] 

= [(Ag^^Ao, A(7^Ao, . . . , Xg^^Xo); rx(Ao(l)), . . . , rx(Ao(m))] 

= tJ(Ao 'Ao, . . . , A-^Ao); x(Ao(l)), . . . , x(Ao(m))] 

= tgTTg{{xl,),...,{xl,)) . 



The involutive operator: Set ((1/°;,), • • • , (ylb)) to be equal to j), . . . , (x^^)). 

Then we have 



s _ )^ba if s = 0, and 
xi:'-' if.>0. 



Recall that p : n''+^ n'^+^ was defined by 



P(i0, • • • ,jq-l) = {jq,jq-l, ■ ■ • , jl, jo) 



Recall also the fact that P*(XglspXo) = P*{Xj^Xo) if /5 is special, see lemma 15". 6 .91 
Let T : Xq A ■ ■ ■ A Xg ^ Xq A A ■ ■ ■ A Xi A Xq be the homeomorphism which 
permutes the factors. We have 



y(p(jo, • • -Jq)) = r{x{jo, . . . ,jg)) 



Observe that there exists a /? : k ^ m such that P is entire for (y(Ao(l)), • • • , y(Ao(m))) 
and P is special. This is a consequence of that each column of a matrix in M„(X) 
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contains at most one element different from *. Now we see that 



IY,r,((a:°J,...,KJ) 
= Tr,((y°J,...,(y:j) 

= [(Ao ^Ao, Ar^Ao, . . . , A-^Ao); y(Ao(l)), . . . , y(Ao(m))] 

= [(r (Ao ^Ao), r (Ar^Ao), . . . , r (A-^o)); /3*(y(Ao(l)), • • • , y(Ao(m)))] 

= [{P*{\-'p\o),P*{\-\p\o), /5*(Ao VAo)); /5*(y(Ao(l)), . . . , y(Ao(m)))] 

= [(VV^7 AgiipAo, . . . , Aq V-^o); y(Ao(i)), • • • , y(AoM)] 

= [(-^g V-^o, K-iP^'o, • • • , Ag V-^o); ^x(pAo(l)), . . . , x(pAo(m))] 
= [(Ag ^Ao, A^_\Ao, . . . , Aq ^Ao); rx(Ao(l)), . . . , x(Ao(m))] 
= rJ(Ao Uo, . . . , A-^Ao); x(Ao(l)), . . . , x(Ao(m))] 
= rgTrg((x°fe),...,(a;;^J) . 



This lemma shows that Tr : THH{TMn{L)) THH+{L) is an ^^-map, 
or 0(2)-map when L comes with an involution. Now the next statement of 
proposition 15.6.11 is that Tr : THH(TMn{L)) — > THH^{L) is non-equivariantly 
a vr* -isomorphism. Let us now prove this: 

Proof: We are assuming that L is a cofibrant orthogonal ring spectrum (with 
involution). Let Wn be the endofunctor on Top^ defined by X \J^2X. We 
write elements of Wn{X) on the form 



We think about Wn as an "FSP without unit". Multiplication p : Wn{X) A 
Wn{Y) ^Wn{X ^ Y) is given by 



We have involution given by {a,x,b) {b,x,a). Furthermore, there is a natural 
transformation from Wn to M„ which respects both multiplication and involution. 
This natural transformation is given by sending (a, x, b) to the matrix (xij), where 
Xab = X and Xij = * otherwise. 

THH,{Wn{L)) is a presimplicial orthogonal spectrum, the g-simplices are 

maps are given by the usual formulas. Moreover, we 
have a natural presimplicial map THH,{Wn{L)) THH,{Mn{L)). However, 
we do not know that THH,{Mn{L)) is good as a simplicial orthogonal spectrum. 
The problem is that Mn{L) might not be cofibrant. Therefore we replace Mn{L) 
by rM„(L), and consider 



□ 



(a, X, b) where a, 6 G {1, . . . , n} and x E X. 




THH.{VWn{L)) ^ THH,{VMn{L)) 
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By proposition 15 . 3 . 1 ( 11 and results about induced functors, we see that the presim- 
plicial realization of this map is a 7r^,-iso. Notice that Wn{L) is a wedge of copies 
of L, thus cofibrant. Hence, the natural map 

THH,{TW^{L)) ^ THH.{Wn{L)) 

is a 7r^,-iso in each simplicial degree. 

There is a trace map Tr : Wu^Xq) A ■ ■ ■ A Wn{Xq) ^ Xq A ■ ■ ■ A given by 



Tr((ao,a;o,6o), • • • , {ag,Xg,bq)) 



(xo, ■ ■ ■ ,Xg) if 6o = fli, ^1 = 0-2, ■ ■ ■,hq = ao, and 
* otherwise. 



We get an induced presimplicial map THH,{Wn{L)) THH,{L), which fits 
into the diagram 

THH,{TWniL)) THH,{Wn{L)) -5^ THH.{L) 



THH,{TMn{L)) > THH,{Mn{L)) THH+{L) 

We already know that after presimplicial realization the left and right vertical 
maps become 7r*-isomorphisms. Hence, it remains only to show that the geometric 
realization of the top Tr is also a vr.,, -isomorphism. 

To show this we construct a presimplicial homotopy inverse: There is a pres- 
implicial map incl : THH,{L) THH,(Wn{L)) defined by the natural transfor- 
mation 

X Wn{X) , which sends x to (1, x, 1). 

It is easily seen that Tr o incl is the identity. We complete the proof by construct- 
ing a presimplicial homotopy from inclo Tr to the identity on T H H,{Wn{L)) . 
Let the natural transformations 

h : Wn{Xo)A- ■ -AWniXg) ^ Wn{Xo)A- ■ ■AWn{Xi)AWn{S'^)AWn(Xi+i)A- • -AWniXg) 

be given by 

I((ao,a:o, 1), . . . , (1, x;, 1), (1, 1, fe;), (ai+i , Xi+i , fei+i), . . . , {aq, Xq,bq)) 
if bo = ai, bi = a2, . ■ ., = at, and 
* otherwise. 



We see that 



doho = id , 

dihj = hj^idi for i < j, 

dihi = dihi^i , 

dihj = hjdi-i for i > j + 1, and 

dg+lhg = incl Tig 
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Hence, /i is a presimplicial homotopy between id and incl o Tr. □ 

To finish the proof of proposition I5.6.H it remains only to check that direct 
sum of matrices corresponds to the addition induced by the Barratt-Eccles func- 
tor, F"*". To check this, we first consider the g-simplices via the external viewpoint. 
The following lemma is the key: 

Lemma 5.6.11 

The diagram 

{M„, X M„2)(Xo) A--- A(M„i xM„^)(Xg) (^r opn ,Tr opr,)^ r+ (Xq A ■ ■ • A X, ) X (Xq A ■ ■ ■ A X, ) 

•1 I* 

{M„,+„,)(Xo) A--- A{M„,+„,){X,) ■ r+{Xo A---AX,) 

commutes. 



Proof: Set ((a;" J, . . . , (x^,)) to be equal to M,) © (z" J, . . . , (yl,) © (zl,)). 
Then we have 

{Uab if a < ni and b < rii, 

2(a-ni)(b-ni) if « > '^i and b > rii, and 
* otherwise. 

Define a : ni«+i U n2«+^ ^ (rii + n^Y^^ by 



a(io, • • -Jq) 



(jo, • • • , jq) for (jo, • • • , jg) G ni'?+\ and 

(jo + ni, . . . , jq + ni) for (jo, • • • , jg) e na'^^^ 



Denote by A^, and A^ the cycled lexicographical orderings of ni''+^, na'^"''^ and 
(rii + na)^^^ respectively. Define to be the unique map such that the diagram 
below commutes: 

mi + m2 ^ — ^ ni'^+^ 11 112'^^^ 



As / . \g+l 
m > (ill + 112) 

By the definition of a and the A's we see that Ps is order preserving. And from 
the commutative diagram 

mi + m2 > m 



(AiUA2)-i(AiUA2) 



As ""^Aq 



mi + m2 > m 
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it follows that 

/?o(A:%) = ((AD-^A^)n((A^)-^A^) . 

Now we see that 

Tr opri((yO,) (z^), . . . , (y^,) + Tt oprM,) (^0,), . . . , (y^,) (zD) 

= Tr((2/0,),...,(y^J)+Tr((.o,),...,(z^,)) 
= [((Ai)o UJ, . . . , (Ai)-iAi); y(Aj(l)), . . . , y(Ai(mi))] 

+ [((A2)o Ug, . . . , iX')-'Xly, z(A^(l)), . . . , z(A2(m2))] 
= [(((Ai)o ^A^) n {{X')o'Xl), . . . , {{X\'Xh)) n ((A^),-^Ag)); 

y(Aj(l)), . . . ,y(Ai(mi)),z(A2(l)), . . . ,z(Ag(m2))] 
= [(/?o(Ao 'Ao), . . . , /3o*(A, ^Ao)); x(Ao/3o(l)), • • • , x(Ao/?oM)] 
= [(Ao Uo, . . . , A-iAo); x(Ao(l)), . . . , x(Ao(m))] 
= TV((x°,),...,(x^,)) . 

This concludes the proof of the lemma. □ 
Let us now finish the proof of proposition 15 . 6 . ll 



Proof: By internalizing the diagram of the lemma, we get that 

(M„, X M„J(L)^('?+i) ^^"''"^"''^^) r+(L^(«+i)) X r+(L^('^+i)) 



(M„,H_„J(L)^(^+i) r+(L^(^+i)) 

commutes for any L orthogonal ring spectrum (with involution) . We identify the 
corners with THHg ( (M„, x M„ J (L) ) , THH+ (L) x THH+ (L) , THHg ( (M„, ) (L) ) 
and THH^{L). Take geometric realization and use the natural transformation 
rX ^ X to get the commutative diagram 

THHiTiMn, X M„J(L))^TiJi/((Af„, x Af„J(L)) (T^°P'-i-Tr°pr,)^ THH+{L) x THH+{L) 

4 4 1+ 

THH{rMn,+n.AL)) ^ THH{Mn,+nAL)) THH+{L) 
The outer square is the diagram we are interested in. □ 
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Appendix A 
Useful results 

A.l Homotopy theory 

Let us first recall some results about CW-approximations: 
Proposition A. 1.1 

For every space X there exists a CW-complex Z and a weak homotopy equivalence 
/ : Z ^ X . Furthermore, Z is unique up to homotopy equivalence. 

See theorem 7.8.1 in |Spa91| for a proof. In the relative case we will use the 
following: 

Proposition A. 1.2 

For every coGbration i : A ^ X there exists a CW-pair {Z, C) and a commutative 
diagram 

C ^ Z 



fo 



f 



A — X 

where f and fo are weak equivalences. Furthermore, {Z, C) is unique up to 
homotopy equivalence. 



Proof: First choose a CW-approximation f^-.C^A. Let M be the mapping 
cylinder of /q. Since ? is a cofibration, the map M Ua X ^ X induced by the 
projection M — ^ A is a homotopy equivalence. By proposition 4.13 in |Hatn2j 
there exists a CW-space Z containing C as a subcomplex and a weak equivalence 
of pairs /' : {Z,C) (M Ua X^C). Composing with the projection (M 
X, C) — > (X, A) we get our CW-approximation. 

Uniqueness follows by applying corollary 4.19 in |Hatfl2| twice, first to show 
that the choice of C is unique up to homotopy, then to show that for fixed C the 
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choice of Z is unique up to homotopy rel C. □ 

In order to efficiently apply CW-approximation we need a gluing theorem for 
weak equivalences. The proof is formal once the following lemma is established: 

Lemma A. 1.3 

Let Y be the pushout of X ^ A B, where f is a weak equivalence and i a 
cohbration. Then g : B Y is also a weak equivalence. 



Proof: Since i is a cofibration, we have that Y is homotopic to the homotopy 
pushout. Hence, both the van Kampen theorem and Mayer- Vietoris sequences 
can be applied. By elementary considerations it is seen that g induces a bijection 
of path components. For tti we consider each path-component of B separately, so 
we may just as well assume that B is path-connected. If A also is path-connected, 
then the van Kampen theorem applies toY = XUB and shows that niB niY 
is an isomorphism. When A has more than one path-component, we write 

A = \JA^ and X = [jx^ 

where all A^ and X^ are path connected. Then we apply van Kampen to the 
union 

y = |J(x„u5) . 

Since each Xa U B is TTi-isomorphic to B, it follows that g is a vri-iso. 

For the higher homotopy groups we use Mayer- Vietoris sequences and the 
Hurewicz theorem. □ 

Form this lemma it is a formal argument due to Thomas Gunnarsson, see the 
proof of lemma 8.8 in |G.T99] . to show the gluing theorem: 

Proposition A. 1.4 

If we have a commutative diagram 

X < A — ^ B 

X' < A' B' 

where i and i' are cofibrations and the vertical maps are weak equivalences, then 
the map of pushouts is also a weak equivalence. 

We have several times used the Blakers-Massey homotopy excision theorem. 
The following form of the theorem is suitable for our purposes: 
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Theorem A. 1.5 

Suppose that X is a pointed space and that A and B are pointed subspaces of 
X such that 

X = AU B and 

the inclusions A H B ^ A and An B ^ B are coGbrations. 

If the pair {A, An B) is m-connected and the pair {B, A n B) is n-connected, 
m > 0, n > 0, then the homomorphism induced by the inclusion, namely : 
nq{A, An B) ^ T^qi^, B), is an isomorphism for q < m + n and is surjective for 
q = m + n. 

By proposition I A . 1 . 4l we can apply CW-approximation. Then the result fol- 
lows from theorem 4.23 in |Ha.tfl2| . Two useful consequences of homotopy excision 
are: 

Proposition A. 1.6 

Suppose that A ^ X is a cofibration, that the pair (X, A) is (r—l) -connected, and 
that the subspace A is (s — l)-connected, r > 1, s > 1. Then the homomorphism 
induced by the quotient map, namely 

ng{X,A)^nq{X/A) , 

is an isomorphism for q < r + s — 1 and surjective for q = r + s — 1. 
Theorem A. 1.7 

Let X be an {n — l)-connected well-pointed space. Then the suspension map 
TCqiX) 7rg_|_i(S'^ A X) is an isomorphism for q < 2n — 1 and surjective for 
q = 2n — 1. 

The last result is known as the Freudenthal suspension theorem. Proofs of 
both results can be found in [Hatn2| . Just observe that his conditions concern 
CW-pairs instead of cofibrations, but the only places where he uses these condi- 
tions in his proofs, are when applying the Blakers-Massey homotopy extension 
theorem. 

As a corollary of the proposition we have: 
Corollary A. 1.8 

If A ^ X is a cofibration and A is weakly contractible, then X — > X/A is a weak 
equivalence. 

Proof: We can assume that X is path-connected without loss of generality. By 
the proposition, the maps 



7r,{X,A)^n,{X/A) 
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are isomorphisms for all q. Furthermore, the maps TTq{X) TTq{X,A) are also 
isomorphisms for all q since A is weakly contractible. □ 

Proposition A. 1.9 

If X and Y are well-pointed spaces (r — 1)- and (s — l)-connected respectively, 
then X AY is {r + s — 1) -connected. 

Proof: We can approximate X and Y by CW-complexes X' and Y' such that 
all cells except * has dimension greater than (r — 1) and (s — 1) respectively. 
By proposition IA.1.41 we have a weak equivalence X' AY' X AY. Since all 
cells of X' A Y' have dimension greater than (r + s — 1), the smash product is 
(r + s — l)-connected. □ 



A. 2 Monoidal categories 

Here we specify the language used for monoidal categories. The standard refer- 
ence is |ML98| . See also §20 in |MMSSOH . 

Definition A. 2.1 

A monoidal category M is a category with a bifunctor, □ : M x M — ^ M , a unit 
e G M and natural isomorphisms 

a : an{bnc) ^ {aDb)Dc , 
A : eDa = a , and 
p : aDe = a , 

such that the diagrams (i), (ii) and (iii) commute. 



aD{bD{cDd)) 

idOa 

an{{bDc)nd) 



{aDb)D{cDd) 



an(enc) — ^ {aDe)Dc 



idnx 



eUe 



pmd 



a\3c 
eUe 



{{anb)Uc)Ud 

iUid 

{aU{bUc))Ud 



(i) 



(ii) 



(iii) 
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Definition A.2.2 

A symmetric monoidal category M is a monoidal category M with a natural 
isomorphism 

7 : oDfe ^ bOa 

such that 7^ = id and the diagrams (iv) and (v) commute. 



p 
a 



A 

a 



(iv) 



{aDb)Dc cn{anb) 



an{bnc) an{cnb) 



{cna)nb 

'yOid 

{anc)nb 



(v) 



Definition A.2.3 

A functor F : M ^ B between monoidal categories is lax monoidal if there is a 
map 1] : Cb ^ F^cm) a,nd a natural transformation 

: F{a)nF{b) F{anb) 

such that the diagrams (vi), (vii) and (viii) commute. 



F(a)n(F(b)nF{c)) F(a)nF(bnc) 



{F{a)nF{b))DF{c) 



F{anb)nF{c) - 
F(a)neB — ^ F(a) 



F{an{bnc)) 

F{a) 

F{{anb)nc) 



VI 



idDr] 

F{a)nF{eM) 
esOFib) 



FiaDcM) 
F{b) 

F(A) 



(vii) 



(viii) 



F{eM)DF{b) FieuUb) 



Definition A. 2. 4 

A functor F : M ^ B between monoidal categories is lax comonoidal if there is 
a map rj : F^Cm) ^nd a natural transformation 



: F{aDb) F{a)DF{b) 
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such that the diagrams (ix), (x) and (xi) commute. 



F{a)D{F{b)DF{c}) F{a)DF{bDc) F{aD{bDc)) 

F{a) 

{F{a)DF{b))DF{c) F{anb)nF{c) F{{anb)nc) 



(ix) 



F{a)DeB 



F(a) 



F{a)nF{eM) F{aDeM) 



eBOFib) 



m 

F(A) 



F{eM)DF{b) F{eMab) 



(xi) 



Definition A. 2. 5 

A lax monoidal functor F : M ^ B between symmetric monoidal categories is 
lax symmetric monoidal if diagram (xii) commutes. 



F{a)DF{b) 



F{aDb) 



F(7) 



F{b)DF{a) 



F{bDa) 



(xii) 



Definition A.2.6 

A lax comonoidal functor F : M ^ B between symmetric monoidal categories is 
lax symmetric comonoidal if diagram (xiii) commutes. 



F(anb) F(bna) 



F{a)DF{b) 



Xlll 



F{b)DF{a) 



Definition A. 2. 7 

A lax monoidal functor F : M ^ B between monoidal categories is strong 
monoidal if r] and 6 are isomorphisms. F is strong symmetric monoidal if F 
is both strong monoidal and lax symmetric monoidal. 
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Remark A. 2. 8 

We could also define strong comonoidal, but this definition is redundant since 
demanding that rj and 4> are isomorphisms, for a lax comonoidal functor F, would 
imply that F together with r)~^ and (f)~^ is strong monoidal. 

Lemma A. 2. 9 

IfF : M ^ B is a functor between symmetric monoidal categories where Dm and 
□b are categorical products for M and B, then F is lax symmetric comonoidal. 



Proof: Recall that □ on S is a categorical product if there are natural trans- 
formations 

a aUo , 

such that the induced map 

B{c, aDb) B{c, a) x B{c, b) 

is a bijection. Using that A is an isomorphism, it immediately follows that is 
a terminal object. We define rj : F{eM) to be the unique map. 

It is implicitly understood when saying that "□ is the categorical product" 
that a, p, \ and 7 are related to pi and p2- We require that pi = p when h = cb 
and P2 = A when a = Cb- Furthermore, the following diagrams must commute: 



an{hnc) 

Pl 



Pl 



{anh)nc 

Pl 



an{bnc) 

P2 



{anb)nc 

P2 



and 



P2 



aU{bUc) 

P2 

bUc 

and 7 : aDfc — > ftDa is the unique map such that 

pi I—,, P2 



Pl 



P2 



[aUb)Uc 
Pl 
aUb 



a <- 



aUb 



7 













a <- 



P2 



bUa 



Pl 



commute. 

To define we apply F to pi and p2- Under the bijection 

B{F{anb),F{a)) x B{F{anb), F{b)) ^ B{F{aDb), F{a)DF{b)) 

the pair F{p2)) corresponds to 0. It is now an easy exercise to check that 

diagrams (ix), (x), (xi) and (xiii) commutes. □ 
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Remark A. 2. 10 

There is a dual lemma: If Dm and Db are categorical coproducts, then any 
functor F : M ^ B is symmetric monoidal. 

A. 3 Arithmetics for May's operad M. 

May's operad M. encodes the structure of a monoid with unit. In this section 
we will derive formulas for the composition operation for this operad. Note the 
following fact: The definition of the action of Al on arbitrary monoids forces the 
definition of the o^'s. 

We begin by defining the spaces of M.. We let 

where Ej denotes the permutation group on the integers 1, 2, . . . ,j. When needed 
we will write permutations p in T,j as 2 x j-matrices: 

_ f 1 2 ... j 
P-[p{l) p{2) ... pU) 

The way that M. encodes the structure of a monoid G with unit is that for 
every j there is an action 

: M{j) xG' . 

This is defined by sending {p;gi, ■ ■ ■ ,gj) to the product 5'p-i(i) ■ ■ ' 9p-^{j)- 

A main part of an operad is the composition operations Oj. The idea behind 
the Oj's is that they describe how to act iteratively. Assume given elements 
p & M{k) and v e M{j). First use 

to multiply (^^i, . . . , (?,). Let g[ be the result, and insert it as the i'th factor in 
(S'l, ■ ■ ■ , ^It)- Next multiply using 

Ok{p\-) . 

Now we can hope that there exists some element p e M.{k -\- j — 1) such that 
6k+j-i{p] g'l,..., g'i_i, gi,---, gj, g'i+i, ■ ■ ■ ,g'k) 

is equal to the result of the two step process above. The composition operation 
Oj is defined so that po^v is such a p. 
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Definition A,3.1 

Let p ^T^k Siud V e Ej be permutations and 1 <i < k. We define the composition 
operation 



Oi : Efc X El 



by the formula 



pit) ift <i and p(t) < p{i), 

pit) + J - 1 ift <i and pit) > p{i), 

[p Oi v){t) ^ lv{t-i + l) + p{i) - 1 ifi<t<j+ i, 

p{t - j + 1) if 3 + i <t and pit -] + !)< pii) and 

^pit-j + l)+j-l ifj + i<tandpit-j + l) > pii). 

Example A. 3. 2 

We now look at some explicit examples: For instance, if 



then 



while 



12 3 4 
2 4 13 



poiv 



and V — 



12 3 
3 2 1 



1 2 3 4 5 6 

4 3 2 6 1 5 

1 2 3 4 5 6 
4 6 3 2 1 3 



There is a "box"-model that can be helpful when trying to visualize this op- 
eration. Given i, p and v, we put boxes around the integers from 1 to k + j — 1 
as follows: 



+ + j -1 , i+j 



k + j 



We now use p to permute the boxes, while we use v to permute the elements in 
the i'th box. Removing the boxes one get the permutation p Oj v. 

To see that our definition of the composition operation is correct, we prove 
the following lemma: 

Lemma A. 3. 3 

Ifg'i = ^j{'^;9i,---,9j) then 



Ok{p; g'l:---: g'k) = ^k+j-iip °i y^g'i:---: ft-i, ■ ■ ■ , gj, gi+i, ■■■^g'k) 



Proof: By the definition we have that 

g'i^^j{v]gi,---, gj) = gv-^i) ■ ■ ■ gv-^j) 
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and 

dk{p] g'l, ■ ■ ■ , g'k) ^ g'p-^i) ■ ■ ■ g'p-^ik) ■ 

If we let s — p{i), then the s'th factor in the last product is g'p-if^g) ~ 9i 
have that 



dk{p;g'i, ■■■,g'k) = g'p-^i) ■ ■ ■ g'p-i{s-i)gv-Hi) • ■ ■ gv-Hj)9'p-i{s+i) ■ --g'p-^ 



(fc) 



To evaluate 6'fc+j^i(p Oj v\ g[, .... g[_^, gi, . . . , gj, gi+i, ■■■,g'k) using the definition 
of 6 we need an explicit expression for (p Oj v)~^. We use the definition of Oj to 
deduce the formula: 



p-\r) 

p-\r)+3-l 



if p ^(r) < i and r < p{i), 
if p~^{r) > i and r < p{i), 



v~^{r - p{i) + 1) + i — 1 if p{i) < r < p{i) + j, 

p~^{t — j + 1) if p^^{r — j + 1) < i and r — j + 1 > p{i) and 

p~^{t - j + 1) + j - 1 if p"-^(r - j + l)> i and r - j + 1 > p{i). 



Now we see that 

Ok+j-i{p Oiv;g[,...,g-_-^,gi,. 

= g'p-Hi) ■ 
This concludes the proof. 



■■ ^9^,91+1, ■■■,9'k) 

■ ■ 9'p-\s-i)9v-^{i) ■ ■ ■ gv-Hj}g'p-^s+i) 



'9p-\k) 



□ 



Let us now deduce a couple of formulas telling us how to calculate using the 
composition operations: 

Lemma A. 3. 4 

If p, p' e Sfc and V, v' G T,j, then the following formulas hold: 
i) po^v ^ {pOiidj){idkOiv). 
a) poiv ^ {idk Opii) v){pOi idj). 

iii) idk Oj (^^0 = {idk °i v){%dk v'). 

iv) {pp') Oi idj = (pOp,(j) idj){poi idj). 
v) {pp') °i {vv') = {p Op,(i) v){p' Oi v'). 



Proof: To check i) we pick t and calculate (p Oj idj){idk Oiv){t). First we have 

t if t < i, 

{idk °i u){t) = ^ v{t — i + — 1 if i < t < j + i, and 

t iit>j + i. 
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We also have that 



(p Oj idj){t) = <t-i + p{i) 
P(t-J + 1) 



1 if i + i < t and p(t - j + 1) > p{i). 



lit <i and p(t) < p(i), 
if t < i and > 
if i < i < J + i, 

if J + i < t and pit — j + 1) < p{i) and 



Putting these together we get that (p Oj idj){idk Oj = (p Oj 

For ii) we use the formulas above to compute that {idk Op(i) v){po^ idj){t) — 
(p Oj v){t). Let us verify this in the case i <t < j -\- i. Then 

{idk°p(i)v){pOiidj){t) = {idkOp^i)v){t-i+p{i)) = v{t-i+p{i)- p{i) + l)+p{i)-l = {pOiv){t) . 

The case iii) is obvious from the formula for {id^ Oi v){t)- Also the case iv) is 
easy. Now formula v) follows from the other cases: 



We interpret case v) as a formula for the E-equivariance for the operad M.. 
There are also formulas for iterated compositions. These are: 

Lemma A. 3. 5 

If p e Efc, V e and p e E;, then 

i) {P °a v)o^p = (p Of, p) o„+;_i V forb< a, 
a) {p °av)°bP^ P °a {v Ofe-a+i n) for a < b < a + j, and 
iii) (p o„ Oft p = (p 06_j+i p) o„ vfora + j< b. 

Proof: This is most easily verified using the box model. □ 



{PP') °i (^^') 



((pp) Oj idj){idk Oi {vv')) 
= (p Op,(i) i«ij)(p' Oj idj){idk v){idk o, i;') 
(p o^,(i) idj){idk Op'(i) t')(p' Oj idj){idk Oj i;') 



□ 
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